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In an age dominated by large language models and neural networks, our
understanding of language generation remains grounded in statistical associations
and combinatoric structures—tuples, permutations, and token probabilities.
While effective for surface fluency, these models fall short of capturing the
relational depth, contextual flexibility, and symbolic richness that define human
communication and creativity. This paper argues that a fundamental shift is
needed: from selecting plausible combinations to transforming conceptual
structures. Drawing on category theory and topos theory, we explore meaning not
as an emergent property of word sequences, but as a system of transformations
across conceptual domains. By treating metaphors, analogies, and creative
insights as functorial mappings, we propose a new framework that mirrors how
humans think, reason, and reframe across contexts. This shift has deep
implications—not only for Al architecture and explainability but also for cognitive
science, philosophy of language, and our evolving understanding of what it means
to “understand.” The paper offers theoretical grounding, lay-accessible examples,
and a roadmap for integrating category-theoretic models into both human and
artificial reasoning systems.
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Abstract

Traditional computational models of language, particularly those grounded in the
manipulation of tuples and permutations, provide useful approximations for
syntactic structure and probabilistic word prediction. These approaches, while
foundational to contemporary natural language processing and artificial
intelligence systems, inherently struggle to capture the deeper layers of human
language—namely, emergent meaning, metaphor, analogy, and creative insight.
The combinatorial explosion of possibilities offered by permutations, and the
limited relational scope of tuples, fail to model how humans generate and
interpret language as a dynamic process of transformation across conceptual
domains.

This paper proposes a shift away from purely combinatorial thinking toward a
structural and relational view of language and thought. We first examine the
limitations of tuple- and permutation-based models, both in linguistic generation
and cognitive plausibility. We then explore alternative mathematical approaches
that offer richer representations of conceptual organization and meaning-making,
including vector embeddings, graph theory, and information-theoretic
frameworks.

Our primary focus, however, is on the largely underutilized potential of category
theory and topos theory to model the transformational and contextual
dimensions of language and cognition. Category theory offers a formal language
for expressing how concepts relate and map onto one another through structure-
preserving transformations, known as morphisms and functors. Topos theory
extends this by allowing different internal logics or contextual frames—so-called
topoi—in which meaning can be generated and interpreted relative to domain-
specific rules or worldviews.

We argue that these theories provide a promising foundation for future Al systems
capable of not only generating language but understanding and manipulating
meaning in ways that mirror human cognition. From metaphor generation to
analogical reasoning and context-sensitive interpretation, category-theoretic



approaches hold the potential to revolutionize how we model intelligence—both
natural and artificial—as an emergent, structured, and relational phenomenon.

1. Introduction
1.1 Motivation for Exploring the Structure of Language and Creativity

Language is more than a tool for communication—it is a system through which we
express thought, construct meaning, and engage in creative acts. Whether in
poetry, philosophy, scientific explanation, or ordinary conversation, the richness of
language arises not just from the words themselves but from the relationships,
transformations, and contexts in which they appear. The same holds true for
creativity. At its core, creativity involves the recombination and reinterpretation of
existing elements into new, meaningful configurations. Understanding the
structure of these processes—how elements of thought and language are
assembled, transformed, and made intelligible—offers a path toward a deeper
understanding of both human cognition and artificial intelligence.

This paper is motivated by a desire to examine these processes at a fundamental
level. While conventional models offer partial explanations of how language can
be generated or analyzed, they often fall short in explaining how meaning
emerges, evolves, and connects across domains. There is a growing need for
models that go beyond linear token prediction or symbolic manipulation, toward
frameworks capable of representing higher-order structures, metaphoric
resonance, and contextual depth.

1.2 Limitations of Current Al Language Generation Frameworks

Large language models (LLMs) such as GPT-4 and its successors have achieved
impressive fluency and coherence in language generation. However, their
underlying mechanisms are fundamentally based on probabilistic sampling over
learned distributions of word sequences—effectively working with highly
sophisticated tuple-based operations. These models operate as powerful
autocomplete engines: given a prompt (a partial tuple), they predict the most
statistically likely continuation. While this leads to impressive syntactic and



surface-level semantic output, it leaves key dimensions of human language and
thought underexplored.

These models do not truly understand the concepts they manipulate. They do not
reason through analogies, interpret metaphors based on deep structural
similarity, or shift meaning across contextual domains in the way humans
effortlessly do. Their architecture lacks the capacity for structural
transformation—the ability to map meaning from one domain into another while
preserving relational integrity. This shortfall limits their utility in creative
reasoning, abstract thinking, and context-sensitive tasks such as moral reasoning,
narrative construction, or philosophical debate.

