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HoTT, Mandelbrot Dynamics, Zeta Duality, and the Fixed-Locus Program
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1. Introduction: From Visual Centers to Equivalence-First Mathematics

The starting point of this paper is a deceptively simple coordinate question: why does the value
c =-1/2 + Oi appear to function as a meaningful center in visual discussions of the Mandelbrot
set, and why does the same real coordinate emerge when the Riemann critical line is shifted
from s-space into a related c-coordinate? At first glance, this may look like a numerical
coincidence. The Mandelbrot set belongs to complex dynamics, iteration theory, and fractal
geometry, while the Riemann zeta function belongs to analytic number theory, prime
distribution, and the deepest unsolved problem in mathematics. Yet both domains involve
complex variables, symmetry, recursion, and the preservation of structure under
transformation. This paper proposes that the shared coordinate is not important because the
Mandelbrot set and the zeta function are the same object. They are not. Rather, the coordinate
becomes interesting because it invites a broader equivalence-first interpretation of
mathematical structure, in which centers are not merely geometric midpoints but fixed loci,
self-dual lines, or invariant reference points under transformations. Homotopy Type Theory and
univalent foundations provide a language for this interpretation because they replace naive
equality with structured equivalence. Under this view, fractal self-similarity, prime factorization,
and zeta-function duality may be treated as distinct manifestations of a deeper pattern:
mathematical objects reveal their essence through the equivalences they preserve.

1.1 The Coordinate Puzzle
The Mandelbrot set is usually introduced through the iteration
Zn+1 = an +C

where both z and c are complex numbers. The Mandelbrot set consists of those values of ¢ for
which the orbit of z = 0 remains bounded under repeated iteration. When plotted in the
complex c-plane, the set stretches roughly from the left near Re(c) = -2 to the right near Re(c) =
1, with symmetry above and below the real axis. This makes ¢ = -1/2 + Oi a natural visual or
display center for many standard views, even though the set does not possess a unique center
in the same way that a circle or ellipse does.

The Riemann zeta function is usually written in terms of a different complex variable,
s=0o+it

where o is the real part and t is the imaginary part. The critical strip is the region 0 < Re(s) < 1,
and the critical line is

Re(s) = 1/2



The Riemann Hypothesis states that all nontrivial zeros of the zeta function lie on this line. If
one defines a shifted variable

c=s-1
then the critical line Re(s) = 1/2 becomes
Re(c)=-1/2

The central vertical line of the Riemann problem, after this shift, passes through the same real
coordinate as the practical visual center of the Mandelbrot set. This paper begins with that
resonance but does not treat it as proof of hidden identity. Instead, it treats it as a conceptual
doorway into a larger question: how do mathematical structures reveal centrality through
symmetry, recursion, and equivalence?

1.2 The Mandelbrot Center as a Structural Reference Point

Calling c = -1/2 + 0i the center of the Mandelbrot set requires caution. The Mandelbrot set is
not radially symmetric around that point. It has a main cardioid, bulbs, antennae, filaments,
satellite copies, and infinitely intricate boundary structure. No single point can serve as a
universal geometric center in the elementary Euclidean sense. Nevertheless, the point c=-1/2
+ Oi is useful as a practical reference because it sits near the middle of the common plotting
window and provides a coordinate anchor for viewing the set as a whole.

More importantly, this point can be interpreted as a structural reference rather than a
geometric center. The Mandelbrot set is a parameter space. Each value of ¢ defines a dynamical
system, and the set records which of those systems have bounded critical orbit behavior. The
object is therefore not merely a shape but a map of possible dynamical regimes. Its apparent
center is not simply a midpoint between extremes but a location around which global visual
organization becomes intelligible.

This distinction matters for the broader argument. In an equivalence-first framework, center
does not have to mean geometric centroid, arithmetic average, or physical balance point. It may
instead mean a point, line, or locus from which transformations, symmetries, or classifications
become visible. The Mandelbrot set encourages such thinking because its visual form is
generated not by drawing a static object but by iterating a rule. Its geometry is the visible trace
of recursion. Its local structures often resemble the whole, not by literal equality, but by
approximate or structured self-similarity. This makes the Mandelbrot set a natural candidate for
an equivalence-based reading.



1.3 The Riemann Critical Line as a Fixed Locus

The completed zeta function obeys a profound symmetry commonly expressed as

§(s) = &(1-5)

This functional equation relates values on one side of the critical strip to values on the other. It
is not merely an algebraic curiosity. It expresses a duality built into the analytic continuation of
the zeta function. The transformation

s—1-5s

reflects the complex plane across the vertical line Re(s) = 1/2. When combined with complex
conjugation, the natural self-dual condition becomes

s=1-5
Writing s = ¢ + it gives
o+it=1-o0+it

and therefore

c=1/2

Thus the critical line is the fixed locus of a fundamental symmetry. It is the set of points that
remain self-corresponding under the relevant reflection-duality structure. The Riemann
Hypothesis may therefore be rephrased, at least conceptually, as the claim that the nontrivial
zeros of the zeta function lie on the self-dual fixed locus of the completed zeta function’s
symmetry.

This phrasing does not solve the problem. The hard question remains: why must all nontrivial
zeros be constrained to that line? However, the fixed-locus language changes the emphasis.
Instead of viewing the critical line as merely a coordinate location, it becomes the invariant line
of a structural equivalence. This is precisely the kind of move that invites Homotopy Type
Theory: the important object is not a pointwise identity but the preservation of structure under
transformation.

1.4 Why HoTT and Univalence Matter

Homotopy Type Theory provides a language in which equality is not treated as a primitive, flat
relation between inert objects. Instead, identity can be interpreted through paths,
transformations, and equivalences. The univalence principle gives this idea its most radical
mathematical form: equivalent structures may be identified as the same at the appropriate level
of abstraction. This does not mean that every analogy becomes an equality. It means that



mathematics may be organized around structure-preserving correspondence rather than
superficial sameness.

This is highly relevant to fractals. A fractal often presents itself through part-whole resemblance.
A smaller region may resemble the whole object, but not as a literal duplicate. The resemblance
may involve scaling, rotation, distortion, approximation, or statistical similarity. In classical
language, one might say the part is similar to the whole. In equivalence-first language, one asks
what structure is preserved by the transformation from whole to part. The fractal becomes a
fixed point of a generative rule or a recursive type equation.

It is also relevant to prime factorization. Every positive integer has a unique decomposition into
primes. This permits an equivalence between multiplicative natural numbers and finite
configurations of prime exponents. The Euler product for the zeta function is the analytic
expression of that arithmetic equivalence. The primes are not merely a sequence hidden inside
zeta. They are the irreducible coordinate basis through which the multiplicative structure of the
natural numbers becomes analyzable.

Finally, HoTT is relevant to the zeta functional equation because the equation expresses a dual
presentation of the same completed function. The values at s and 1 - s are not unrelated. They
are structurally coupled. The critical line is where the duality folds onto itself. In this sense, the
Riemann problem can be viewed as a question about whether zeros are forced to occupy the
self-equivalent locus of an analytic symmetry.

1.5 Scope, Claims, and Limits of the Paper

This paper does not claim that the Mandelbrot set proves the Riemann Hypothesis. It does not
claim that the zeta function is a hidden Mandelbrot set. It does not claim that the shared
coordinate Re = -1/2 is, by itself, a deep theorem. Such claims would be unjustified. The
purpose is more careful and potentially more useful: to develop an equivalence-first framework
in which fractal recursion, prime factorization, and zeta self-duality can be compared through
the common language of fixed loci, recursive structure, and invariant-preserving
transformations.

The central proposal is that the Mandelbrot set, prime factorization, and the completed zeta
function each display a different mode of equivalence. The Mandelbrot set displays dynamical
equivalence across a parameter space of recursive systems. Fractals display geometric
equivalence between whole and part. Prime factorization displays arithmetic equivalence
between integers and finite prime-exponent configurations. The completed zeta function
displays analytic equivalence through its functional equation. The Riemann critical line then
appears as a fixed locus of self-duality, and the shifted coordinate c = s - 1 places that line at
Re(c) = -1/2.
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The paper therefore aims to produce a research program rather than a proof. It asks what can
be gained by treating mathematical centrality as fixed-locus structure, treating self-similarity as
recursive equivalence, and treating prime decomposition as an arithmetic equivalence whose
analytic shadow is the zeta function. If successful, this framework may clarify how fractal
geometry, number theory, spectral geometry, and formalized mathematics can be placed into a
single conceptual architecture. Its value lies in disciplined comparison: not collapsing different
objects into one another, but identifying the equivalence patterns that allow them to be studied
together.

2. Mandelbrot Dynamics as a Moduli Space of Recursive Iteration

The Mandelbrot set is often encountered first as an image: a black cardioid-like body with bulbs,
filaments, antennae, spirals, and infinitely intricate boundary structures. Yet the image is only
the visible surface of a deeper mathematical object. The Mandelbrot set is a parameter space
for an entire family of dynamical systems. Each point c in the complex plane defines a different
iterative rule, and the Mandelbrot set records which of these rules produce bounded behavior
from a distinguished starting point. This makes the Mandelbrot set more than a fractal drawing.
It is a classification diagram for recursive dynamics. In the equivalence-first interpretation
developed in this paper, the set can be viewed as a moduli-like space: a space whose points
represent systems, behaviors, or equivalence classes of behaviors rather than merely locations.
This perspective prepares the bridge to HoTT, because the essential question is not simply what
a point is, but what structure is preserved when one dynamical presentation is compared with
another.

2.1 The Quadratic Familyz - 22 + ¢
The Mandelbrot set arises from the quadratic family
Zny1 = an +C

where z and c are complex numbers. The variable z changes during iteration, while c remains
fixed for a given dynamical system. Each value of ¢ defines a map

f c(z)=2"+c

and repeated application gives the orbit

2o, 21, 22, Z3, ...

The conventional Mandelbrot construction begins with

Zo=0
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and asks whether the orbit remains bounded. If it does, the parameter c is included in the
Mandelbrot set. If the orbit escapes to infinity, c is excluded.

This deceptively simple rule generates enormous complexity. A small change in ¢ may produce a
qualitatively different orbit. Some parameters lead to stable attracting cycles. Others lead to
chaotic behavior. Others sit on delicate boundaries where the system is neither simply stable
nor simply divergent in a visually obvious way. The Mandelbrot set is therefore not merely a
collection of numbers. It is a map of dynamical possibilities.

The form z2 + c is also important because it is one of the simplest nonlinear complex maps.
Squaring doubles angles and magnifies radii, while adding c shifts the result. The repeated
tension between nonlinear expansion and constant translation produces the intricate structure
of the set. The Mandelbrot set thus becomes a canonical example of how simple recursion can
generate complex global organization.

2.2 Critical Orbits and Boundedness
The special role of zo = 0 is not arbitrary. For the quadratic map
f cz)=2%+c

the point z = 0 is the critical point, meaning the derivative vanishes there:

f c'(z) =2z
o)
f c'(0)=0

In complex dynamics, the behavior of critical orbits is central because critical points govern
much of the global structure of polynomial iteration. For the quadratic family, there is only one
finite critical point, so its orbit provides a natural test for the dynamical regime associated with
C.

The Mandelbrot set can therefore be defined as
M = {c € C: the orbit of 0 under f_c remains bounded}

This definition transforms a geometric picture into a dynamical criterion. Each point c is tested
by recursion. If the sequence

0,c,c2+c, (c2+c)+g, ..

does not escape to infinity, c belongs to M. If the sequence eventually grows without bound, c
lies outside M.
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This boundedness condition is binary in definition but richly graded in practice. Points far
outside the set escape quickly. Points near the boundary may require many iterations before
their fate becomes apparent. This is why the boundary is visually complex: it marks a transition
zone between stable boundedness and escape. The boundary is where small changes in
parameter can dramatically alter long-term behavior.

In an equivalence-first interpretation, the bounded critical orbit is an invariant condition. It is a
property preserved under the appropriate conjugacies and structural transformations of the
dynamical system. Thus, membership in the Mandelbrot set is not merely a pixel test. It is a
statement about the stability type of a recursively defined system.

2.3 The Mandelbrot Set as Parameter Geometry

The Mandelbrot set lives in the c-plane, not in the z-plane of a single dynamical system. This
distinction is essential. For a fixed c, the z-plane contains the dynamics of one map. The filled
Julia set associated with that c consists of initial z-values whose orbits remain bounded under
that particular map. By contrast, the Mandelbrot set records which parameter values c give
bounded behavior for the critical orbit.

Thus the Mandelbrot set is a geometry of systems rather than a geometry within one system.
Each point is a rule. The plane becomes a catalog of recursive worlds. Neighboring values of ¢
correspond to neighboring rules, and the structure of the Mandelbrot set shows how those
rules organize into stable domains, bifurcations, and boundary transitions.

This is why the Mandelbrot set can be described as moduli-like. In algebraic geometry and
related fields, a moduli space is a space whose points represent mathematical objects up to
some relevant notion of equivalence. The Mandelbrot set is not a moduli space in the full
technical sense used in every branch of geometry, but it behaves conceptually like one: it
organizes a family of dynamical systems by parameter and stability behavior.

The main cardioid corresponds to parameters for which the map has an attracting fixed point.
The surrounding bulbs correspond to attracting periodic cycles of various periods. Satellite
structures encode further bifurcations. The entire picture is therefore a visible atlas of
recursion. It shows how different kinds of dynamical behavior attach, repeat, and nest.

This motivates the HoTT-oriented reading. A point in the Mandelbrot plane is not simply a
coordinate. It is a presentation of a dynamical system. The deeper mathematical question is
how different presentations are related, when they preserve relevant behavior, and how global
structure emerges from families of local equivalences.
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2.4 Why c = -1/2 + 0i Functions as a Visual Center
The value
c=-1/2 + 0i

is often a useful visual center for the Mandelbrot set because the standard full view of the set is
roughly balanced around it. The set extends leftward toward approximately c = -2 and
rightward toward c = 1/4 on the real axis, with additional plotting windows often extending
toward Re(c) = 1 for visual margin. It is symmetric across the real axis because complex
conjugation preserves the iteration rule:

if cis replaced by ¢, the corresponding orbit is conjugated.
Thus the imaginary center of the full view is naturally
Im(c) =0

The real coordinate -1/2 is not a unique geometric center in a strict sense, but it is a practical
and structurally suggestive coordinate. It lies near the middle of common display windows and
provides an anchor for viewing the set as a whole. More importantly for this paper, it invites
comparison with other mathematical situations in which centrality is defined not by centroid
but by symmetry, reflection, or fixed-locus structure.

One must distinguish this visual center from other meaningful points. The point c = 0 lies at the
center of the main cardioid in the sense that it corresponds to the map z — z?, whose critical
orbit is fixed at zero. The point ¢ = -1/4 marks the cusp-like boundary connection on the real
axis where the main cardioid meets a parabolic transition. These are dynamically important
locations. The value ¢ = -1/2 is different. Its importance here lies in its role as a global reference
point for the full parameter picture.

That distinction is useful. A mathematical object may have many kinds of centers: dynamical
centers, visual centers, symmetry centers, mass centers, and fixed-locus centers. The
Mandelbrot set teaches us not to collapse all these meanings into one. In the present
framework, c = -1/2 + Oi is not treated as the hidden essence of the Mandelbrot set. It is treated
as a coordinate anchor that opens a broader question about equivalence and centrality.

2.5 From Pictures to Dynamical Equivalence Classes

The usual image of the Mandelbrot set can mislead by making the object look like a static
shape. A more powerful interpretation is that the picture compresses an infinite collection of
dynamical systems into a single parameter plane. Each point c gives a rule. Each rule generates
an orbit. Each orbit reflects a stability class. The image is therefore a map from parameter to
behavior.

14



This suggests an equivalence-first reformulation. Instead of saying that the Mandelbrot set is
merely

McC

one may regard it as a classification of quadratic dynamical systems according to bounded
critical behavior. In informal moduli language, one may write:

M = {quadratic maps f_c(z) = z? + ¢ with bounded critical orbit}

The equivalence symbol here should not be read as a formal theorem without additional
definitions. It expresses the guiding idea: the Mandelbrot set is a parameterized record of
dynamical types. Some maps may be related by conjugacy, quasiconformal deformation,
combinatorial equivalence, or shared external structure. These relations are not identical, but
all point toward the same conceptual shift: structure matters more than raw coordinates.

HoTT sharpens this shift. In a univalent setting, sameness is not merely literal identity.
Mathematical objects may be considered the same when they are equivalent in the relevant
structure-preserving sense. For Mandelbrot dynamics, this suggests asking what kind of
equivalence should identify two recursive systems. Do they have conjugate dynamics? Do they
share orbit portraits? Do they belong to the same hyperbolic component? Do they preserve the
same combinatorial pattern? Each question defines a different level of sameness.

The Mandelbrot set therefore functions as an ideal first example for the paper’s larger thesis. It
is recursive, visual, complex, symmetric, self-similar, and classification-oriented. It invites the
replacement of static equality by structured equivalence. It shows how a simple iterative law
can generate a moduli-like landscape of behaviors. And it prepares the transition from fractal
geometry to arithmetic, where prime factorization and the zeta function will be treated not as
isolated formulas but as structure-preserving transformations whose deepest features may also
be understood through fixed loci, dualities, and equivalence classes.

3. Fractal Self-Similarity as Recursive Equivalence

Fractals force mathematics to confront a peculiar kind of sameness. A smaller region of a fractal
may resemble a larger region, and the larger region may resemble the whole, but the
resemblance is rarely ordinary equality. It may involve scaling, rotation, translation,
deformation, statistical variation, or partial correspondence across levels of detail. This makes
fractals natural objects for an equivalence-first interpretation. Their central feature is not that
parts are identical to wholes, but that parts and wholes are related by structure-preserving
transformations. The language of Homotopy Type Theory is useful here because it allows
mathematical attention to shift from object identity to equivalence, from static shapes to
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transformations, and from exact sameness to preserved structure. Fractal self-similarity can
therefore be understood as recursive equivalence: a generative rule produces forms whose local
and global patterns remain meaningfully related across scale.

3.1 Part-Whole Similarity

The simplest way to describe a fractal is to say that its parts resemble the whole. In the familiar
examples of the Cantor set, the Sierpinski triangle, the Koch snowflake, Julia sets, and regions of
the Mandelbrot boundary, smaller pieces contain echoes of the entire structure. This
resemblance is not accidental decoration. It is the visible result of recursive generation.

In Euclidean geometry, one often begins with fixed forms such as points, lines, circles, polygons,
and smooth surfaces. These objects may be transformed by translation, rotation, scaling, or
reflection, but their identity is usually understood through relatively stable definitions. Fractals
are different. They are often defined by rules that repeatedly act on an object, producing
increasingly detailed structure at each stage. The final object is less like a finished drawing than
the limit of a recursive process.

Part-whole similarity means that the object carries information about its own construction. A
local region is not merely a fragment; it is a partial re-expression of the whole generative law.
The same rule, or a related rule, appears across multiple scales. This is why fractals are visually
compelling: they seem to contain a memory of their own origin everywhere.

From an equivalence-first perspective, the important statement is not
part = whole

but rather

part = whole under an allowed transformation

The symbol of equivalence is more appropriate than equality because scale has changed,
location has changed, and often orientation or fine detail has changed. What remains is the
pattern of relation. The part preserves enough of the whole’s structure to be recognized as a
transformed presentation of it.

3.2 Exact, Statistical, and Approximate Self-Similarity

Fractal self-similarity comes in several forms. Exact self-similarity occurs when a part is a precise
scaled copy of the whole. The Sierpinski triangle is a canonical example: each major subtriangle
reproduces the full triangular pattern at a smaller scale. The Cantor set likewise contains smaller
copies of itself within its construction.
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Approximate self-similarity is weaker but common. A structure may resemble itself across scales
without exact duplication. Natural coastlines, clouds, branching trees, blood vessels, lightning,
and mountain ranges often show this kind of scale-related pattern. The same visual logic
persists, but not as a perfect copy. The rule is statistical, developmental, or physical rather than
purely geometric.

Statistical self-similarity is weaker still but equally important. A region of the object may not
match the whole point-for-point, but its measured properties may remain similar across scale.
One may observe recurring distributions of branch lengths, curvatures, gaps, densities, or
roughness. In such cases, the invariant is not a visible copy but a preserved pattern of
measurement.

These distinctions are crucial for an equivalence-first paper. If one demands literal identity, most
fractal analogies fail. But if one asks what is preserved under transformation, fractals become
rich examples of structured equivalence. A smaller region may preserve topology, dimension,
branching law, scaling ratio, symbolic coding, escape behavior, or statistical distribution.
Different kinds of fractals preserve different kinds of structure.

This layered notion of resemblance fits naturally with HoTT. Identity is not reduced to a single
flat statement. There may be paths between objects, paths between paths, and higher
structures encoding increasingly refined forms of equivalence. Likewise, fractal self-similarity
may exist at many levels: exact, approximate, statistical, topological, symbolic, dynamical, or
spectral. The object is not merely self-similar; it is self-similar in a specified structural sense.

3.3 Fractals as Fixed Points of Generative Rules

Many fractals are best understood as fixed points of generative rules. A rule is applied
repeatedly, and the fractal is the limiting object that remains invariant under the rule’s action.
For example, an iterated function system applies a finite collection of contractions to a set. The
resulting fractal may satisfy an equation of the form

F = ¢1(F) U ¢2(F) U ... U da(F)

where each ¢; is a transformation such as a scaling, translation, rotation, or contraction. The
whole object is equivalent to a structured union of transformed copies of itself.

This is the key conceptual move. The fractal is not merely produced by recursion; it is
characterized by recursion. The rule does not simply generate the object from outside. The
completed object embodies the rule internally. It is a fixed point of the transformation that
constructs it.

This fixed-point perspective prepares the later comparison with the Riemann zeta function. The
completed zeta function has a functional equation relating s and 1 - s. The critical line can be
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understood as a fixed locus of the reflection symmetry. Fractals likewise emerge as fixed objects
or invariant structures under recursive transformations. In both cases, the deepest object is
defined not only by what it is, but by how it transforms into itself.

For a fractal, the fixed point is often spatial or geometric. For zeta, the fixed locus is analytic and
complex. For prime factorization, the equivalence is arithmetic. These are different domains,
but the same structural question recurs: what remains invariant under the transformation that
defines the object?

3.4 Recursive Type Equations

Homotopy Type Theory allows one to think of mathematical objects as types whose identity
structure may itself have content. A fractal can be interpreted informally as a recursive type-like
object: the whole is specified in terms of transformed copies, subobjects, or generative rules
that refer back to the whole.

A simple recursive type equation has the form
X = O(X)

where @ is an operation that builds a new structure from X. A fractal fits this pattern when the
object is equivalent to a transformed arrangement of copies or partial copies of itself. The
object is not described by listing all of its points one by one. It is described by a rule that
repeatedly reproduces structure.

This is important because recursive type equations shift attention from substance to
construction. The identity of the object is encoded in its generative equivalence. A Sierpinski
triangle, for example, is not best understood as an enormous list of remaining points after
infinitely many removals. It is better understood as the invariant object of a recursive triangular
subdivision process. The rule is part of the object’s mathematical meaning.

In HoTT-oriented language, the equivalence between the whole and its recursive presentation
can itself be treated as mathematical data. The correspondence is not a verbal analogy; it is part
of the structure. If two objects satisfy equivalent recursive descriptions, they may be
meaningfully compared even if their surface appearances differ. This is the foundation of a more
general equivalence-first approach to fractal arithmetic.

The relevance to primes and zeta appears later. Prime factorization can also be seen as a
recursive decomposition of multiplicative structure. The zeta function packages that
decomposition analytically. The functional equation then imposes a symmetry on the analytic
object. Thus, recursive type thinking provides a bridge: fractals are recursively generated
geometric objects, integers are recursively decomposable arithmetic objects, and zeta is an
analytic object built from arithmetic recursion and constrained by duality.
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3.5 From Geometric Repetition to Structural Invariance

The familiar language of fractals often emphasizes repetition: the same pattern appears again
and again. But repetition alone is not the deepest idea. The deeper idea is invariance under
transformation. Something persists as scale changes, as viewpoint changes, or as recursive
depth increases. That persistent something may be a dimension, a symbolic rule, a branching
structure, an escape-time pattern, a topology, or a distribution.

This distinction allows fractals to move from visual curiosity to mathematical model. A fractal is
not important because it looks complicated. It is important because complexity arises from rule-
governed invariance. The eye sees repetition; mathematics seeks the invariant.

In the Mandelbrot set, this is especially clear. The boundary contains small structures that
resemble the whole set, but they are not all exact copies. They appear through dynamical
tuning, renormalization, and parameter-space organization. Their significance lies in the
recurrence of structure across scales. The same general kind of dynamical information
reappears under transformation, but with modification. That is equivalence rather than equality.

This is the central lesson for the present paper. Fractal self-similarity teaches that central
mathematical meaning may reside in preserved structure across changing presentations. A part
may not equal the whole, yet it may carry the same generative logic. A coordinate may not be a
true geometric center, yet it may function as a reference point for symmetry. A zero may not be
explained by location alone, yet its location may become meaningful as a fixed locus of duality.

By treating fractals as recursive equivalence structures, this paper prepares the transition to
arithmetic. Prime factorization will be interpreted as a different kind of self-organizing
decomposition: not part-whole similarity in space, but whole-number decomposition into
irreducible multiplicative components. The zeta function will then appear as the analytic form of
that arithmetic structure. In this way, the movement from fractals to primes is not a leap from
image to number. It is a shift from geometric recursive equivalence to arithmetic recursive
equivalence.

4. Prime Factorization as Arithmetic Equivalence

Prime factorization is one of the clearest examples in mathematics of structure hidden beneath
surface variety. The positive integers appear at first as a simple ordered sequence, but
multiplicatively they possess a deep internal architecture: every positive integer greater than
one decomposes uniquely into prime factors. This means that each integer can be represented
as a finite configuration of prime powers. In an equivalence-first framework, this is not merely a
useful computational fact. It is a structural equivalence between whole numbers and finite
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prime-exponent patterns. The primes become the irreducible coordinates of arithmetic, and the
zeta function becomes an analytic object that packages this multiplicative structure. This section
develops prime factorization as arithmetic equivalence, preparing the transition from recursive
geometry to recursive number theory. Fractals express repeated structure across scale; integers
express repeated structure through multiplicative decomposition. Both reveal hidden order
through preserved relations.

4.1 Integers as Multiplicative Structures

The natural numbers may be studied additively or multiplicatively. Additively, every positive
integer can be reached by repeated addition of one. This gives the familiar counting structure:

1,2,3,4,5, ..

In this view, the natural numbers form a linear sequence. Each number has a predecessor and
successor, and arithmetic begins with counting.

Multiplicatively, however, the integers reveal a different architecture. Some numbers are
irreducible under multiplication, while others are composite. The primes are the multiplicative
atoms:

2,3,5,7,11,13, ...

A prime number cannot be decomposed into smaller positive factors other than one and itself.
Composite numbers, by contrast, are built from primes. For example:

12=2%2x3
30=2x%x3x5
84=22x3x7

This multiplicative view changes the meaning of number. An integer is no longer merely a
position in a counting sequence. It becomes a structured object composed of irreducible
factors. The number 84, for example, is not simply the eighty-fourth counting object. It is also a
specific finite arrangement of prime powers.

This is where the equivalence-first interpretation begins. Each positive integer can be translated
into a prime-exponent representation. Instead of writing only:

n

one may write:

n=Tlp p*
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where the product ranges over primes p, and all but finitely many exponents aP are zero. Thus
every integer corresponds to a finite pattern of exponents indexed by primes.

This representation is not a metaphor. It is an exact structural encoding. The integer and its
prime-exponent vector carry the same multiplicative information. They are different
presentations of one arithmetic object. In HoTT language, this invites an equivalence rather
than a mere notation change: positive integers under multiplication correspond to finite prime-
exponent configurations.

4.2 Unique Factorization and Prime Coordinates

The Fundamental Theorem of Arithmetic states that every integer greater than one can be
expressed uniquely as a product of primes, up to the order of the factors. This uniqueness is
what makes primes into coordinates. Without uniqueness, prime factorization would be only a
possible decomposition. With uniqueness, it becomes a canonical representation of
multiplicative structure.

For example:
360=23x32x5

The exponent of 2 is 3, the exponent of 3 is 2, the exponent of 5 is 1, and every other prime has
exponent 0. Thus 360 can be represented by the finite prime-exponent configuration:

2H-3
3P 2
5p1
p — O for all other primes

This is analogous to coordinates in a vector space, except that the coordinate axes are primes
and the entries are nonnegative integers. The number itself is reconstructed by multiplying the
prime powers together. In this sense, the primes form a basis for multiplicative arithmetic.

This observation is elementary but profound. It means that multiplication of integers becomes
addition of exponents. If

a=Tlp p

and

b = TTp pP?

then
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ab =TTp p*°*#

Multiplication in the integers becomes coordinate-wise addition in the exponent
representation. This is a structural transformation. It changes the surface operation while
preserving the underlying arithmetic content.

For the equivalence-first framework, this is a central example. The integer 360 and its exponent
vector are not visually similar. They do not resemble each other in the way that a fractal part
resembles the whole. Yet they are equivalent as multiplicative information. The sameness is not
pictorial. It is structural.

This broadens the concept of self-similarity. In fractals, self-similarity appears geometrically
across scales. In arithmetic, equivalence appears through decomposition into irreducible
factors. The whole number is equivalent to the structured collection of its prime components.
Thus prime factorization is arithmetic recursion: a composite object is repeatedly decomposed
until irreducible units are reached.

4.3 Natural Numbers as Finite Prime-Exponent Configurations

The positive integers can be described as finite prime-exponent configurations. Informally:
positive integers = finite maps from primes to natural-number exponents

More explicitly, each positive integer corresponds to a function:

a:P->N

where P is the set of primes, N is the set of nonnegative integers, and a(p) = 0 for all but finitely
many primes. The integer represented by this function is:

n=Tlp pa(p)

The finite-support condition is essential. An ordinary positive integer has only finitely many
prime factors. Therefore its exponent function is zero almost everywhere.