1.3 The Emergence of Meaning as a Central Challenge

Perhaps the most profound limitation of tuple- and permutation-based
approaches is their inability to account for the emergence of meaning. Meaning is
not located in individual words or even in linear sequences of words. Rather, it
arises from the interaction of concepts, their contextual embedding, and their
transformation across cognitive or cultural domains. Metaphor, for example, is not
just a decorative flourish—it is a fundamental cognitive process by which we
understand one thing in terms of another. Analogical reasoning, similarly, enables
the transfer of insights between seemingly unrelated domains.

Traditional approaches that rely on frequency, co-occurrence, or local syntactic
rules cannot capture these emergent dynamics. The combinatorial explosion that
comes with considering all possible permutations of word sequences becomes
computationally intractable and cognitively implausible. What is needed is a
model that treats meaning not as a byproduct of statistical proximity, but as an
invariant under transformation—something preserved across different contexts
via structural mappings.

1.4 Overview of the Paper’s Approach and Goals

This paper explores the hypothesis that a deeper mathematical structure—rooted
in category theory and topos theory—can provide a more faithful and generative
account of language and creativity than current models allow. We begin by



reviewing how tuples and permutations are used in language modeling and
cognitive theory, and we identify where and why these approaches fall short. We
then survey a range of alternative mathematical models that have been proposed
or applied, including vector embeddings, graph-theoretic models, compositional
functions, and information theory. Each of these brings value but remains limited
in its ability to model meaning as a transformable structure.

The heart of the paper is an exploration of category theory as a framework for
modeling language, thought, and creativity not as sets of objects or sequences,
but as systems of relationships. Category theory allows for mappings (functors)
between conceptual domains, enabling metaphor and analogy to be formally
described as structure-preserving transformations. Topos theory builds on this by
enabling different logical systems or worldviews to coexist—allowing for meaning
to vary depending on context while retaining internal coherence.

We propose that these tools, though abstract and underutilized in mainstream Al,
offer a path forward for modeling the emergence of meaning in both human and
machine intelligence. Our goal is not to discard existing models but to expand
their conceptual vocabulary—bringing formal structure to the creative, analogical,
and metaphorical aspects of thought that most distinguish human language from
mere computation.

2. The Tuple-Permutation Paradigm in Language Modeling

The modern field of language modeling—whether in Al systems, linguistics, or
cognitive science—has been heavily influenced by combinatorial representations
of language elements. In this section, we define the central concepts of tuples,
permutations, and combinations, and explore how they have historically informed
computational models. We argue that while these tools have enabled tremendous
progress in machine-generated language, they are limited in capturing deeper
levels of human meaning-making. This limitation becomes especially evident in
the failure of these models to account for creativity, metaphor, and structural
analogy, which depend on more than simple recombination.



2.1 Definitions: Tuples, Permutations, and Combinations

In mathematics and computer science, a tuple is an ordered list of elements. An n-
tuple is a sequence of n items, where the order matters and repetition is allowed

n «u n «u

unless explicitly constrained. For example, the 3-tuple (“time,” “melts,” “cities”) is

n «

different from (“cities,” “melts,” “time”).

A permutation, by contrast, is a reordering of elements from a given set. Given a
set of n distinct elements, there are n! permutations. Permutations consider all
possible orders without replacement.

A combination refers to a selection of items from a larger set, without regard to
order. Choosing 3 words from a list of 8 without concern for sequence is a
combination, while reordering them in every possible way constitutes the full
permutation space.

These tools form the backbone of many models of symbolic reasoning and early
computational linguistics, where sentences and phrases are treated as discrete,
enumerable structures. Yet, as we will show, meaning in natural language does not
reliably emerge from these combinatorial possibilities. Most possible tuples or
permutations are nonsensical. The few that do resonate with us are outliers, and
their power derives not from structure alone, but from context, pattern, and
relational significance.

2.2 How LLMs Like GPT Use Tuple-Like Token Prediction

Modern large language models (LLMs) such as GPT-3, GPT-4, and their successors
are trained on massive corpora of text to predict the most probable next token
(word, punctuation mark, or subword unit) given a sequence of previous tokens.
This is a tuple-like operation at scale: the model is effectively generating one word
at a time, conditioned on an ordered list of preceding elements—a dynamic and
evolving tuple.

However, the internal mechanism is not as simple as sampling from a list of known
sequences. The model embeds tokens into a high-dimensional vector space and
uses attention mechanisms to weigh and relate parts of the input sequence. Still,
at its functional level, the process is driven by statistical inference from prior



tuples—resembling a generalized, probabilistically informed tuple-matching
system.

This gives rise to fluent, context-aware language, but not necessarily to insight or
creative transformation. The model does not understand that “the silence was a
broken clock” is metaphorically richer than “the silence was a soundless room”; it
merely calculates probabilities from seen patterns. The tuple-driven architecture
captures sequence and local coherence, but not emergent conceptual depth.

2.3 Role of Permutations in Exhaustive Search and Symbolic Systems

In early symbolic Al systems, especially in rule-based reasoning and theorem
proving, permutations were often used to represent all possible re-orderings of a
problem’s elements. This brute-force strategy—exhaustively generating
combinations or permutations and testing them for fit—has been useful in logic
puzzles, pathfinding, and limited-scope language generation.