This perspective reveals a hidden high-dimensional arithmetic space. Each prime is an
independent coordinate direction. Most integers occupy only finitely many directions, but the
total coordinate system is infinite because there are infinitely many primes. The natural
numbers are therefore not merely a one-dimensional sequence. Multiplicatively, they are finite
configurations in an infinite prime-coordinate space.

This interpretation is powerful because it turns prime factorization into an equivalence of types.
One type is the type of positive integers. The other is the type of finitely supported prime-
exponent vectors. The equivalence states that to give a positive integer is, multiplicatively, the
same as giving its finite prime-exponent configuration.
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In HOTT terms, the important object is not just the set of integers but the structure-preserving
correspondence between two presentations. The ordinary integer presentation supports
counting, ordering, and addition. The prime-exponent presentation supports multiplication,
divisibility, greatest common divisors, least common multiples, and Euler products. Both
presentations are valid, but they reveal different structures.

This is directly relevant to the zeta function. The zeta function begins as a sum over positive
integers, but it can also be written as a product over primes. The equivalence between these
two analytic presentations is possible because the integers themselves are equivalent to finite
prime-exponent configurations. Thus the Euler product is not an isolated trick. It is the analytic
shadow of the prime-coordinate structure of the positive integers.

4.4 Euler Products as Analytic Shadows of Arithmetic Equivalence

The Riemann zeta function is initially defined, in its simplest convergent region, as the Dirichlet
series:

{(s)=35n=211/n°

This expression sums over all positive integers. On the surface, it treats the integers as a
sequence:

1,2,3,4,5,..

However, because every integer has a unique prime factorization, the same function can be
expressed as an Euler product:

Us)=TIp 1/(1 - p™)
where the product ranges over all primes.

This equivalence between the sum over integers and the product over primes is one of the most
important bridges in mathematics. It is the point where analysis meets arithmetic. The zeta
function does not merely count numbers. It encodes the multiplicative structure of the integers.

To see the structural idea, expand each prime factor as a geometric series:
Y(1-p7)=1+p=+p2+p+..

Then multiply these expansions over all primes. A term in the product is formed by choosing an
exponent for each prime:

p1—a1s pz—aZS p3—a3s

Because only finitely many choices are nonzero in any term corresponding to an integer, this
becomes:
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1/(p1a1 p2a2 p333 )s

By unique factorization, every positive integer appears exactly once. Thus the product over
primes reconstructs the sum over integers.

This is precisely the kind of structure-preserving transformation that the present paper
emphasizes. The Dirichlet series and the Euler product are not superficially similar. One is
additive in presentation, the other multiplicative. Yet they are analytically equivalent in the
appropriate region because arithmetic itself provides the equivalence.

In the equivalence-first framework, the Euler product says:
sum over integers =~ product over prime-coordinate directions

The zeta function therefore becomes a bridge between two presentations of arithmetic reality.
The primes are not merely hidden inside the integers. They are the coordinate axes that make
the Euler product possible. The zeta function packages this equivalence into a single analytic
object.

4.5 The Prime Basis of Zeta Geometry

Once the zeta function is understood as the analytic shadow of prime factorization, its
connection to geometry becomes more intelligible. The complex variable s does not merely
index a formal series. It controls how integer sizes, prime powers, and multiplicative structures
are weighted. The real part of s governs convergence and decay; the imaginary part introduces
oscillation and phase. Thus the zeta function transforms arithmetic structure into complex
analytic geometry.

The primes form the hidden basis of this geometry. Each prime contributes a factor:

1/(1-p7)

and the infinite product of these factors generates the global zeta function. The zeros, poles,
and symmetries of zeta are therefore not arbitrary analytic features. They arise from an object
whose construction is deeply tied to the prime-coordinate decomposition of the integers.

This prepares the later discussion of the Riemann Hypothesis. The nontrivial zeros of zeta are
connected to the distribution of primes, but they appear in the complex s-plane as analytic
features. This means that prime distribution is translated into geometry through zeta. The
critical line is not a line drawn over the primes directly. It is a line in the analytic space where
prime-encoded information has been transformed, continued, and symmetrized.

The equivalence-first view helps keep these levels distinct. Prime factorization is arithmetic
equivalence. The Euler product is analytic equivalence. The functional equation is dual analytic
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equivalence. The critical line is a fixed locus of that duality. The Riemann Hypothesis then asks
whether the nontrivial zeros, which encode prime-distribution information, are constrained to
this fixed locus.

This is the conceptual bridge from fractals to primes. Fractals show how recursive geometry
produces invariant forms. Prime factorization shows how multiplicative arithmetic produces
invariant decompositions. Zeta transforms those decompositions into complex analytic
structure. In each case, the visible object is only one presentation of a deeper equivalence.

Thus the primes function as the arithmetic basis of zeta geometry in the same broad sense that
recursive rules function as the generative basis of fractal geometry. The Mandelbrot set
visualizes a family of recursive dynamical systems. The zeta function analytically organizes the
multiplicative recursion of the integers. Both invite the same question: what structural
equivalences remain invariant when the object changes presentation?

5. The Riemann Zeta Function and the Critical Symmetry

The Riemann zeta function stands at the center of modern number theory because it transforms
the discrete world of integers and primes into the continuous world of complex analysis. What
begins as a simple infinite series becomes, through analytic continuation and functional
symmetry, a global object whose zeros encode deep information about the distribution of prime
numbers. In the framework of this paper, the zeta function is important not only because of its
connection to primes, but because it displays a powerful form of analytic equivalence. Its
Dirichlet-series form, Euler-product form, analytically continued form, and completed
symmetric form are different presentations of a single mathematical object. The critical line
emerges as the self-dual axis of this object’s fundamental symmetry. This section develops the
zeta function as an equivalence-bearing structure, preparing the fixed-locus interpretation of
the Riemann Hypothesis.

5.1 The Dirichlet Series

The Riemann zeta function is first encountered through the series
{(s)=3>n=211/n®

where s is a complex variable,

s=o+it

The real component o governs the size decay of the terms, while the imaginary component t
introduces oscillation. For Re(s) > 1, the series converges absolutely. In that region, the function
may be understood directly as a weighted sum over all positive integers.

25



This definition is deceptively simple. Each term 1/n® assigns a complex weight to an integer n.
When s is real and greater than one, the function behaves like a generalized harmonic sum. As s
moves into the complex plane, the same expression acquires phase behavior. The exponent s
causes each integer to contribute not only magnitude but also oscillatory structure.

From the equivalence-first perspective, the Dirichlet series presents the zeta function in additive
form. It is a sum over integers, treating the positive integers as a sequence:

1,2,3,4,5,..

This is the most direct presentation of {(s), but it is not the only one. The same function also
admits a multiplicative presentation through primes. That transition from sum to product is the
first major example of equivalence in zeta theory. The function is one object, but it has more
than one structural face.

The Dirichlet series also introduces the importance of the real part of s. In the half-plane Re(s) >
1, the series is well-behaved. Outside that region, the original series no longer converges in the
ordinary sense. Yet the zeta function does not simply cease to exist there. Through analytic
continuation, it extends into a much larger domain. This extension is one of the first signs that
{(s) is deeper than its initial series definition.

5.2 The Euler Product and the Distribution of Primes

For Re(s) > 1, the zeta function also has the Euler product representation

Us)=TTp 1/(1-p7)

where the product ranges over all primes p. This identity is possible because every positive
integer has a unique factorization into primes. The Euler product is therefore the analytic
expression of the Fundamental Theorem of Arithmetic.

The Dirichlet series sums over all integers. The Euler product multiplies over primes. These look
like very different constructions, but they define the same function in their shared region of
convergence. That equivalence is the first major bridge between analysis and arithmetic. It says
that the total behavior of the integers can be reconstructed from the prime factors that
generate them.

Expanding each prime factor gives
V(A-p™)=1+p=+p+p+..

When all such factors are multiplied together, each term corresponds to choosing a finite
collection of prime powers. By unique factorization, every positive integer appears exactly once.
Thus the Euler product expands into the Dirichlet series.
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This is why the zeta function knows about primes. It is not merely a function that happens to be
useful in prime number theory. Its multiplicative structure is built from primes at the most basic
level. The primes are the independent coordinates of the Euler product, and the positive
integers are the finite configurations generated by those coordinates.

This observation is central to the equivalence-first interpretation. The zeta function is a site
where two presentations of arithmetic become analytically equivalent:

sum over integers =~ product over primes

The Riemann Hypothesis concerns the zeros of the analytically continued zeta function, but
those zeros matter because the function remains tied to prime structure. The zeros are analytic
objects; the primes are arithmetic objects. The zeta function is the bridge between them.

5.3 Analytic Continuation and the Completed Zeta Function

The original Dirichlet series defines {(s) only for Re(s) > 1. However, the zeta function can be
analytically continued to the complex plane, except for a simple pole at s = 1. This means that
the function has a larger identity than its initial series formula suggests. The series is one local
presentation; analytic continuation reveals the global object.

This is a crucial conceptual step. If one identifies {(s) only with the original infinite sum, then the
critical strip

O<Re(s)<1

would appear inaccessible because the series does not converge there. But the nontrivial zeros
of {(s), and therefore the Riemann Hypothesis, live precisely in this strip. The analytic
continuation allows the zeta function to be studied where its first definition no longer applies.

The completed zeta function is constructed by modifying (s) with additional factors involving s,
1, and the gamma function. One common form is

§(s) = 1/2 s(s - 1)"2 [(s/2){(s)

This completed function is designed to have better symmetry. The extra factors are not arbitrary
decoration. They absorb the pole and trivial zero structure in a way that reveals the deeper
functional equation.

In the equivalence-first framework, analytic continuation and completion are changes of
presentation. The original series, the Euler product, the meromorphic continuation, and the
completed zeta function are not different unrelated objects. They are structurally connected
forms of the same analytic entity. Each presentation makes a different feature visible.
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The Dirichlet series makes the integer sum visible. The Euler product makes prime factorization
visible. Analytic continuation makes the critical strip visible. The completed zeta function makes
symmetry visible. The path from (s) to §(s) is therefore not merely technical. It is a movement
from local definition to global equivalence.

5.4 The Functional Equation §(s) = §(1 - s)

The completed zeta function satisfies the functional equation

§(s) = &(1-5)

This equation is the central symmetry of zeta theory. It relates the value of the completed
function at s to its value at 1 — s. Geometrically, the transformation

s—1-5s
reflects the complex plane across the vertical line
Re(s) =1/2

This reflection exchanges the left and right halves of the critical strip. A point with real part o is
paired with a point whose real part is 1 — 6. The midpoint of this pairing is the critical line. Thus
the functional equation does more than provide a computational relation. It imposes a duality

structure on the entire problem.

From the standpoint of this paper, the functional equation is an analytic equivalence. It says
that the completed zeta function has two coupled presentations, one at s and the other at 1 - s.
These presentations are not identical as coordinates, but they are equivalent through the
symmetry of €.

This is the key transition from ordinary complex analysis to fixed-locus reasoning. If a function is
symmetric under a transformation, then the fixed points or fixed loci of that transformation
acquire special significance. For the reflection s = 1 - s, the invariant vertical line is Re(s) = 1/2.
This line is not chosen arbitrarily. It is forced by the symmetry itself.

The functional equation also illustrates why the completed zeta function is the better object for
structural interpretation than {(s) alone. The raw zeta function has the prime-encoded analytic

content, but &(s) displays the symmetry cleanly. In equivalence-first terms, &(s) is a presentation
of zeta’s global structure in which the fundamental duality is explicit.

5.5 The Critical Strip, Critical Line, and Nontrivial Zeros
The nontrivial zeros of {(s) lie in the critical strip

O<Re(s)<1
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The Riemann Hypothesis states that all such zeros lie on the critical line
Re(s) =1/2

This claim is one of the deepest unsolved problems in mathematics because the location of the
zeros is linked to the fine-scale distribution of prime numbers. The primes appear irregularly in
the natural number sequence, but the zeta zeros encode the hidden order governing that
irregularity.

The critical strip is the region where the analytic continuation of {(s), the Euler product’s
arithmetic meaning, and the functional equation’s symmetry come into tension. To the right of
the strip, the original Dirichlet series converges. To the left, other analytic structures dominate.
Inside the strip, the nontrivial zeros appear. The critical line is the symmetry axis of the
completed function within that region.

This is where the fixed-locus interpretation becomes compelling. The line Re(s) = 1/2 is not
merely halfway between Re(s) = 0 and Re(s) = 1. It is the self-dual line of the transformation s —
1 - s. When complex conjugation is included, the relevant self-correspondence condition
becomes

s=1-5
Writing s = 0 + it gives
o+it=1-0o+it

and therefore

c=1/2

Thus the critical line is the fixed locus of the combined reflection-conjugation structure. The
Riemann Hypothesis may therefore be expressed conceptually as the assertion that the
nontrivial zeros are confined to the self-dual locus of the completed zeta function.

This phrasing does not prove the hypothesis, but it refines the question. The problem becomes
not merely why the zeros have real part 1/2, but why prime-encoded analytic cancellation
should occur only on the fixed locus of zeta’s fundamental symmetry. This is the form of the
guestion that naturally connects to HoTT and univalence. The zeros become candidates for
structurally privileged points, not because of numerical coincidence, but because they lie where
the analytic object is equivalent to its reflected presentation.

The next section develops this idea directly. The Riemann Hypothesis will be treated as a fixed-
locus problem: a conjecture that the deepest arithmetic cancellations in {(s) occur precisely
where the completed zeta function becomes self-dual under its defining symmetry.
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6. The Fixed-Locus Interpretation of the Riemann Hypothesis

The Riemann Hypothesis is usually stated as a claim about the real parts of the nontrivial zeros
of the zeta function: every such zero has real part 1/2. This standard formulation is precise, but
it can hide the structural reason why the line Re(s) = 1/2 is distinguished. The critical line is not
merely the midpoint of the critical strip. It is the fixed locus of the completed zeta function’s
fundamental reflection symmetry. In the equivalence-first framework of this paper, that fact
becomes central. The Riemann Hypothesis can be interpreted as a confinement conjecture: the
nontrivial zeros of {(s), which encode prime-distribution information, are constrained to the self-
dual locus of the analytic equivalence €(s) = £(1 - s). This does not prove the hypothesis, but it
reformulates the problem in a way that aligns naturally with HoTT, univalence, and the broader
study of fixed structures under equivalence.

6.1 Reflection Symmetry in the Critical Strip

The critical strip is the region

O<Re(s)<1

It is bounded by the vertical lines Re(s) = 0 and Re(s) = 1, and its central vertical line is
Re(s) = 1/2

The completed zeta function possesses a reflection symmetry expressed by

&(s) =§(1-5)

The transformation

s—1-5

takes a point in the critical strip and reflects it across the line Re(s) = 1/2. If s has real part o,
then 1 - s has real part 1 - 0. A point on the right side of the critical line is paired with a point
on the left side, and vice versa.

This reflection is not imposed externally. It belongs to the completed zeta function itself. The
symmetry is built into the analytic structure that extends and completes the original Dirichlet
series. The critical strip is therefore not just a region where zeros happen to occur. It is a domain
organized by a fundamental duality.

In the equivalence-first interpretation, the transformation s — 1 - s defines a pairing of analytic
presentations. The function at s and the function at 1 - s are not unrelated values. They are
coupled through the functional equation. The critical line is the locus where this pairing
becomes self-centered. Points on this line are exchanged with points having the same real
coordinate under the reflection symmetry.

30



This perspective changes the role of the critical line. It is no longer merely a coordinate
boundary or numerical midpoint. It is the symmetry axis of the completed zeta object. The
Riemann Hypothesis then becomes a claim about the location of zeros relative to this intrinsic
symmetry. It asserts that the zeros of deepest arithmetic significance occur exactly on the line
where the analytic object is balanced between its reflected presentations.

6.2 Complex Conjugation and Self-Duality

The reflection s = 1 - s is only part of the relevant symmetry picture. The zeta function also
respects complex conjugation in the sense that zeros occur in conjugate pairs. If p is a nontrivial
zero, then its complex conjugate p is also a zero. Combined with the functional equation, this
generates a quartet-like symmetry for zeros away from the critical line.

If
p=0+it

is a zero, then the associated reflected and conjugated points include

p=0-it
l-p=1-0-it
l1-p=1-0o+it

The transformation most relevant to the fixed-locus view is

s—1-5

This map combines reflection across the critical line with conjugation. A point satisfying
s=1-5

is self-dual under this combined operation.

Let
s=0+it
Then
S=o-it
and

1-5=1-0+it

The self-duality condition becomes
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ot+it=1-0+it

which gives

o=1/2

Therefore the fixed locus of the map s = 1 -5 is precisely the critical line.

This formulation is powerful because it defines the critical line by invariance rather than by
arbitrary placement. A zero on the critical line is mapped to itself by the combined reflection-
conjugation symmetry. A zero off the critical line is not self-dual by itself; it belongs instead to a
reflected family of related zeros. Thus RH can be interpreted as the claim that every nontrivial
zero is individually self-dual with respect to the fundamental zeta symmetry, rather than merely
part of a larger symmetric orbit.

In equivalence-first language, the line Re(s) = 1/2 is the locus where the two presentations of a
zero, reflected and conjugated, cohere into one structural point. The zero is not merely paired
with another zero. It is fixed by the relevant equivalence. This gives the critical line a
distinguished conceptual status.

6.3 Deriving the Fixed Locus Re(s) =1/2

The fixed-locus derivation is simple but central to the interpretation. Begin with the complex
variable

s=o+it

The combined duality map is
D(s)=1-5
Substituting s = o + it gives
S=o-it

o

D(s)=1-o+it

The fixed points of D satisfy
D(s)=s

Therefore

l-o+it=0+it

Equating real and imaginary parts gives
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The imaginary part is unrestricted, while the real part must satisfy

20=1
o)
o=1/2

Thus the fixed locus is the entire vertical line
Re(s) =1/2

This line is not a single center point. It is a center axis, or self-dual locus, extending infinitely in
the imaginary direction. Its importance is not that it is geometrically central in a finite figure,
but that it is invariant under the duality transformation. It is where the symmetry folds the
critical strip onto itself.

Now introduce the shifted variable

c=s-1
Then
s=c+1

If the critical line is

Re(s) = 1/2

then

Re(c+1)=1/2

so

Re(c) =-1/2

In the shifted c-coordinate, the Riemann fixed line appears at
Re(c)=-1/2

This is the same real coordinate that functions as a practical visual center in common
Mandelbrot displays. This coordinate resonance should not be overstated. It does not imply that
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the Mandelbrot set and the zeta function are the same. However, it does show that after a
natural shift, the zeta critical line occupies a coordinate position that resonates with a familiar
fractal reference point. This provides a useful symbolic bridge between fractal parameter
geometry and zeta fixed-locus geometry.

6.4 Zeros as Candidates for Symmetry-Constrained Points

The nontrivial zeros of {(s) are not random marks in the complex plane. They encode arithmetic
information related to the distribution of primes. Through explicit formulas in analytic number

theory, prime-counting irregularities are connected to the positions of zeta zeros. The zeros are
therefore analytic events with arithmetic consequences.

In the fixed-locus interpretation, a nontrivial zero is treated as a candidate for symmetry-
constrained cancellation. The completed zeta function brings together several structures: the
original integer sum, the Euler product over primes, analytic continuation, gamma factors, and
reflection symmetry. A zero is a point where this analytically completed structure vanishes. The
Riemann Hypothesis asserts that all such nontrivial cancellations occur on the self-dual line.

This can be written conceptually as
Z& c Fix(D)

where Z¢ is the set of nontrivial zeros of the completed zeta function, D is the combined duality
map

D(s)=1-3

and Fix(D) is the fixed locus

Re(s) =1/2

The standard statement of RH is

if {(p) =0 and 0 < Re(p) < 1, then Re(p) = 1/2

The fixed-locus statement is

nontrivial zeros lie on the self-dual locus of the zeta symmetry

These two formulations are not different theorems. They express the same conjectural location
of the zeros. The difference is interpretive. The fixed-locus formulation emphasizes the role of
symmetry and equivalence rather than merely coordinates.

This reframing may help organize new questions. Instead of asking only why zeros lie at real part
1/2, one may ask what structural principle would force prime-encoded analytic cancellations to
be self-dual. Are the zeros constrained by a hidden positivity condition, spectral operator,
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categorical duality, or type-theoretic coherence condition? The fixed-locus view does not
answer these questions, but it gives them a common form.

6.5 What the Fixed-Locus View Explains and Does Not Explain

The fixed-locus interpretation explains why the critical line is structurally special. It is the
invariant line of the completed zeta function’s reflection-conjugation symmetry. It also explains
why the Riemann Hypothesis has the form it does: the conjecture places the nontrivial zeros
precisely where the zeta symmetry becomes self-dual. This makes the critical line appear less
arbitrary and more inevitable as the natural candidate location for the zeros.

The interpretation also clarifies the relationship between coordinate centers and structural
centers. The value Re(s) = 1/2 is not merely halfway between 0 and 1. It is the fixed locus of an
equivalence. After shifting by c = s — 1, the same line becomes Re(c) = -1/2. This resonates with
the Mandelbrot visual center, but the important commonality is not numerical coincidence. The
important commonality is the idea of centrality as a reference point or locus generated by
transformation.

However, the fixed-locus view does not prove that all nontrivial zeros lie on the critical line.
Symmetry alone is insufficient. A symmetric function may have zeros off its fixed axis, provided
they appear in symmetric pairs or quartets. The functional equation guarantees that zeros are
reflected in an organized way, but it does not by itself force every zero to be fixed by the
symmetry. This is precisely why RH remains difficult.

Therefore the fixed-locus framework should be understood as a disciplined reformulation rather
than a solution. Its value lies in sharpening the problem. It states that the missing principle must
do more than account for symmetry; it must explain why the zeros are individually self-dual
rather than merely symmetrically paired. That missing principle might be spectral, geometric,
categorical, arithmetic, or something not yet identified.

In the larger argument of this paper, the fixed-locus interpretation provides the central bridge
among fractals, primes, and HoTT. Fractals teach that recursive objects reveal structure through
self-similarity and invariance. Prime factorization teaches that arithmetic objects reveal
structure through irreducible decomposition. The zeta function teaches that analytic objects
reveal structure through continuation, Euler products, and functional duality. The Riemann
Hypothesis, in this framework, becomes the assertion that the most important zeros of the
prime-encoded analytic object lie exactly where the object is self-equivalent under its defining
symmetry.

This is the point at which equivalence-first mathematics becomes more than a philosophical
preference. It provides a concrete organizing grammar: define the object, define its equivalence,
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define the fixed locus, define the invariant set, and then ask whether the invariant set is
confined to the fixed locus. For RH, that grammar becomes

object: &(s)

equivalence:s > 1 -5

fixed locus: Re(s) = 1/2

invariant set: nontrivial zeros

conjecture: all nontrivial zeros lie on the fixed locus

This does not solve the Riemann Hypothesis. But it gives the hypothesis a structural form that
can be compared with fractal recursion, spectral geometry, moduli spaces, and HoTT
formalization. The next section will develop the shifted coordinate ¢ =s - 1 and examine the
Re(c) = -1/2 resonance more directly.

7. The Shifted Coordinate c = s — 1 and the Re = -1/2 Resonance

The coordinate shift c = s - 1 is a simple transformation, but in the present framework it
performs an important conceptual function. It translates the Riemann critical line from Re(s) =
1/2 into Re(c) = -1/2, placing the fixed-locus geometry of the completed zeta function into a
coordinate frame that resonates with the familiar visual center of the Mandelbrot set. This
resonance should be handled carefully. It is not a proof of identity between complex dynamics
and analytic number theory, nor does it imply that the Mandelbrot set secretly encodes the
Riemann zeros. Its value is interpretive: the shift reveals how different mathematical objects
may acquire meaningful centers through transformations. In Mandelbrot dynamics, c = -1/2 + Oi
functions as a practical global reference point in parameter space. In zeta theory, Re(c) = -1/2
arises from translating the self-dual critical line. In both cases, centrality emerges through
coordinate choice, symmetry, and structural organization.

7.1 Translating the Critical Line

The Riemann zeta function is usually studied in the complex s-plane, where
s=o+it

The critical strip is

O<Re(s)<1

and the critical line is
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Re(s) =1/2
The completed zeta function satisfies the functional symmetry
&(s) =§(1 - )

This symmetry reflects the s-plane across the vertical line Re(s) = 1/2. Thus the critical line is not
just a midpoint by convention; it is the axis of the transformation that relatessto 1 - s.

Now introduce the shifted variable

c=s-1
Then
s=c+1
If

Re(s) =1/2
then

Re(c+1)=1/2

so

Re(c)+1=1/2

and therefore

Re(c)=-1/2

Thus the Riemann critical line, when expressed in the shifted c-plane, becomes
Re(c)=-1/2

The imaginary component is unchanged by this horizontal translation. If
s=1/2 +it

then

c=s-1=-1/2+it

The entire critical line is therefore translated left by one unit. The self-dual vertical axis of zeta
symmetry becomes a vertical line passing through the real coordinate -1/2.

This operation is elementary, but it matters because it makes visible a coordinate resonance
between two otherwise distinct mathematical contexts. The same real coordinate appears in
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the shifted zeta setting and in the ordinary visual presentation of the Mandelbrot set. The
resonance is not a theorem about common origin. It is a prompt to ask what kind of centrality is
being expressed in each case.

7.2 From Re(s) = 1/2 to Re(c) = -1/2

The transformation from Re(s) = 1/2 to Re(c) = —1/2 is a coordinate shift, not a change in the
underlying zeta problem. The nontrivial zeros do not move in any intrinsic sense; they are
simply described in a translated coordinate frame. Nevertheless, coordinate choices are not
meaningless. They can reveal different structures, symmetries, and analogies.

In the original s-coordinate, the critical line has the form
s=1/2 +it

In the shifted c-coordinate, the same line has the form
c=-1/2 +it

The real part changes from positive one-half to negative one-half because the origin has moved
from s =0 to c = -1 relative to s. The vertical direction remains the imaginary axis. The
parameter t continues to measure height along the line.

This gives a clean relationship:
s-critical line: Re(s) = 1/2

shifted c-critical line: Re(c) = -1/2
central pointatt=0:c=-1/2 +0i

That central point is especially suggestive because it matches the commonly used visual center
of the Mandelbrot set:

c=-1/2 +0i

Again, this should not be overstated. The Mandelbrot c and the shifted zeta c are not
automatically the same variable in a shared theory. In the Mandelbrot case, c is the parameter
in the quadratic map

z> 22+ ¢

In the shifted zeta case, cis a translated version of the analytic variable s. The same symbol
names different mathematical roles.

However, the fact that both contexts can be organized around Re = -1/2 is conceptually useful.
It allows a comparative question: what does the coordinate -1/2 mark in each system? In
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Mandelbrot geometry, it marks a practical center of the global parameter view. In shifted zeta
geometry, it marks the self-dual critical line. The first is visual and dynamical; the second is
analytic and symmetry-based. The comparison becomes productive precisely because the
meanings are different but structurally parallel.

7.3 Comparison with the Mandelbrot Visual Center
The Mandelbrot set is defined in the c-plane by the boundedness of the critical orbit of
z- 2% +cC

The set is symmetric about the real axis and visually extends across a horizontal region whose
common full-view display is often centered near

c=-1/2 +0i

This point is not the dynamical center of the main cardioid. That role is more naturally
associated with c = 0, where the critical orbit remains fixed at zero. Nor is ¢ = -1/2 a unique
Euclidean center of mass for the set. The Mandelbrot set is not a simple convex figure, and
different definitions of center would produce different answers.

Nevertheless, c = -1/2 + 0i functions well as a global viewing center. It sits near the middle of
the standard plotted region, balances the long leftward extension and the rightward cardioid-
bulb structure, and lies on the real symmetry axis. In this sense, it is a visual or display center.

The shifted zeta coordinate produces the same real point at t = O:
c=-1/2 +0i

but for a different reason. It arises from translating the critical line of the Riemann problem. In
the zeta setting, the central object is not a bounded fractal in the c-plane but an infinite vertical
line of self-duality. The point c = -1/2 + 0i is merely the height-zero point on that line.

The comparison can be summarized as follows:

Mandelbrot: c = -1/2 + Qi is a visual center of a fractal parameter space.
Shifted zeta: c = -1/2 + it is the translated critical line of a functional symmetry.
Mandelbrot centrality is connected to global parameter visualization.

Zeta centrality is connected to fixed-locus self-duality.

The resonance is therefore not that both objects have the same center in the same sense. The
resonance is that both become intelligible when a meaningful structural reference is placed at
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Re(c) = -1/2. This is exactly the kind of comparison that equivalence-first thinking can clarify. It
allows similarity without collapsing distinction.

7.4 Coordinate Resonance Versus Mathematical Identity

A major danger in interdisciplinary mathematical speculation is the confusion of coordinate
resonance with mathematical identity. Two theories may display the same number, coordinate,
symmetry, or visual pattern for entirely different reasons. To claim identity, one must show a
structure-preserving map between the objects that preserves the relevant operations,
invariants, and relations. A shared coordinate alone is not sufficient.

Therefore this paper does not claim:

Mandelbrot set = Riemann zeta function

Nor does it claim:

Mandelbrot center proves the Riemann Hypothesis
Nor does it claim:

zeta zeros are Mandelbrot structures

These statements would be unjustified. The Mandelbrot set is a parameter space for quadratic
iteration. The zeta function is an analytic object connected to prime factorization. They belong
to different mathematical settings.

What this paper does claim is more careful:

The Mandelbrot set and the zeta function both involve complex variables, recursion, symmetry,
and structure-preserving transformation.

The Mandelbrot set exhibits recursive dynamical organization and fractal self-similarity.

The zeta function exhibits arithmetic encoding through the Euler product and analytic self-
duality through the functional equation.