However, this approach becomes infeasible at scale. With even a modest
vocabulary size, the number of permutations for tuples of 3 to 5 words grows
exponentially. More importantly, the vast majority of permutations are
semantically empty. For example, the permutation space of the words [“love”,
“saves”, “truth”, “after”, “fall”] includes meaningful constructions (“truth saves
after love's fall”) but is dominated by random sequences that fail both
grammatically and conceptually.

Symbolic systems that depend on permutation generation must therefore include
additional constraints—syntactic rules, semantic nets, or goal functions—to prune
meaningless output. Yet even these layered mechanisms fall short of human-like
language, where meaning arises from deeply contextualized, relational patterns—
not from matching templates.

2.4 Cognitive Cost of Permutation-Based Reasoning

The human brain is not a brute-force engine. It does not permute all possible
sequences of words or ideas before arriving at an utterance. Instead, it operates
heuristically, drawing on a rich internal model of meaning, developed through
years of exposure, experience, and analogy. When we speak or write, we do not
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test 20,000 possible permutations of a thought—we generate a handful of
candidate structures that “feel right” based on intention, context, and conceptual
fit.

This reveals a key cognitive limitation of permutation-based modeling: it fails to
match how people think. In cognitive science, bounded rationality—the idea that
humans operate under limits of time, information, and computation—
demonstrates that we thrive not by exhaustive search, but by meaningful
selection. Creative thought, especially, depends on accessing the right
combination at the right time, often bypassing what would be statistically
probable in favor of what is symbolically or emotionally resonant.

Thus, models based on exhaustive permutation may be computationally correct
but cognitively implausible. They do not scale to the fluid, metaphor-laden,
emotionally nuanced nature of human communication.

2.5 Why Most Tuples Are Meaningless and Why a Few Are Poetic

Given a random selection of words—say, eight from a dictionary—the number of
possible 3-tuples is 336. Yet only a small fraction of these will appear even
minimally grammatical, let alone meaningful. An even smaller number might be
judged evocative, beautiful, or poetic.

This statistical truth has deep implications. It suggests that meaning is not evenly
distributed across the combinatorial space. It is sparse, clustered, and context-
dependent. Certain combinations resonate because they activate shared cultural
scripts, metaphoric mappings, or structural analogies. “Time melts cities” is a
short, strange tuple, but it evokes decay, entropy, memory, and civilization—ideas
that ripple outward beyond the literal phrase.

These outlier tuples illustrate that poetic insight does not emerge from raw
structure, but from the alignment of structure, context, and human interpretation.
They are not generated by sampling alone; they are discovered, often intuitively,
by selecting from a relational space of meanings.

This observation challenges the sufficiency of tuple- or permutation-based
models. It calls for an approach that models not just arrangement, but
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transformation—one that can describe how concepts map, shift, and emerge as
new meanings. This sets the stage for the transition from combinatorics to
category theory, where the emphasis shifts from enumeration to morphism—from
collecting to connecting.

3. The Human Mind as a Selective Tuple Engine

While computational models often rely on vast combinatorial searches to identify
meaningful sequences, the human mind operates very differently. It does not
explore the full space of possible word orders, phrases, or ideas. Instead, it
appears to act as a selective, context-aware generator, rapidly proposing a small
set of candidate expressions drawn from experience, culture, intuition, and
emotional resonance. This section explores the human mind as a kind of
"selective tuple engine"—a system capable of producing meaningful combinations
with high efficiency by using internal constraints and symbolic structure rather
than brute-force enumeration.

3.1 Cognitive Selection over Brute-Force Generation

Human cognition is fundamentally constrained. We have limited memory,
processing time, and conscious bandwidth. Despite these limitations, we are
capable of producing rich, layered language and novel insights in real time. This is
not possible if we were exhaustively generating all possible combinations of ideas
and testing them for coherence. Instead, the mind operates through heuristics,
schema activation, and pattern recognition, selecting only a few promising
candidates for articulation.

When a person begins to speak, they do not mentally generate all permutations of
their vocabulary. They access conceptual frames—cognitive structures that group
ideas in familiar patterns—and selectively retrieve and compose language based
on relevance and expected resonance. This capacity allows for a rapid narrowing
of the idea space, focusing attention on combinations that are both novel and
coherent.
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In this sense, the mind functions less like a permutation engine and more like a
constraint-aware sampler—a generator of meaningful tuples from a highly filtered
set of possibilities.

3.2 Examples from Poetry, Songwriting, and Insight

Artistic creativity provides compelling examples of how the mind selects from
potential combinations not based on probability but on resonance, tension, and
transformation. A poet crafting a line is not typically concerned with syntactic
correctness or frequency of use. Instead, the goal is to evoke a feeling, suggest an
image, or provoke a shift in perspective.