Both can be interpreted through the language of equivalence, fixed loci, and invariant structure.

The shifted coordinate c = s - 1 places the zeta critical line at Re(c) = -1/2, producing a useful
coordinate resonance with the Mandelbrot visual center.

This is not identity. It is an analogy disciplined by structural comparison. The task is not to force
one object into the other, but to ask what kinds of equivalence govern each object and whether
those equivalences can be placed into a common conceptual architecture.
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HoTT is valuable here because it distinguishes levels of sameness. Objects may be equal,
isomorphic, equivalent, homotopic, categorically related, or merely analogous. These are not
interchangeable. The univalent viewpoint encourages the identification of equivalent structures
only when the relevant equivalence has been defined. Thus HoTT does not license vague
comparison. It demands precise equivalence data.

In that spirit, the Re = -1/2 resonance should be treated as a clue, not a conclusion. It motivates
a search for invariant-preserving maps, formal analogies, and fixed-locus formulations. Its value
lies in opening a controlled research direction rather than proving a finished theorem.

7.5 How Shifts Reveal Hidden Symmetries

Coordinate shifts are among the simplest transformations in mathematics, but they often reveal
structure that is otherwise obscured. Moving the origin can turn an asymmetric formula into a
symmetric one, place a fixed point at zero, center a domain around a natural axis, or make
dualities easier to see. In many areas of mathematics and physics, the right coordinate system
does not create the structure, but it reveals it.

The shift
c=s-1

does not alter the Riemann Hypothesis. It simply changes the coordinate frame. Yet in this new
frame, the critical line becomes

Re(c)=-1/2
and the height-zero point becomes
c=-1/2 + 0i

This makes the zeta fixed-locus structure visually comparable to the Mandelbrot coordinate
convention. The comparison is not proof, but it is useful because both domains are
fundamentally concerned with how complex systems organize around invariant structures.

In Mandelbrot dynamics, the parameter ¢ determines the recursive rule. Changing c changes
the dynamical system. The global image shows how stability, periodicity, escape, and boundary
complexity organize across parameter space. The visual center helps the observer see the whole
parameter landscape.

In zeta theory, the variable s determines the analytic weighting of integers and primes. Changing
s changes the balance of decay, oscillation, convergence, and analytic continuation. The critical
line marks the self-dual locus of the completed function’s symmetry. It is the axis around which
the nontrivial zero problem is organized.
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The shift therefore suggests a general methodological principle:
choose coordinates that place the relevant equivalence in visible form

For fractals, this may mean centering a view around a self-similar structure or a dynamically
meaningful parameter. For zeta, it may mean centering the critical symmetry around its fixed
locus. For HOTT, it may mean choosing definitions in which equivalence rather than equality is
primitive.

This principle supports the broader argument of the paper. Mathematical meaning is often
revealed not by the raw object alone, but by the transformations under which the object
becomes intelligible. The Mandelbrot set becomes intelligible through iteration and parameter
classification. The zeta function becomes intelligible through Euler products, analytic
continuation, and functional symmetry. HoTT becomes useful because it supplies a language for
treating these transformations as part of the identity structure of mathematics.

The Re = -1/2 resonance is therefore a small but provocative example of a larger theme: centers
are not always points of mass or Euclidean balance. Sometimes they are fixed loci, self-dual
axes, recursive anchors, or coordinate choices that expose equivalence. The next section turns
directly to HoTT and univalence, where this replacement of naive equality by structured
equivalence becomes explicit.

8. HoTT, Univalence, and the Replacement of Equality by Equivalence

Homotopy Type Theory provides the conceptual grammar needed to state the central thesis of
this paper with precision: mathematical sameness is often not literal equality, but structure-
preserving equivalence. This distinction is essential when comparing fractals, Mandelbrot
dynamics, prime factorization, and the Riemann zeta function. A small copy inside a fractal is
not literally equal to the whole, yet it may preserve the generative structure of the whole. An
integer is not visually identical to its prime-exponent vector, yet both presentations encode the
same multiplicative information. The completed zeta function at s is not the same coordinate as
the completed zeta function at 1 - s, yet the functional equation identifies them through
analytic duality. HoTT and univalence allow these examples to be discussed in a disciplined way.
They do not collapse all resemblance into identity. Instead, they ask what equivalence has been
defined, what structure it preserves, and what fixed loci arise when an object is mapped into an
equivalent presentation of itself.
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8.1 Identity Types and Paths
In ordinary mathematical language, equality is often treated as a simple relation. One writes
a=b

and the statement is either true or false. This is sufficient for many elementary purposes, but it
becomes less adequate when mathematical objects have internal structure, symmetries,
automorphisms, transformations, or multiple equivalent presentations. In higher mathematics,
sameness often comes in layers. Two spaces may be homeomorphic, diffeomorphic, homotopy
equivalent, isomorphic, categorically equivalent, or merely similar under a weaker relation. Each
form of sameness preserves different structure.

Homotopy Type Theory enriches equality by interpreting identity in terms of paths. Ifaand b
are points of a type A, then an identity between them may be understood as a path from a to b.
Instead of equality being a flat assertion, it becomes a structured object. There may be multiple
paths between the same endpoints, and there may be higher paths between paths. This gives
identity internal geometry.

This path-based view is highly relevant to the themes of this paper. The Mandelbrot set is not
best understood as a static collection of pixels. It is generated through iteration, and its regions
are related through transformations and recurring structures. Fractal self-similarity is not literal
equality between part and whole, but a path-like relation through scaling, embedding, or
recursion. The zeta functional equation is likewise not ordinary pointwise equality between
unrelated expressions; it is a structured identification between two analytic presentations.

Identity types allow us to ask more refined questions. What is the type of paths from one
presentation of a structure to another? What transformations witness their equivalence? Are
there higher coherences among these transformations? These questions are natural in HoTT
and unnatural in a purely set-theoretic language that treats equality as a featureless
proposition.

For the present framework, the key lesson is that mathematical identity is not exhausted by
symbol-level equality. A structure may be recognized through the transformations that preserve
it. This is the starting point for interpreting fractals, primes, and zeta as equivalence-bearing
objects.

8.2 Equivalence as Mathematical Sameness

Equivalence is stronger than analogy but broader than literal equality. Two structures are
equivalent when there is a relation between them that preserves the relevant mathematical
content. The precise meaning of equivalence depends on the context. In topology, homotopy
equivalence preserves broad shape. In algebra, isomorphism preserves operations. In category

43



theory, equivalence of categories preserves objects and morphisms up to coherent
correspondence. In dynamics, conjugacy preserves the structure of iteration. In number theory,
prime-exponent representation preserves multiplicative arithmetic.

The equivalence-first perspective asks that every claim of sameness specify the structure being
preserved. This is crucial for avoiding overstatement. The Mandelbrot set and the Riemann zeta
function are not equal. They are not obviously isomorphic. They do not belong to the same
elementary category of objects. But they may be compared at the level of structural patterns:
recursion, complex variables, self-reference, duality, fixed loci, and invariant-preserving
transformations.

Equivalence also explains why different presentations of the same object may reveal different
truths. The positive integers can be presented as a counting sequence, but prime factorization
presents them as finite configurations of prime powers. The zeta function can be presented as a
Dirichlet series over integers, an Euler product over primes, an analytically continued
meromorphic function, or a completed function with a symmetric functional equation. These
presentations are not interchangeable in appearance, yet they are structurally connected.

In an equivalence-first framework, one does not ask which presentation is the real one. Each
presentation exposes a different invariant. The Dirichlet series exposes summation over
integers. The Euler product exposes prime factorization. The completed zeta function exposes
duality. The critical line exposes the fixed locus of that duality.

This is the same shift needed for fractals. A fractal part is not literally the entire object, but it
can be equivalent to the whole under a scaling or generative transformation. The mathematical
guestion becomes: what equivalence relates them, and what invariant survives the
transformation?

8.3 Univalence as a Principle of Structural Identity

The univalence principle gives the equivalence-first view its strongest formal expression. In
simple terms, univalence says that equivalent structures may be identified as the same at the
appropriate level of abstraction. This does not mean that all similar things are equal. It means
that once a genuine equivalence has been established, that equivalence can function as a form
of identity within the theory.

This is a powerful idea for the present paper because the proposed bridge among fractals,
primes, and zeta depends on careful treatment of structural sameness. Univalence says that
mathematical identity should respect equivalence. If two structures preserve all relevant data
through an appropriate equivalence, then treating them as the same is not a philosophical
shortcut but a formal principle.
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For prime factorization, the positive integer n and its finite prime-exponent configuration are
not the same string of symbols. Yet multiplicatively they encode the same information. A
univalent attitude asks whether these presentations can be identified through an equivalence of
structures. The Euler product for zeta then becomes an analytic consequence of that arithmetic
equivalence.

For fractals, univalence suggests that a transformed copy of a structure may be treated as the
same structure when the relevant self-similarity equivalence has been specified. A scaled copy
is not equal in coordinates, but it may preserve the generative rule. The identity lies in the
recurrence of structure under transformation.

For the completed zeta function, the equation

§(s) = &(1-5)

identifies two analytic presentations related by reflection. The fixed locus of this relation is the
set of points where the dual presentation folds onto itself. The Riemann critical line is therefore
not merely a location but the place where the equivalence becomes self-referential.

Univalence gives philosophical and formal support to the central move of this paper: to treat
central mathematical objects as structures defined by the equivalences they admit. It
encourages a shift from object-first mathematics to equivalence-first mathematics.

8.4 Higher Paths, Symmetries, and Fixed Structures

HoTT is not limited to ordinary equivalence between objects. It also includes higher structure:
paths between paths, equivalences between equivalences, and coherence conditions among
transformations. This higher-dimensional view is especially relevant when studying systems with
symmetry, recursion, and self-similarity.

A symmetry may be understood as an equivalence from an object to itself. Such self-
equivalences are automorphisms. Their fixed points or fixed loci are places where the action
becomes internally stabilized. In geometric settings, a reflection has a mirror line. In dynamical
systems, an invariant set remains stable under iteration. In zeta theory, the functional equation
induces a duality whose fixed line is Re(s) = 1/2.

The fixed-locus idea is therefore naturally expressed in an equivalence-first language. Given a
transformation D acting on a space or type, one may ask for the structure of

Fix(D)
the locus of points x satisfying

D(x) =x
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or, in a richer type-theoretic setting, the locus of points equipped with paths or equivalences
witnessing their self-identification under D. This distinction matters. A fixed point is not merely a
point that happens to return to itself. It may carry data specifying how it is identified with its
image.

For the Riemann problem, the combined duality
D(s)=1-3

has fixed locus

Re(s) =1/2

The Riemann Hypothesis can then be phrased as the claim that every nontrivial zero is not
merely part of a symmetric orbit, but lies on the self-dual locus. In higher-path language, the
conjecture asks whether each zero carries the strongest possible relationship to the zeta
symmetry: not just pairing with another zero, but coherence with itself under the fundamental
duality.

Fractals offer a parallel structure. A self-similar component may not be fixed pointwise, but it
may be fixed up to scaling or recursive equivalence. A small copy of the Mandelbrot set is not
coordinate-identical to the entire set, yet it can preserve dynamical-combinatorial structure.
The relevant fixedness is higher than ordinary equality. It is invariance up to transformation.

This is why HoTT is appropriate. It allows fixed structures to be treated not only as sets of
points, but as objects carrying equivalence data. In such a framework, the center of a
mathematical object is not necessarily a coordinate. It may be the locus where the object’s
defining transformations become self-coherent.

8.5 Why Fractals and Zeta Are Natural HoTT Objects

Fractals and the zeta function are natural candidates for HoTT-style interpretation because both
resist reduction to a single flat presentation. Fractals are generated recursively, display structure
across scale, and often require equivalence rather than equality to describe their self-similarity.
The zeta function begins as a series, becomes a product, extends by analytic continuation, and
achieves its deepest symmetry through completion. Both domains are defined by
transformations among presentations.

The Mandelbrot set is especially suggestive because its visual structure is produced by iteration.
Each parameter c defines a dynamical system, and the full set classifies parameters by critical
orbit behavior. Small regions of the Mandelbrot set can display structures reminiscent of the
whole, but their relation to the whole is not simple equality. It is mediated by renormalization,
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tuning, and dynamical equivalence. This makes the Mandelbrot set a visual arena for
equivalence-first thinking.

The zeta function is similarly multi-presentational. Its Dirichlet series presents it as an integer
sum. Its Euler product presents it as a prime product. Its analytic continuation presents it
beyond the domain of its original series. Its completed form presents its symmetry. Each
transformation preserves and reveals different structure. The Riemann critical line is where the
functional duality becomes self-dual.

Prime factorization supplies the arithmetic foundation for this analogy. The equivalence
between positive integers and finite prime-exponent configurations is the structural basis of the
Euler product. Thus the zeta function is already built on an equivalence between two ways of
presenting arithmetic: sequential integers and prime-coordinate decompositions.

HoTT does not prove that these structures are secretly identical. Its value is more disciplined. It
allows one to ask:

What are the objects?

What are the equivalences?

What structures are preserved?

What are the fixed loci?

What invariants live on those loci?

What additional principle would force an invariant set into a fixed locus?
Applied to the Riemann Hypothesis, this becomes:
object: the completed zeta function

equivalence: the reflection-conjugation duality

fixed locus: the critical line

invariant set: the nontrivial zeros

conjecture: the invariant set lies on the fixed locus
Applied to fractals, the corresponding grammar is:
object: the recursively generated structure

equivalence: scale transformation or generative self-map

fixed structure: the invariant fractal
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invariant: dimension, topology, symbolic coding, or dynamical behavior
Applied to prime factorization, it becomes:

object: the positive integers

equivalence: finite prime-exponent representation

fixed structure: multiplicative arithmetic under prime decomposition
invariant: divisibility, factorization, and Euler-product structure

This shared grammar is the reason HoTT and univalence matter. They do not merely provide
new terminology. They offer a way to organize the comparison among fractals, primes, and zeta
without confusing analogy with proof. They allow the paper’s central thesis to be stated
carefully: fractal self-similarity, prime factorization, and zeta duality are different mathematical
phenomena, but each can be interpreted as a structure whose meaning is revealed through
equivalence. The next section builds on this by proposing an equivalence-first model of fractal
arithmetic.

9. Toward an Equivalence-First Model of Fractal Arithmetic

An equivalence-first model of fractal arithmetic begins from the recognition that geometry,
arithmetic, and analysis may express structurally similar patterns without being reducible to one
another. Fractals show recursive form in space. Prime factorization shows recursive
decomposition in number. The zeta function transforms arithmetic decomposition into analytic
structure. Homotopy Type Theory supplies a language in which these patterns can be compared
through equivalence, fixed loci, and invariant-preserving transformations. The goal is not to
claim that fractals, primes, and zeta are identical objects, but to identify a shared grammar:
each domain contains objects whose meaning is revealed by the transformations that preserve
them. In this framework, a “center” is not necessarily a Euclidean midpoint. It may be a self-
similar anchor, a prime-coordinate decomposition, a symmetry axis, or a fixed locus under
duality. Fractal arithmetic is the proposed name for this equivalence-first bridge between
recursive geometry and prime-encoded analysis.