Consider the line:

"Hope is the thing with feathers."

Emily Dickinson didn’t arrive at this by permuting all objects and traits associated
with hope. The metaphor is precise, novel, and unexpected—yet instantly
meaningful. It links abstract emotion with a fragile but resilient creature (a bird),
allowing new interpretation through symbolic compression.

Similarly, songwriters often select phrases that are structurally ambiguous but
emotionally rich—such as "sound of silence" (Simon & Garfunkel) or "no time to
die" (Billie Eilish). These are examples of compact tuples—2-4 words—that trigger
wide interpretive ranges. What’s important is not the number of possible
combinations tried, but the quality of the one selected.

The same applies to scientific and philosophical insight. When Einstein envisioned
time as a fourth dimension, he was not working from a permutation of physical
properties; he was restructuring conceptual relations. The power of insight lies in
finding a tuple that cuts across domains, mapping geometry into temporality,
energy into form.
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3.3 Intuition as a Constraint-Aware Generative Filter

What makes this selection process possible is intuition—an umbrella term for the
rapid, unconscious narrowing of possibility based on experiential learning,
symbolic associations, and affective context. Intuition does not operate blindly. It
draws on deeply layered priors:

personal experience

» linguistic exposure

o cultural archetypes

« emotional tone

« internal logic of the current thought

Intuition is what allows someone to write a meaningful sentence or invent a
metaphor without consciously accessing all possible combinations of words. It
functions as a real-time filter that privileges certain semantic alignments over
others.

We may think of intuition as the brain’s equivalent of a relevance function
operating on a conceptual vector space. It weighs proximity, contrast, and
potential resonance, then selects high-quality tuples—those that are most likely
to instantiate meaning under current constraints.

3.4 Parallel with Stochastic Sampling in Language Models

Interestingly, modern language models also rely on sampling rather than
exhaustive generation. GPT models, for instance, generate text one token at a
time by selecting from a probability distribution over possible next words,
conditioned on the context so far. This is stochastic tuple extension: given an
initial n-tuple, the model predicts the (n+1)th word by weighting likely
continuations.

However, the resemblance is only superficial. The sampling done by LLMs is
statistical, based on frequency and token co-occurrence from massive datasets.
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Human sampling, by contrast, is semantic and relational—rooted in meaning, not
likelihood. While Al selects the most probable completion, humans often seek the
most symbolically appropriate or emotionally resonant one, even when it is
statistically rare.

This is why machine-generated text often feels flat or generic unless it is post-
processed, fine-tuned, or creatively prompted. True insightful generation requires
not just predicting what comes next, but reframing what came before—something
that stochastic sampling does not achieve on its own.

3.5 Emergent Meaning Through Constrained Recombination

The selective tuple engine of the human mind does more than simply choose
combinations that make sense; it chooses combinations that make new sense.
This is the key to emergent meaning. When someone says, “The sky remembers,”
the tuple is syntactically odd but semantically rich. It evokes memory, atmosphere,
timelessness, and nature—all from an unexpected recombination.

These emergent meanings come not from the components alone, but from their
interaction and relational framing. The sky does not literally remember—but
when paired with memory, it inherits qualities of human cognition, metaphorically
reframing the observer’s emotional state.

Such recombination reflects cognitive blending—the mental process of merging
two or more conceptual spaces to create a third, emergent one. Tuples that
participate in this kind of symbolic fusion are the engines of creativity, storytelling,
and spiritual reflection.

Unlike permutations, which are neutral and unordered, constrained
recombination is intentional. It follows the inner logic of meaning, and it is this
logic—not frequency or syntax—that enables human creativity to produce
sentences, metaphors, and insights that machines still struggle to replicate.
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4. Limitations of Combinatorics for Modeling Meaning

The use of tuples and permutations in computational language models has been
instrumental in advancing our ability to generate syntactically plausible
sequences. However, these models often fail when tasked with producing or
interpreting deeper, more nuanced forms of meaning—such as metaphor,
analogical reasoning, or symbolic thought. This section explores the structural and
conceptual limitations of combinatoric approaches, particularly in their failure to
capture the emergent, relational, and context-sensitive nature of language and
thought.

4.1 The Curse of Dimensionality and Sparse Semantic Content

As the size of the vocabulary and the length of the tuple increase, the number of
possible combinations explodes exponentially. This phenomenon—known as the
curse of dimensionality—plagues any system that relies on exhaustive search or
enumeration across a vast possibility space.

For example, choosing 3-word tuples from a modest vocabulary of 10,000 words
results in over a trillion possible combinations, the overwhelming majority of
which are meaningless. A tiny fraction will be grammatical, and an even smaller
subset will be semantically coherent or evocative. This semantic sparsity means
that most of the search space is noise—filled with grammatically awkward,
logically incoherent, or contextually irrelevant strings.

Al systems can partially mitigate this through training on massive corpora, where
frequent and statistically common tuples are prioritized. But this strategy fails
when it comes to generating novel, contextually grounded insights—those rare
instances where words align in new and meaningful ways. Human language use is
not distributed uniformly across this space; it clusters tightly around zones of
relational coherence, which combinatorics alone cannot predict or access.
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4.2 Non-Commutativity of Meaning in Language

Unlike in pure mathematics, where permutation of elements in a set often yields
equivalent results (e.g., {a, b, c} = {c, b, a}), language is not commutative. The
order of words fundamentally changes their meaning. Consider:

“Dog bites man” vs. “Man bites dog”
“Time devours memory” vs. “Memory devours time”

The same words, rearranged, produce entirely different conceptual frameworks.
The syntactic and semantic roles assigned to each word—subject, verb, object—
are not interchangeable, and their relationships define the structure of the
message.

Combinatorics often treats sequences as abstract symbols, ignoring the
directionality of meaning inherent in natural language. This leads to false
equivalencies and meaningless outputs when sequences are shuffled or reordered
without sensitivity to syntax, role, or semantic logic.

Thus, models that rely heavily on permutations without incorporating the non-
commutative, structured nature of language are blind to the subtle but crucial
variations that arise from word order. Such models cannot be expected to
generate or understand meaningful sentences with any consistency beyond the
training data.

4.3 The Role of Context and Intention

Perhaps the most glaring shortfall of combinatoric approaches is their inability to
account for context and intention—two cornerstones of meaning. The same tuple
of words can carry dramatically different meanings depending on:

« The speaker’s emotional state or intent
o The audience’s background knowledge

o The cultural, temporal, or situational context
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« The conversational or narrative history leading up to the phrase

For instance, the phrase “It’s fine” may mean acceptance, frustration, sarcasm, or
resignation depending on tone and circumstance. Combinatorics, operating on
static structures and statistical associations, cannot disambiguate such subtleties
without an external, interpretive framework.

Human language operates within rich layers of implicit knowledge, shared
assumptions, and narrative coherence. Meaning arises not only from the structure
of the tuple but from its placement within a conceptual and social world. Any
model that seeks to replicate human-like understanding must therefore transcend
fixed-word sequences and incorporate mechanisms for contextual inference and
goal-directed interpretation.

4.4 Combinatorics Without Grammar vs. Structured Cognition

Combinatorial models often disregard the deep grammar that underlies human
thought and language—grammar not merely as syntax, but as a cognitive
structuring principle. The human mind organizes language around hierarchical,
rule-based, and recursive structures. Phrases, clauses, and ideas nest and relate in
complex ways, guided by abstract principles of logic, causality, and intentionality.

In contrast, simple tuple-based models lack these structuring constraints. They
may reproduce word order and surface patterns, but they fail to capture
compositional semantics—how meanings combine based on grammatical
relations.

For example, in the sentence “The boy who cried wolf was ignored,” the meaning
depends on nested structures (a relative clause modifying the subject) that cannot
be represented as a flat tuple. Similarly, idioms, jokes, and ironies often violate
surface expectations while obeying higher-order cognitive rules.

Without access to grammar in this broader sense, combinatorics reduces language
to lists of parts, missing the dynamic, rule-governed assembly of wholes that
characterizes real human cognition. This gap makes it difficult for Al models built
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solely on tuple or permutation structures to generalize meaningfully outside of
their training distribution.

4.5 Summary of Barriers to Deep Understanding Through Tuples/Permutations
Alone

The core limitations of using tuples and permutations to model language and
meaning can now be summarized:

« Explosive search spaces: The number of possible combinations grows too
large to explore effectively, and most are devoid of meaning.

« Sparse semantic yield: Meaningful expressions are rare and clustered in
structured regions of the possibility space.

o Loss of structure: Combinatoric models do not account for grammar,
hierarchy, or the non-commutative nature of word order.

« Contextual blindness: Static combinations cannot capture dynamic shifts in
meaning across different social, emotional, or narrative contexts.

« Absence of intentionality: Combinatorics has no model for goals, desires, or
communicative intent—the forces that shape human language at its core.

As such, while tuples and permutations are useful tools for modeling low-level
syntax or generating statistical approximations, they cannot alone explain or
replicate the human capacity for symbolic reasoning, creative expression, and
deep conceptual understanding. This motivates the need for richer mathematical
frameworks—ones capable of modeling meaning as a system of relations,
mappings, and transformations. In the next section, we explore some of these
candidate frameworks and evaluate their potential.

5. Survey of Alternative Mathematical Frameworks

Given the limitations of combinatoric approaches in capturing the depth and
emergence of meaning in language, we turn now to a range of alternative
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mathematical models. Each of these frameworks offers distinct advantages for
representing not only linguistic structure but also conceptual dynamics, semantic
relationships, and transformative processes. Some are already embedded in
modern Al systems, while others remain underutilized in computational settings.
This section surveys six such frameworks and evaluates their applicability to the
challenge of modeling emergent meaning.