9.1 Fractal Recursion as Geometric Equivalence

Fractal recursion begins with a rule that reproduces structure across scale. A fractal is not
merely a complicated object; it is an object whose complexity arises from repeated application
of a generative transformation. The whole is related to its parts through scaling, contraction,
rotation, reflection, translation, or dynamical renormalization. The essential relationship is not
literal equality but geometric equivalence.
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For an ideal self-similar fractal, one may write informally:

F = ¢1(F) U d2(F) U ... U ba(F)

where F is the fractal and each ¢; is a transformation acting on F. The right-hand side is not the
original object in the same coordinates. It is a structured arrangement of transformed copies.
The equivalence lies in preserved generative form.

This is the core lesson fractals contribute to the present model. A mathematical object can be
defined by how it recurs. Its identity may be encoded in the rule that maps it into transformed
presentations of itself. The object is not exhausted by its visible boundary, area, or coordinate
set. It is also the fixed structure of a recursive operation.

The Mandelbrot set gives a richer version of this principle. It is not generated by a finite
collection of geometric contractions in the simplest iterated-function-system sense. Instead, it is
a parameter space for the recursive family

z> 722+ ¢

Its self-similar and quasi-self-similar structures arise from deeper dynamical organization. Small
Mandelbrot-like copies appear in its parameter plane, but they are not mere scaled duplicates.
They arise through dynamical tuning and renormalization. The resemblance is structural rather
than literal.

This makes the Mandelbrot set a powerful example for equivalence-first mathematics. It
teaches that similarity may depend on the level of structure being preserved. Two regions may
fail to be equal as coordinate subsets but still preserve combinatorial, dynamical, or symbolic
information. The relevant equivalence is not always geometric congruence. It may be dynamical
equivalence.

Thus fractal recursion contributes the first pillar of fractal arithmetic:

recursive systems generate visible complexity through preserved structure across transformed
presentations

This principle will reappear in arithmetic, where integers decompose into primes, and in zeta
theory, where analytic forms transform into dual presentations.

9.2 Prime Factorization as Arithmetic Equivalence

Prime factorization is the arithmetic analogue of recursive decomposition. A composite integer
is not visually self-similar, but it has internal multiplicative structure. Each positive integer
greater than one decomposes uniquely into prime powers:

n=TTp p*®

49



where only finitely many exponents are nonzero. This gives an equivalence between positive
integers and finite prime-exponent configurations.

The number n and its prime-exponent representation are different presentations of the same
multiplicative information. The integer appears as a single symbol in the ordinary counting
sequence, while the prime-exponent vector displays its internal arithmetic architecture. This is
not a geometric resemblance. It is a structural equivalence.

In this sense, the primes act like coordinate axes of multiplicative arithmetic. The exponent
attached to each prime records how much of that coordinate is present in the integer.
Multiplication of integers becomes addition of prime exponents:

if a=TTp p°®
and b = TTp pf®
then ab = T pu(p) + B(p)

This is a change of presentation that preserves structure while simplifying one operation. The
ordinary integer form emphasizes sequence and counting. The prime-exponent form
emphasizes divisibility and multiplication. Both are valid, but they reveal different invariants.

This arithmetic equivalence parallels fractal recursion in a subtle way. A fractal part may express
the generative rule of the whole. A prime factorization expresses the multiplicative construction
of the integer. In both cases, the surface object is opened into a structured decomposition. The
fractal decomposes by scale or recursion; the integer decomposes by irreducible arithmetic
factors.

This is why prime factorization belongs in a theory of fractal arithmetic. The word “fractal” here
should not be read narrowly as visual self-similarity. It refers more broadly to recursive
structure, decomposition, and reconstitution. Arithmetic has its own version of recursion:
composite numbers break into primes, prime powers combine into integers, and multiplicative
relationships become coordinate transformations in prime-exponent space.

The equivalence-first model therefore treats prime factorization as the arithmetic counterpart
to fractal self-similarity. Geometry asks how the whole reappears in the part. Arithmetic asks
how the whole number is reconstructed from irreducible factors. Both questions concern
preserved structure across different presentations.

9.3 Zeta Duality as Analytic Equivalence

The Riemann zeta function transforms arithmetic equivalence into analytic equivalence. It
begins as a sum over positive integers:
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{(s)=5n211/n®
and, in the region of convergence, it also admits the Euler product:

Us)=TTp 1/(1-p7®)

The sum over integers and the product over primes are two analytic presentations of the same
function. Their equivalence is grounded in unique prime factorization. The Dirichlet series
displays the natural numbers as a sequence; the Euler product displays them through prime-
coordinate decomposition.

This is the second major bridge in fractal arithmetic. Prime factorization is not left as a purely
discrete fact. It becomes a complex analytic object. The variable s controls the weighting of
integers and primes, combining magnitude and phase. Arithmetic structure is lifted into the
complex plane.

The completed zeta function then adds another layer of equivalence. By incorporating gamma
and normalization factors, one obtains a form satisfying the functional equation:

§(s) = &(1-5)

This is analytic self-duality. The function at s is related to the function at its reflected argument 1
- s. The completed zeta function is therefore not merely an extension of the original series; it is
a presentation in which the global symmetry becomes explicit.

The equivalence-first model interprets these stages as a chain of structural transformations:
integer sum = prime product

local series =~ analytic continuation

zeta function =~ completed symmetric function

valueats ~valueat1l-s

Each equivalence reveals a different layer of the object. The Euler product reveals primes.
Analytic continuation reveals the critical strip. Completion reveals symmetry. The functional
equation reveals self-duality.

The Riemann Hypothesis enters at the point where zero structure meets self-duality. The
nontrivial zeros live in the critical strip, and the critical line is the fixed locus of the relevant
symmetry. In the language of this paper, the deepest arithmetic cancellations are conjectured to
occur precisely on the self-dual analytic locus.

This does not follow automatically from symmetry. A symmetric function can have zeros away
from its fixed line, provided they appear in reflected pairs. The significance of the fixed-locus
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formulation is that it clarifies what remains to be explained: why the nontrivial zeros should be
individually self-dual rather than merely symmetrically paired.

9.4 Fixed Loci as Centers of Mathematical Meaning

The concept of a center is transformed in the equivalence-first model. In elementary geometry,
a center is often a point equidistant from a boundary, a centroid, or a balance point. But in more
structural mathematics, the meaningful center may be a fixed point, fixed line, invariant
subspace, attractor, or self-dual locus.

For the Mandelbrot set, c = -1/2 + 0i may function as a practical visual reference point in the
common parameter view. It is not the unique geometric center of the set in any absolute sense.
The Mandelbrot set is too intricate and asymmetrical for such a naive center to capture its
structure. Nevertheless, the coordinate is useful as an organizing point for global visualization.

For the Riemann zeta function, the critical line is much more than a visual midpoint. It is the
fixed locus of the completed zeta function’s reflection-conjugation duality. The map

D(s)=1-3
has fixed locus
Re(s) =1/2
After the shift
c=s-1

this becomes
Re(c) =-1/2

This creates the coordinate resonance that motivated the paper. Yet the deeper lesson is not
numerical. The deeper lesson is that centers arise from transformations. A center may be where
an object becomes self-corresponding under its own defining equivalence.

This suggests a general principle:
a mathematical center is often the fixed locus of a structure-preserving transformation

This principle applies across domains. In fractal geometry, the center may be the invariant
object of a recursive rule. In arithmetic, the center may be the prime-coordinate decomposition
that preserves multiplicative structure. In zeta theory, the center is the self-dual line of the
functional equation. In HoTT, the center is not necessarily a point but a coherence condition:
the place where an object and its transformed presentation are identified through equivalence.
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This gives the phrase “fixed-locus program” its meaning. The program asks, for any
mathematical object:

What transformations define the object?

What equivalences preserve its structure?

What fixed loci arise under those equivalences?

What invariants are concentrated on those fixed loci?

What additional principle explains that concentration?

For the Riemann Hypothesis, this becomes:

What principle forces nontrivial zeros of &(s) to lie on Fix(D)?
For fractals, it becomes:

What recursive equivalence defines the invariant form?

For arithmetic, it becomes:

What prime-coordinate equivalence preserves multiplicative identity?

The power of this framework is that it makes comparisons precise. It does not say that every
center is the same. It says that many centers are fixed structures under relevant
transformations.

9.5 A Unified Diagram of Structure Preservation

The equivalence-first model of fractal arithmetic can be summarized as a diagram of structure
preservation across three domains: fractal geometry, arithmetic, and complex analysis.

In fractal geometry:

recursive rule - self-similar structure = invariant fractal

The key equivalence is:

part = whole under transformation

The invariant may be dimension, topology, symbolic coding, or dynamical behavior.
In arithmetic:

integer - prime factorization - finite prime-exponent configuration

The key equivalence is:
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positive integer = finite prime-coordinate vector

The invariant is multiplicative structure, including divisibility, greatest common divisors, least
common multiples, and Euler-product compatibility.

In zeta analysis:

Dirichlet series = Euler product - analytic continuation - completed function - functional
equation

The key equivalences are:

sum over integers = product over primes

&(s) = §(1-5)

The invariant structures include analytic continuation, zero sets, symmetry, and the critical line
as fixed locus.

In HOTT language, the shared grammar is:
object = equivalence - fixed structure = invariant
This grammar allows the paper’s central claim to be stated compactly:

fractal self-similarity, prime factorization, and zeta duality are distinct mathematical phenomena
united by the fact that each reveals meaning through equivalence-preserving transformation

The Mandelbrot set contributes the visual and dynamical example. Prime factorization
contributes the arithmetic example. The zeta function contributes the analytic and spectral
example. HoTT supplies the formal language in which these examples can be compared without
collapsing them into one another.

The resulting model is not a theorem but a scaffold for research. It suggests that number-
theoretic problems may benefit from being recast in terms of equivalence, fixed loci, and
invariant-preserving maps. It suggests that fractal geometry and arithmetic are not merely
metaphorically related, but may share a deeper structural grammar wherever recursive
generation, decomposition, and self-duality appear. It suggests that the Riemann Hypothesis
can be interpreted as a fixed-locus confinement problem: the zero set of the prime-encoded
analytic object is conjectured to lie entirely on the self-dual line of its completed symmetry.

This is the proposed meaning of fractal arithmetic. It is not arithmetic performed on fractal
pictures. It is the study of arithmetic, analytic, and geometric systems whose essential
information is preserved across recursive or dual presentations. In that setting, the Mandelbrot
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coordinate resonance with Re = -1/2 is not the conclusion. It is the opening clue. The deeper
object is the equivalence-first architecture connecting recursion, primes, zeta, and fixed loci.

10. Fractal Strings, Spectral Geometry, and Existing Bridges to Zeta

The equivalence-first framework proposed in this paper does not emerge from a vacuum. There
is already a substantial mathematical tradition linking fractal geometry, zeta functions, spectral
theory, and number theory. Fractal strings, complex dimensions, spectral zeta functions, and
geometric reformulations of the Riemann Hypothesis show that the bridge between fractals and
zeta is more than a visual analogy. These existing bridges are important because they provide a
rigorous context in which the present framework can be situated. The distinctive contribution of
this paper is not the discovery that fractals and zeta functions have been connected before, but
the proposal that Homotopy Type Theory and univalence can organize these connections
through equivalence, fixed loci, and invariant-preserving transformations. In that sense, fractal
strings and spectral geometry provide the mathematical substrate, while HoTT supplies a
higher-level language for interpreting the shared architecture.

10.1 Fractal Strings and Complex Dimensions

A fractal string is, in one common formulation, a bounded open subset of the real line described
by the lengths of its connected components. These lengths form a sequence, and from that
sequence one may define a geometric zeta function. Instead of using primes as the fundamental
units, the geometric zeta function uses lengths as the basic data. The resulting analytic object
encodes geometric information about the underlying fractal structure.

This is already a profound bridge between geometry and zeta-like analysis. A fractal object gives
rise to a zeta function, and the poles of that zeta function can be interpreted as complex
dimensions. These complex dimensions generalize ordinary notions of dimension. They may
contain real parts corresponding to scaling behavior and imaginary parts corresponding to
oscillatory structure. Thus the geometry of a fractal can be translated into the analytic structure
of a zeta function.

The importance for the present paper is direct. Fractal strings show that fractal geometry and
zeta functions can be related rigorously, not merely poetically. A geometric object can produce
an analytic function whose singularities encode structural properties of the object. This parallels
the way the Riemann zeta function encodes arithmetic information through its zeros and pole.

The analogy may be summarized as follows:

fractal string - geometric zeta function - complex dimensions
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positive integers and primes - Riemann zeta function - zeros and prime-distribution
information

In both cases, a discrete or structured object is transformed into a complex analytic object. In
both cases, the analytic behavior of that function reveals information about the original
structure. The difference is that fractal strings begin with geometry, while the Riemann zeta
function begins with arithmetic. The shared pattern is analytic encoding of structural data.

From an equivalence-first perspective, the fractal string and its zeta function are not literally the
same object, but they are connected by a structure-preserving transformation. The zeta
function becomes a presentation of geometric information in analytic form. This is precisely the
kind of transformation that HoTT encourages us to examine: what data is preserved, what
equivalence has been established, and what invariants become visible only after changing
presentation?

10.2 Spectral Reformulations of Number-Theoretic Problems

Spectral geometry asks how the shape or structure of a space is reflected in the spectrum of an
associated operator. In classical language, one asks whether one can hear the shape of a drum.
The eigenvalues of a differential operator encode information about geometry. This idea has
been extended in many directions, including fractal geometry and number theory.

The Riemann Hypothesis has long invited spectral interpretations. If the nontrivial zeros of the
zeta function could be realized as spectral data of a suitable self-adjoint operator, then their real
parts or imaginary components might be constrained by the spectral properties of that
operator. This broad idea is often associated with the search for a Hilbert-Pdlya type
explanation. The appeal is clear: spectra of self-adjoint operators possess strong reality
properties, and such properties might explain why zeta zeros lie on a critical line.

Fractal strings contribute another version of spectral thinking. A fractal string may be associated
with vibrations, frequencies, and spectral data. The geometry of the string influences the
spectrum, and the spectrum can be encoded by zeta-type functions. This creates a triangle
among geometry, spectra, and analytic functions.

In the equivalence-first framework, spectral reformulations are important because they
transform a question about zero locations into a question about invariant structures under
operators. The Riemann Hypothesis becomes not merely a statement about complex roots, but
a possible shadow of a deeper spectral equivalence. The zeros would then be interpreted as
spectral invariants of an as-yet unidentified or appropriately constructed object.

This fits the fixed-locus program. One begins with an analytic object, such as the completed zeta
function. One identifies its symmetry, such as the reflection-conjugation duality. One seeks a
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structure, perhaps spectral or geometric, in which that symmetry becomes natural. The zeros
then become invariants of that structure. If the structure imposes self-duality, positivity, or self-
adjointness, it may explain why the zeros are confined to the critical line.