5.1 Weighted Combinations with Semantic Filtering

One of the simplest evolutions beyond raw combinatorics is to introduce weights
and filters. In this model, not all tuples or combinations are treated equally.
Instead, a function assigns semantic relevance scores based on a reference model,
training data, or external context.

” u

For example, the combination (“love,” “despair,” “wings”) might be given a high

score in a poetic context due to its thematic resonance, while (“love,” “despair,”
“sandwich”) would score low unless the context is intentionally absurd or
humorous. These weights can be computed using semantic similarity measures,
attention scores in language models, or task-specific heuristics.

Advantages:
« Simple to implement atop existing tuple models.
« Improves signal-to-noise ratio in generative systems.
» Supports context-aware selection.
Limitations:
» Depends heavily on the quality of the weighting function.
« Still fundamentally limited by pre-enumerated candidate spaces.

« Cannot generate true novelty; only refines existing choices.
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5.2 Vector Space Models and Interpolation Between Concepts

In modern Al, particularly in natural language processing, vector space models

have become foundational. Words, phrases, and even sentences are embedded in

high-dimensional spaces, where semantic similarity corresponds to geometric
proximity.

This allows for operations such as:

« Interpolation: Creating a “middle point” between concepts (e.g., between

“blue” and “green” = “cyan”).

» Offset-based analogy: The well-known example:
Ilkingll_ Ilmanll + Ilwomanll ~ Ilqueenll

These vector operations reveal latent structure within language data, capturing

nuanced semantic and syntactic relationships learned from vast corpora.
Advantages:

« Models meaning as continuous, rather than discrete.

« Supports blending, analogy, and transformation.

« Scales well with modern machine learning tools.
Limitations:

« Interpretability is low: embeddings are opaque.

» Struggles with compositionality and hierarchical structure.

« Relies on statistical co-occurrence, not conceptual understanding.

5.3 Graph Theory: Concept Networks and Semantic Edge Creation

In a graph-theoretic model of meaning, concepts are nodes, and relationships
(semantic, causal, temporal, etc.) are edges. Graphs can be built from:
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o Human-curated knowledge (e.g., WordNet, ConceptNet)
« Automated extraction (e.g., co-reference and dependency graphs from text)
« Dynamic interaction (e.g., narrative or argumentation trees)

Such networks allow for relational reasoning: identifying central ideas, tracing
metaphorical or logical paths, and identifying indirect connections between
distant nodes.

Advantages:
» Explicit representation of relationships.
o Intuitive visualizability and modular structure.
o Supports analogy and chaining through path-finding.
Limitations:
» Building accurate semantic graphs is resource-intensive.
« Hard to scale beyond narrow domains.

» Static graphs lack adaptability to new, emergent meanings without dynamic
updating.

5.4 Information Theory: Entropy, Surprise, and Message Compression

From an information-theoretic perspective, meaning can be partially understood
as surprise: the degree to which a message deviates from expectation. Claude
Shannon’s concept of entropy measures the uncertainty or unpredictability of a
message.

In language modeling:
« Low entropy = expected, predictable phrases.

« High entropy = surprising or creative combinations.
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Information gain or Kullback-Leibler divergence can be used to detect novelty,
insight, or thematic shifts. Compression algorithms can also reveal patterns, as
more meaningful messages tend to be compressible due to internal structure.

Advantages:

« Quantitative and general across domains.

o Applicable to evaluation and anomaly detection.

« Connects with cognitive theories of curiosity and surprise.
Limitations:

o Abstract; lacks direct semantic grounding.

o Does not distinguish between meaningful surprise and incoherent
randomness.

» More diagnostic than generative in practice.

5.5 Algorithmic Information Theory: Kolmogorov Complexity and Minimal
Description Length

Algorithmic Information Theory (AIT) extends the idea of information to focus on
descriptional complexity. A string (or idea) is considered meaningful if it can be
generated by a short algorithm—i.e., it has low Kolmogorov complexity.
Conversely, randomness corresponds to high complexity.

This perspective implies that a creative or elegant idea is one that encodes a lot of
meaning with minimal effort. In language, this can correspond to metaphors,
symbols, or scientific laws—simple expressions that open vast interpretive or
explanatory spaces.

Advantages:
o Captures depth and elegance of meaning.

« Aligns with creativity as compression of insight.
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o Theoretically rigorous.
Limitations:
» True Kolmogorov complexity is uncomputable.
« Approximate implementations require careful tuning.

» Hard to apply to open-ended natural language generation without
abstraction layers.

5.6 Compositional Functions as Cognitive Transformations

Another promising approach is to model language as the result of functions
applied to concepts. Here, words and phrases are not just labels but operators or
transforms acting on cognitive structures.

For instance:
"X causes Y" = causal function
o '"Xis like Y" = analogical mapping function
"X transforms into Y" = symbolic metamorphosis

This model mirrors how humans reason: by applying mental functions like
comparison, contrast, abstraction, and substitution. Language becomes not a
sequence of symbols, but a set of transformational operations on structured
meaning.

Advantages:
o Intuitively models reasoning and metaphor.
» Naturally fits analogy, abstraction, and symbolic systems.

« Can interface with symbolic Al or cognitive science.
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Limitations:

« Requires rich internal representations to act upon.

o Limited adoption in mainstream NLP.

o Difficult to learn automatically from raw text data.

5.7 Evaluation of Each Framework: Novelty, Tractability, Expressive Power

Framework

Weighted

. High
Combinations

Low

Vector Space

Moderate Very High
Models

Graph Theory Moderate Moderate

Information Theory Low High
Algorithmic Low—
Information Theory Moderate
Compositional )

High Moderate

Functions

Novelty Tractability

Expressive
Power

Low—Moderate
High (local
semantics)

High
(relational
logic)

Moderate

(evaluation)

Very High

Very High

Best Use Case

Filtering
combinatorial noise

Embedding similarity,
interpolation

Structured reasoning,
analogy chains

Surprise detection,
text compression

Creative
compression,
symbolic insight

Metaphor, logic,
symbolic reasoning

Each of these frameworks addresses key deficiencies in tuple- and permutation-

based modeling. Some emphasize structural richness (graphs, functions), others

emphasize semantic depth (vectors, AIT), and some are useful for evaluating

rather than generating language (information theory).
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Yet even these, as powerful as they are, may lack one unifying element: a
framework that treats relationships as first-class citizens, and meaning as
something that emerges from structure-preserving transformations between
conceptual worlds. For that, we now turn to category theory and topos theory.

6. Category Theory: A Framework for Transformation Rather Than Selection

Whereas traditional models of language often emphasize selection—choosing the
right word, tuple, or sequence—category theory (CT) offers a fundamentally
different approach. It centers not on static entities, but on relationships and
transformations between them. CT is a mathematical framework built to describe
structure-preserving mappings across systems. Unlike combinatorics, which deals
with the enumeration of configurations, CT focuses on how one structure
becomes another, preserving essential relationships.

This makes it especially suitable for modeling meaning as it emerges through
metaphor, analogy, abstraction, and contextual transformation—processes central
to human cognition and deeply underutilized in Al. This section introduces the
foundational ideas of category theory and illustrates its relevance to creative
language and conceptual understanding.

6.1 Brief, Intuitive Introduction to Category Theory

At its core, category theory is a language for describing structured systems and the
relationships between them. It is not concerned with the internal composition of
objects so much as with how they interact and transform. A category consists of:

« Objects (which can be numbers, sets, concepts, or any entities),

e Morphisms (arrows) that connect those objects, representing
transformations, relationships, or processes,

o Composition rules that allow morphisms to be chained together,

« Identity morphisms, which map an object to itself.
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What matters most is how objects are related, not what they are made of. This
makes CT uniquely powerful for modeling meaning, which is inherently relational.

6.2 Objects and Morphisms as Concepts and Relationships
In the context of language and cognition, we can interpret:
o Objects as concepts (e.g., “grief,” “architecture,” “time,” “trust”),

o Morphisms as relationships between those concepts (e.g., "grief transforms

into acceptance", "architecture symbolizes stability").

These morphisms are not static—they carry structure. That is, they preserve some
meaningful aspect of how the source concept relates to the target concept. For
instance, the morphism from “seed” to “tree” might preserve a notion of growth,
transformation, or emergence.

This emphasis on transformation makes category theory fundamentally different
from combinatorial models. In tuples or permutations, the elements are fixed and
reordered; in categories, the relationships evolve and are composable, allowing
for cascades of meaning to emerge.

6.3 Functors as Analogical Bridges Between Domains

A functor is a special kind of mapping between categories. It doesn't just map
objects to objects—it also maps morphisms to morphisms, preserving the
structure of relationships between them. In simple terms, a functor translates one
system into another while keeping the logic intact.

This is precisely how analogy and metaphor work in human cognition. When we
say, “Grief is a storm,” we are not just substituting one word for another. We are

mapping:
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« the concept of grief to the concept of a storm, and

« the processes within grief (e.g., rising tension, release, calm after chaos) to
those within a storm.

This mapping is functorial: it preserves relational structure while shifting domains.

Functors allow us to treat metaphors as structure-preserving transformations
between conceptual worlds. They do not flatten meaning; they transport and
reshape it with consistency and elegance.

6.4 Commutative Diagrams and Consistency of Transformation

A central visual and logical tool in category theory is the commutative diagram.
These diagrams represent pathways of transformation and test whether different
transformation sequences result in the same outcome.