The present paper does not claim to provide such an operator. Instead, it emphasizes that
spectral reformulations are examples of the broader equivalence-first method. They replace a
difficult analytic question with an equivalent or structurally related geometric or operator-
theoretic question. This is the same methodological pattern seen throughout the paper: change
presentation, preserve structure, and look for the invariant that becomes clearer in the new
form.

10.3 Zeta Functions as Geometric and Dynamical Invariants

Zeta functions appear in many areas of mathematics, not only in number theory. There are zeta
functions associated with algebraic varieties, dynamical systems, graphs, spectra, fractals, and
geometric structures. In each setting, the zeta function packages a large amount of structural
information into an analytic form. It acts as an invariant: a compressed analytic signature of an
underlying object.

This generality matters. The Riemann zeta function is not an isolated miracle. It is the prototype
of a broader pattern in which zeta functions translate counting, periodicity, factorization,
geometry, or spectral data into analytic behavior. The poles, zeros, residues, functional
equations, and special values of these zeta functions often encode deep structural information.

In dynamical systems, zeta functions may encode periodic orbits. In geometry, they may encode
lengths, spectra, or dimensions. In arithmetic, they encode primes, ideals, or points over finite
fields. In fractal geometry, they encode scaling laws and complex dimensions. The recurring
pattern is:

structured object - zeta function = analytic invariant
This is close to the central grammar of the present paper:
object - equivalence - fixed structure = invariant

A zeta function can be understood as a change of presentation from a structure into an analytic
object. The original object and its zeta function are not equal in any naive sense, but the zeta
function preserves selected information in a highly organized form. It becomes a bridge from
one mathematical language to another.

For Mandelbrot dynamics and complex iteration, the relevant zeta-like structures often involve
periodic points, symbolic dynamics, orbit counting, and dynamical determinants. Although the
Mandelbrot set itself is not simply the Riemann zeta function, complex dynamics contains many
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zeta-type constructions. This strengthens the case for disciplined comparison. Both number
theory and dynamics use analytic functions to encode recurrence, factorization, or orbit
structure.

The equivalence-first interpretation is therefore not an arbitrary overlay. It reflects an existing
mathematical practice: mathematicians routinely translate structures into zeta functions,
spectra, cohomology groups, moduli spaces, and categories because these new presentations
preserve important invariants. HoTT provides a language for treating these translations not as
accidental tricks but as central mathematical acts.

10.4 Where the Present Framework Extends Prior Work

Prior work already connects fractals and zeta functions through fractal strings, complex
dimensions, spectral geometry, and dynamical systems. Prior work also connects zeta functions
and primes through the Euler product, explicit formulas, and the theory of L-functions. What
the present framework adds is a unifying equivalence-first interpretation centered on HoTT,
univalence, fixed loci, and structural identity.

The first extension is conceptual. Rather than treating fractal-zeta connections, prime-zeta
connections, and zeta-spectral connections as separate bridges, the framework places them
under a shared grammar. Each bridge is a structure-preserving transformation. The object
changes presentation, but selected invariants are preserved or revealed.

The second extension is the fixed-locus formulation of centrality. In the Riemann case, the
critical line is interpreted as the fixed locus of the reflection-conjugation duality. In the fractal
case, the invariant fractal is interpreted as the fixed object of recursive generation. In the prime-
factorization case, the integer is interpreted as equivalent to a finite prime-exponent
configuration. These are different mathematical situations, but all involve central structures
defined by equivalence.

The third extension is the proposed role of HoTT. Classical mathematics already has many
notions of equivalence: isomorphism, homeomorphism, homotopy equivalence, conjugacy,
spectral equivalence, and categorical equivalence. HoTT offers a foundation in which
equivalence is not secondary to equality but part of the identity structure of mathematics. This
makes it especially suitable for organizing a theory in which the main objects are not simply
equal but equivalent across presentations.

The fourth extension is the coordinate resonance between shifted zeta geometry and
Mandelbrot visualization. The observation that the shift c =s - 1 places the Riemann critical line
at Re(c) = -1/2 does not establish a theorem. But within the fixed-locus program, it becomes a
suggestive example of how coordinate transformations can place central structures into
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comparable form. Its value is not that it proves identity, but that it illustrates the broader
principle that meaningful centers often arise from transformations.

The fifth extension is methodological. The paper proposes a path for future formalization.
Instead of remaining at the level of analogy, one may define types, equivalences, fixed loci, and
invariants. One may ask what it would mean to encode prime factorization as an equivalence,
zeta symmetry as a duality, fractal self-similarity as a recursive type equation, and RH as a
confinement statement. This moves the discussion from metaphor toward formal architecture.

10.5 HoTT as a Higher-Level Organizing Language

HoTT is not introduced here as a replacement for complex analysis, analytic number theory,
fractal geometry, or spectral theory. Those fields contain the technical substance. HoTT is
introduced as a higher-level organizing language for comparing them. Its value lies in making
explicit the kinds of sameness, equivalence, and fixed structure that appear repeatedly across
the domains.

In ordinary mathematical prose, one may say that a fractal part resembles the whole, that an
integer corresponds to its prime factorization, that the zeta function is equal to an Euler product
in a region of convergence, or that the completed zeta function is symmetric under s —» 1 - s.
These statements use different vocabularies, but all involve structure-preserving relations. HoTT
encourages us to ask whether these relations can be expressed in a common form.

That common form is:

define the object

define the allowed equivalence

define the data preserved by the equivalence

define the fixed structures under self-equivalence

define the invariants concentrated on or determined by those fixed structures
Applied to fractal strings, this becomes:

object: the fractal string

equivalence: geometric or scaling relation

preserved data: length distribution, scaling law, geometric zeta function
fixed structure: recursive or self-similar form

invariant: complex dimensions
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Applied to the Riemann zeta function, it becomes:
object: the completed zeta function

equivalence: reflection-conjugation duality
preserved data: analytic continuation, zero symmetry, functional equation
fixed structure: critical line

invariant: nontrivial zero set

Applied to prime factorization, it becomes:

object: positive integer arithmetic

equivalence: finite prime-exponent representation
preserved data: multiplication and divisibility
fixed structure: unique factorization

invariant: Euler-product compatibility

This organizing language is valuable because it separates three levels of claim. At the weakest
level, one has analogy. At the intermediate level, one has structural correspondence. At the
strongest level, one has formal equivalence. The present paper aims to move from analogy
toward structural correspondence, while identifying places where formal equivalence may
eventually be defined.

This is why HoTT matters. It offers a disciplined way to say that mathematical objects may be
the same in one respect and different in another. It allows the paper to compare Mandelbrot
dynamics, fractal strings, prime factorization, and zeta symmetry without claiming that they are
literally one object. It also provides a natural path toward proof-assistant formalization, where
the exact definitions of object, equivalence, fixed locus, and invariant must be stated explicitly.

The existing bridges between fractals and zeta show that the proposed framework is not
arbitrary. The HoTT layer gives those bridges a common grammar. The fixed-locus interpretation
gives the Riemann critical line a structural role. The Mandelbrot coordinate resonance gives an
accessible visual entry point. The next section turns to formalization and computation, asking
how this equivalence-first program might be encoded, tested, and sharpened using modern
proof assistants and computational experiments.
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11. Formalization, Computation, and Proof-Assistant Directions

An equivalence-first framework becomes more valuable when it can be translated from
conceptual language into formal definitions, computational experiments, and proof-assistant
architecture. The purpose of this section is not to claim that the Riemann Hypothesis can be
solved by simply encoding it in a proof assistant, nor that fractal geometry and zeta theory
become identical once expressed in Homotopy Type Theory. The point is more practical: if the
proposed framework is meaningful, then its core components should be definable. One should
be able to specify the relevant objects, equivalences, fixed loci, invariants, and conjectural
containment relations. Formalization forces clarity. It distinguishes metaphor from theorem,
analogy from equivalence, and suggestive diagrams from proof obligations. Computation,
meanwhile, can test visual, spectral, and symbolic consequences of the framework. Together,
formal proof systems and computational experiments provide a path from speculative synthesis
toward disciplined mathematical research.

11.1 Defining the Relevant Types

The first step in formalizing the equivalence-first framework is to define the relevant
mathematical types. In ordinary prose, this paper has referred to fractals, positive integers,
prime-exponent configurations, zeta functions, completed zeta functions, fixed loci, and zero
sets. A proof assistant requires each of these to be made precise. The advantage is that
vagueness cannot hide inside suggestive terminology.

For the arithmetic side, one begins with the type of positive integers. This may be represented
as natural numbers excluding zero, or as a separate subtype equipped with multiplication and
divisibility. The primes form a subtype of positive integers satisfying irreducibility or primality. A
finite prime-exponent configuration can then be represented as a finitely supported function
from primes to natural numbers:

a:P->N

with finite support. The intended interpretation is:

n=Tlp pa(p)

The equivalence to be formalized is the Fundamental Theorem of Arithmetic expressed as a
correspondence between positive integers and finitely supported prime-exponent functions.

For the fractal side, the formalization is more subtle. A fractal may be represented as a subset of
a metric space, as a compact set satisfying an iterated-function-system equation, as a limit of
approximating stages, or as a coalgebra-like object generated by recursion. Different choices
capture different kinds of self-similarity. For exact self-similar fractals, one might define a type of
compact metric subspaces satisfying an equation of the form:
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F = Ui ¢i(F)
where each ¢; is a contraction. For Mandelbrot dynamics, one defines the quadratic family:
f c(z)=2%+c

and then defines the Mandelbrot set as the subtype of complex parameters c for which the
critical orbit of 0 remains bounded.

For the zeta side, one must define the complex variable s, the zeta function {(s), the completed
function (s), the functional equation, the critical strip, the critical line, and the nontrivial zero
set. The relevant fixed-locus map is:

D(s)=1-5

The fixed locus is:

Fix(D) = {s : D(s) = s}

and this can be shown to correspond to:

Re(s) =1/2

Once these types are defined, the framework’s basic grammar becomes formal:
object

equivalence

fixed locus

invariant set

conjectural containment

The Riemann Hypothesis then appears as a statement of containment:
Z¢ c Fix(D)

where Z§ is the set of nontrivial zeros of the completed zeta function and D is the reflection-
conjugation duality. This statement is not easier than RH, but it is structurally clearer within the
proposed framework.

11.2 Encoding Prime-Exponent Equivalence

Prime factorization is the most accessible component of the framework to formalize. The
central equivalence is between positive integers and finite prime-exponent configurations. In
ordinary mathematical language, every positive integer n can be written uniquely as:

62



n=TTp p*®
where only finitely many exponents a(p) are nonzero.

In a proof assistant, this becomes an equivalence between two formal structures. On one side is
the multiplicative monoid of positive integers. On the other side is the type of finitely supported
functions from the type of primes to natural-number exponents. The map from prime-exponent
configurations to positive integers is given by taking the finite product of prime powers. The
inverse map sends an integer to its valuation at each prime.

The equivalence must prove two directions:

starting from an integer, extracting its prime exponents, and reconstructing the product gives
the same integer

starting from a finite prime-exponent configuration, building the integer and then extracting
exponents gives the same configuration

This is where the Fundamental Theorem of Arithmetic becomes the formal engine. It
guarantees unigueness and therefore makes the correspondence an equivalence rather than a
lossy representation.

This formal equivalence is important because it underlies the Euler product. The zeta function’s
product over primes is not merely a clever rearrangement. It is the analytic expression of the
equivalence between integers and finite prime-exponent data. To formalize the Euler product,
one would need to show how the product

Mp 1/(1-p™)

expands into a sum over all finitely supported exponent configurations, which are equivalent to
positive integers. Thus:

sum over integers = sum over finite prime-exponent configurations =~ product over primes

This chain is a model case for the paper’s thesis. The object changes presentation, but the
underlying arithmetic information is preserved. Formalization makes this explicit and prevents
imprecision. It requires the maps, inverses, convergence conditions, and domain restrictions to
be stated carefully.

In HOTT language, prime-exponent encoding is an arithmetic equivalence. In analytic number
theory, it becomes the Euler product. In the broader framework, it is the bridge between
discrete multiplicative structure and complex analytic zeta geometry.
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11.3 Encoding Zeta Symmetries and Fixed Loci

The next formalization target is the symmetry structure of the completed zeta function. The
completed zeta function may be represented as:

&(s) =1/2 s(s - 1)m™*"2 [(s/2){(s)

The exact formal definition depends on the normalization adopted, but the essential property
for this paper is the functional equation:

&(s) =§(1-59)
This equation defines an analytic self-duality. The map
R(s)=1-s

reflects the complex plane across the vertical line Re(s) = 1/2. When combined with complex
conjugation, one obtains:

D(s)=1-5

The fixed-locus condition is:

D(s)=s

Let:

s=o+it
Then:
D(s)=1-o0+it
so:

D(s)=s

if and only if:
o=1/2

Thus the fixed locus of D is the critical line.

In a proof assistant, this part of the framework can be separated into two levels. The first level is
elementary complex algebra: define D and prove that Fix(D) is equivalent to the subtype of
complex numbers satisfying Re(s) = 1/2. This is not the difficult part of RH. It is a formal
clarification of the fixed-locus geometry.
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The second level is analytic: define £(s), formalize the functional equation, define the nontrivial
zero set, and state the containment of the zero set in the fixed locus. This is where the full
mathematical difficulty resides.

The formal statement may be expressed as:
foralls, if §(s) =0and 0 < Re(s) <1, then D(s) =s

or equivalently:

foralls, if §(s) = 0and 0 < Re(s) < 1, then Re(s) = 1/2

The fixed-locus version is not a new theorem. It is a reformulation. Its value is that it places RH
into a reusable pattern:

given an object with a self-equivalence, determine whether a distinguished invariant set lies in
the fixed locus of that equivalence

This pattern may be compared with other mathematical systems, including fractals. For a
recursively generated fractal, the invariant set is the object fixed by a generative operation. For
zeta, the conjectural invariant set is the zero set fixed by a duality. The analogy is now formally
shaped rather than merely visual.

11.4 Lean, Coq, Agda, and HoTT Libraries

Different proof assistants offer different advantages for this program. Lean is particularly strong
for mainstream formal mathematics, including algebra, topology, analysis, number theory, and
complex analysis. Coq has deep connections to type theory and has been central to many
developments in constructive mathematics and formal proof. Agda is closely aligned with
dependent type theory and is often used for experiments in HoTT-style formalization. HoTT-
specific libraries provide environments in which univalence, higher paths, and equivalence-first
reasoning can be treated more naturally.

The choice of proof assistant depends on the goal. If the aim is to formalize standard analytic
number theory, Lean may be a strong practical choice because of its growing mathematical
library. If the aim is to explore HoTT and univalence more directly, Coq or Agda with HoTT-
oriented libraries may be preferable. If the goal is philosophical clarity rather than immediate
proof of deep theorems, one may use multiple systems: Lean for classical analytic statements
and a HoTT-oriented assistant for equivalence grammar.

The formalization program can be staged.
The first stage is arithmetic:
positive integers
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primes

finite-support prime-exponent functions
unique factorization

multiplicative equivalence

Euler product structure in the convergence region
The second stage is complex symmetry:
complex conjugation

reflections > 1 -5

duality D(s)=1-5

fixed locus of D

equivalence with Re(s) =1/2

The third stage is zeta structure:
Dirichlet series

analytic continuation

completed zeta function

functional equation

critical strip

nontrivial zero set

fixed-locus formulation of RH

The fourth stage is fractal structure:
quadratic maps

critical orbits

boundedness

Mandelbrot set as parameter subtype
self-similarity or renormalization structures where formalizable

The fifth stage is HoTT organization:
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types of presentations

equivalences between presentations
fixed structures under self-equivalence
higher coherence data where relevant

This staged approach prevents the program from becoming too vague. Each stage produces a
formal artifact, even if later stages remain incomplete. The near-term goal is not to prove RH,
but to make the framework precise enough that the exact location of the hard problem
becomes visible.

11.5 Computational Experiments and Visual Tests

Computation cannot prove the Riemann Hypothesis in full, but it can sharpen intuition, test
analogies, reveal structure, and expose false leads. In the present framework, computation has
three main roles: visualizing fixed loci, exploring fractal-zeta analogies, and testing invariant-
preserving transformations.

The first class of experiments concerns the zeta function. One may plot the magnitude, phase,
and argument variation of {(s) or (s) in the critical strip. One may compare behavior on and off
the critical line, examine zero neighborhoods, and visualize how the functional equation pairs
values across the strip. In the shifted coordinate c =s — 1, one may plot the critical line as Re(c) =
-1/2 and compare this coordinate frame with standard Mandelbrot visual frames. The purpose
is not to claim identity, but to see how centrality changes under coordinate transformation.

The second class of experiments concerns fractal geometry. One may generate Mandelbrot
images centered at ¢ = -1/2 + 0i and compare alternative centers such as ¢ = 0 or c = -1/4. This
helps distinguish visual center, dynamical center, and boundary-transition reference points. One
may also study small Mandelbrot-like copies and test which features are preserved under
scaling or renormalization. The key question is: what kind of equivalence relates the part to the
whole?

The third class of experiments concerns arithmetic encoding. One may represent integers as
finite prime-exponent vectors and visualize arithmetic operations in prime-coordinate space.
Multiplication becomes vector addition. Divisibility becomes coordinate-wise comparison.
Greatest common divisor becomes coordinate-wise minimum, and least common multiple
becomes coordinate-wise maximum. Such visualizations make prime factorization appear as a
geometric arithmetic structure.

The fourth class of experiments concerns zeta and fractal strings. One may compute geometric
zeta functions for simple fractal strings and compare their poles or complex dimensions with the
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scaling laws of the underlying fractal. This provides a rigorous testing ground for the idea that
structural data can be transformed into analytic invariants.

The fifth class of experiments concerns proof-assistant extraction. One may use computation
not merely for numerical plots, but to generate conjectures that are then translated into formal
statements. For example:

define a transformation

compute or visualize its fixed locus

identify an invariant set

test whether the invariant set appears concentrated on the fixed locus
attempt formal proof or identify the missing assumption

This is the computational version of the fixed-locus program. It is not limited to zeta. It can be
applied to fractals, dynamical systems, spectral models, and arithmetic representations.

The most important discipline is negative testing. The framework should not merely collect
pleasing analogies. It should actively search for failures. If two structures share a coordinate but
do not preserve operations, the analogy must be weakened. If a visual resemblance lacks a
definable equivalence, it should remain a metaphor. If a proposed fixed locus does not constrain
the relevant invariant set, it should not be presented as explanatory.

Thus computation serves both imagination and restraint. It helps generate possible bridges, but
it also tests whether those bridges carry structure. Combined with formalization, it can turn the
equivalence-first program into a research pipeline:

observe resonance
define objects

define transformations
identify fixed loci
compute invariants
test preservation
formalize what survives

locate the remaining proof gap
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This is the practical value of the framework. It transforms a suggestive connection among
Mandelbrot geometry, prime factorization, zeta duality, and HoTT into a sequence of definable
tasks. The next and final substantive section will summarize what has been proposed, what
remains unproven, and why the fixed-locus program may be a useful way to organize future
work in equivalence-first number theory.

12. Conclusion: The Fixed-Locus Program for Fractals, Primes, and Zeta

This paper has proposed an equivalence-first interpretation of a suggestive mathematical
resonance: the appearance of Re = -1/2 as a meaningful reference coordinate in both the usual
Mandelbrot viewing plane and the shifted coordinate form of the Riemann critical line. The
argument has not been that the Mandelbrot set and the Riemann zeta function are the same
object, nor that their shared coordinate proves anything about the Riemann Hypothesis. Rather,
the argument has been that both objects become more intelligible when viewed through
transformations, symmetries, recursive generation, and fixed loci. Fractals express structure
through recursive self-similarity. Prime factorization expresses arithmetic structure through
irreducible decomposition. The zeta function transforms prime arithmetic into complex analytic
geometry. The completed zeta function adds a self-duality whose fixed locus is the critical line.
Homotopy Type Theory and univalence provide a disciplined language for organizing these
relationships because they replace naive equality with structure-preserving equivalence. The
resulting fixed-locus program asks whether central mathematical objects should be studied less
as isolated formulas and more as invariant structures under defining transformations.

12.1 What Has Been Proposed

The first proposal is that the Mandelbrot set should be treated not merely as a fractal image but
as a parameter space of recursive dynamical systems. Each complex parameter c defines a
guadratic map, and the Mandelbrot set records which of these maps have bounded critical orbit
behavior. This makes the set a classification object, or moduli-like space, rather than simply a
visual figure. Its familiar display center near c = -1/2 + Qi is not a unique geometric center, but it
functions as a useful coordinate reference for the global parameter landscape.

The second proposal is that fractal self-similarity should be understood as recursive equivalence
rather than literal equality. A part of a fractal is not the whole in the ordinary sense, but it may
preserve the whole’s generative structure under scaling, transformation, renormalization, or
statistical correspondence. Thus the important relation is not

part = whole

but
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part = whole under a specified transformation

This distinction is central to the paper’s use of Homotopy Type Theory. HOTT encourages
mathematics to specify the equivalence relation that justifies treating different presentations as
structurally the same.

The third proposal is that prime factorization can be interpreted as arithmetic equivalence. A
positive integer is equivalent, multiplicatively, to a finite prime-exponent configuration. The
integer and its factorization are not visually alike, but they encode the same multiplicative
information. This makes the Euler product for the zeta function intelligible as the analytic
shadow of arithmetic equivalence.

The fourth proposal is that the Riemann zeta function should be interpreted as a multi-
presentation object. It appears as a Dirichlet series over integers, an Euler product over primes,
an analytically continued function, and a completed function satisfying a functional equation.
These are not separate unrelated functions. They are different structural presentations of one
analytic object.

The fifth proposal is the fixed-locus interpretation of the Riemann Hypothesis. The completed
zeta function satisfies a reflection symmetry, and when combined with complex conjugation,
the relevant duality map is

D(s)=1-5
The fixed locus of this map is
Re(s) = 1/2

Thus the Riemann Hypothesis can be conceptually restated as the claim that the nontrivial zeros
lie on the self-dual fixed locus of the completed zeta function’s defining symmetry.

12.2 What Has Not Been Proven

The framework proposed here does not prove the Riemann Hypothesis. This must be stated
plainly. Symmetry alone does not force zeros onto a fixed line. A symmetric function may have
zeros away from its fixed locus, provided those zeros occur in reflected or conjugated families.
The functional equation explains why the critical line is special, but it does not by itself explain
why every nontrivial zero must lie there.

The paper also does not prove a direct mathematical identity between the Mandelbrot set and
the Riemann zeta function. They arise in different domains. The Mandelbrot set belongs to
complex dynamics and parameter-space iteration. The zeta function belongs to analytic number
theory and prime distribution. Their shared use of complex variables and their coordinate
resonance at Re = -1/2 do not establish equivalence.
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Nor has the paper shown that Homotopy Type Theory contains a hidden proof of RH. HoTT
supplies a language for equivalence, identity, paths, and higher coherence, but the existence of
a suitable language does not automatically solve a major analytic problem. Any proof would still
require hard mathematical content: analytic estimates, spectral realization, positivity, operator
theory, geometric constraints, categorical structure, or some other principle strong enough to
force the zeros onto the critical line.

The paper also does not claim that fractal self-similarity and prime factorization are the same
phenomenon. They are structurally analogous in the sense that both involve decomposition and
reconstruction under rules, but their mathematical content differs. Fractals decompose through
scale, geometry, recursion, or dynamics. Integers decompose through multiplication and primes.
Zeta functions translate arithmetic decomposition into analysis.

The contribution of the paper is therefore not a theorem but a framework. Its purpose is to
sharpen the way these topics may be compared. It turns a numerical and visual resonance into a
disciplined set of questions:

What is the object?

What is the transformation?

What equivalence is preserved?

What is the fixed locus?

What invariant set is being studied?

What principle could force that invariant set into the fixed locus?

These questions do not solve RH, but they clarify what a solution would need to explain in
structural terms.

12.3 Why the Framework Is Useful

The usefulness of the framework lies in its ability to organize analogy without confusing it with
proof. Mathematics often advances by finding the right presentation of an object. A difficult
structure may become clearer when translated into geometry, spectra, category theory,
topology, dynamics, or analysis. The zeta function itself demonstrates this principle. The same
object is understood differently as a sum over integers, a product over primes, a meromorphic
function, and a completed symmetric function.

The equivalence-first approach makes such translation explicit. It asks which data survive the
change of presentation. This is particularly important when comparing objects from different

71



fields. A superficial resemblance may be misleading, but a structure-preserving equivalence can
be powerful. HoTT offers a philosophical and formal setting in which those distinctions matter.

The framework is also useful because it redefines centrality. A center need not be a Euclidean
midpoint. It may be a fixed locus under a symmetry, a self-similar attractor under recursion, a
coordinate origin chosen to reveal invariance, or a canonical decomposition that exposes
hidden structure. This broader concept of center applies naturally to the topics of the paper.

For the Mandelbrot set, centrality is visual, dynamical, and parameter-based. For zeta, centrality
is analytic and self-dual. For prime factorization, centrality lies in the irreducible prime basis of
multiplicative arithmetic. For HoTT, centrality lies in equivalence data and coherent
identification.

The framework also suggests a practical research pipeline. One can begin with an observed
resonance, define the relevant objects, identify transformations, compute fixed loci, compare
invariants, and then formalize the surviving structure. This pipeline encourages both creativity
and restraint. It allows speculative bridges to be explored, but requires them to be tested
through definitions.

In this way, the paper does not merely propose an analogy between fractals and zeta. It
proposes a method for deciding when such analogies carry mathematical content.

12.4 The Riemann Hypothesis as a Structural Constraint Problem

The fixed-locus interpretation recasts the Riemann Hypothesis as a structural constraint
problem. In its standard form, RH says:

if {(p) =0 and 0 < Re(p) < 1, then Re(p) =1/2
In the language of this paper, the same claim becomes:

the nontrivial zeros of the completed zeta function lie on the fixed locus of the reflection-
conjugation duality

or more compactly:

Z¢& c Fix(D)
where
D(s)=1-3
and

Fix(D) = {s : Re(s) = 1/2}
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This restatement emphasizes that RH is not merely about a vertical line. It is about the
relationship between a zero set and a symmetry. The critical line is the self-dual locus of the
completed zeta function. RH asserts that the zeros of deepest arithmetic significance are not
merely symmetric as a collection, but individually self-dual.

This distinction is important. Without RH, zeros off the critical line would still be organized by
symmetry. A zero at o + it would be accompanied by related zeros at reflected or conjugated
positions. Such a configuration would respect the functional equation globally but not place
each zero on the fixed locus. RH asserts the stronger condition: every nontrivial zero is fixed by
the relevant duality in its real coordinate.

The structural constraint problem therefore asks:
What additional principle turns symmetric pairing into fixed-locus confinement?

This is the central unresolved question. The missing principle might be spectral, as in
approaches seeking a self-adjoint operator whose spectrum corresponds to zeta zeros. It might
be geometric, as in fractal-string or spectral-geometry reformulations. It might be categorical,
involving dualities and trace formulas. It might be type-theoretic, involving a yet-unknown
formalization of self-dual analytic cancellation. Or it may require tools outside the framework
proposed here.

The fixed-locus program does not assume the answer. It isolates the form of the missing
explanation.

12.5 Future Work in Equivalence-First Number Theory

Future work should proceed in several directions. The first is formal definition. The framework
should be encoded in a proof assistant where possible. Positive integers, primes, finite prime-
exponent configurations, and the equivalence supplied by unique factorization are natural
starting points. The Euler product can then be treated as the analytic expression of this
arithmetic equivalence.

The second direction is fixed-locus formalization. The map
D(s)=1-3

should be formally defined, and its fixed locus should be shown to be equivalent to the critical
line. This is elementary compared with RH, but it provides a precise foundation for the fixed-
locus language. The Riemann Hypothesis can then be stated as a containment of the nontrivial
zero set inside that fixed locus.

The third direction is fractal formalization. Exact self-similar fractals can be represented as fixed
points of iterated function systems, while the Mandelbrot set can be represented as a
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parameter subtype defined by bounded critical orbit behavior. The goal would not be to force
Mandelbrot and zeta into direct equality, but to compare the formal roles of recursion, fixed
structures, and invariants.

The fourth direction is spectral and geometric comparison. Existing work on fractal strings,
complex dimensions, and spectral reformulations of zeta should be integrated into the
equivalence-first grammar. Such work already shows that fractal geometry and zeta functions
can be connected rigorously. The proposed HoTT layer should be tested against those
established bridges.

The fifth direction is computational exploration. Visualizations of zeta phase, zero distributions,
shifted critical-line coordinates, Mandelbrot parameter structures, and prime-exponent
geometry may help reveal which analogies preserve structure and which do not. Computation
should be used not only to generate suggestive images but also to falsify weak comparisons.

The sixth direction is conceptual refinement. The phrase “fractal arithmetic” should be
developed carefully. It should not mean that arithmetic literally behaves like a visual fractal in all
respects. Rather, it should refer to arithmetic structures whose meaning emerges through
recursive decomposition, invariant-preserving transformation, and analytic re-presentation.
Prime factorization is the arithmetic decomposition; the Euler product is the analytic
presentation; zeta duality is the symmetry; the critical line is the fixed locus.

The final conclusion is therefore cautious but strong. The Mandelbrot coordinate resonance at
Re = -1/2 does not prove the Riemann Hypothesis. It does, however, lead to a productive
equivalence-first question: when different mathematical objects become centered by recursion,
symmetry, or fixed loci, what structure is being preserved? HoTT and univalence provide a
natural language for this question. Fractals, primes, and zeta provide the mathematical terrain.
The fixed-locus program provides the research direction.

The paper’s central thesis can be stated in one sentence:

Fractal self-similarity, prime factorization, and zeta functional duality are distinct phenomena,
but each reveals mathematical meaning through equivalence-preserving transformations whose
fixed structures organize the visible or analytic behavior of the system.

That thesis does not close the Riemann problem. It opens a structured way to ask what kind of
equivalence could.
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