In language and metaphor, this can be used to model interpretive consistency:
Does the same metaphor lead to the same insight, regardless of the path taken?
Can metaphor A - B - C be understood the same way as A - C directly?

For example:
o Concept A (Grief) maps to Concept B (Storm).
o Concept B (Storm) maps to Concept C (Chaos).
» Alternatively, Grief may map directly to Chaos.

A commutative diagram asserts that both paths should produce structurally
coherent meaning. This formalism allows us to test metaphorical logic, trace
conceptual evolution, and even design creative transformations that preserve
coherence across domains.
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6.5 Why Category Theory Is Uniquely Suited to Model Metaphor and Analogy

Most existing frameworks in Al and linguistics treat metaphor and analogy as
exceptions—aberrations that deviate from literal meaning. Category theory treats
them as central, even defining features of how complex systems relate and evolve.

Reasons why CT excels at modeling metaphor and analogy:
« It foregrounds relationships, not just content.
« It models transformations as first-class citizens, not derived behaviors.
o It supports cross-domain mapping without loss of internal logic.

» It allows abstraction, generalization, and pattern recognition across
contexts.

”

Metaphors like “war is a game,” “time is a river,” or “ideas are viruses” are not just

poetic flourishes—they are structural mappings that reshape how we think.
Category theory provides the formal apparatus to model such mappings, and to
do so at scale, in both human and machine cognition.

6.6 Real-World Metaphors Modeled Functorially (e.g., "Grief is Architecture")

Let us return to the metaphor “Grief is architecture”, and show how it could be
modeled functorially:

« Define Category G (Grief):

o Objects: denial, anger, bargaining, depression, acceptance

o Morphisms: transitions between stages (e.g., anger - depression)
« Define Category A (Architecture):

o Objects: foundation, walls, collapse, debris, rebuilding

o Morphisms: construction, destruction, restoration

29



e A Functor F maps:
o denial - foundation (rigid, false stability)
o anger - walls (pressure building up)
o collapse - depression
o rebuilding - acceptance

« It also maps the transitions: the emotional movement from anger to
acceptance is preserved as the architectural process from collapse to
rebuilding.

This mapping is not superficial. It brings out hidden insight: that grief is something
we construct, inhabit, see fall apart, and slowly rebuild. The metaphor is no longer
just poetic; it becomes a logical, structure-preserving reframe of experience.

In a functorial model, such mappings can be composed, extended, inverted, or
recontextualized. This enables not just metaphor recognition, but metaphor
generation—a key task in both advanced Al creativity and human cognitive
development.

Conclusion to Section 6:

Category theory offers something that combinatorics, vector spaces, and
statistical models cannot: a model of meaning grounded in transformation, not
selection. By focusing on how ideas relate, map, and evolve across contexts, CT
provides a robust and flexible foundation for modeling metaphor, analogy, and
emergent meaning.

In the next section, we build on this foundation by exploring topos theory, which
extends category theory to model contextual logic—the internal worldviews or
conceptual spaces in which meaning lives and breathes.

30



7. Topos Theory: Modeling Contextual Meaning

While category theory gives us the tools to model relationships and
transformations between abstract structures, it assumes a consistent logic within
each category. However, human meaning-making is not monologic. We shift
between different contexts, assumptions, and value systems—sometimes within
the same conversation. To account for these multiple worlds of meaning, we must
go beyond basic categories to a more general structure: the topos.

Topos theory (plural: topoi) generalizes the concept of a category into something
that behaves like a mathematical universe—a conceptual space equipped with its
own internal logic, its own objects, and its own rules of inference. In this sense,
each topos is a worldview, and communication between topoi models not just
meaning transfer, but meaning translation.

This makes topos theory an ideal candidate for modeling contextual semantics,
interpretive frameworks, philosophical pluralism, and domain-specific reasoning
in both human and artificial cognition.

7.1 Introduction to Topoi as Structured Conceptual Worlds

In category theory, a topos is a special kind of category that satisfies certain
conditions making it analogous to the category of sets. But more generally, a
topos can be thought of as a structured universe of discourse in which logic, truth,
and meaning can be evaluated internally.

Each topos contains:
« Objects (e.g., propositions, concepts, values),
o Morphisms (relationships between them),
e A built-in notion of truth, logic, and computation.

Topos theory allows us to define how logic behaves within a given context. For
example, in the classical set-theoretic topos, every proposition is either true or
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false. In contrast, in more generalized topoi (e.g., intuitionistic or fuzzy topoi),
truth can be contextual, partial, or probabilistic.

In cognitive terms, a topos corresponds to a conceptual world or interpretive
frame. Within that world, meaning is internally consistent—even if it appears
illogical or contradictory from an external perspective. This makes topoi ideal for
modeling how different people, cultures, or disciplines make sense of the same
information differently.

7.2 Different Logics in Different Topoi (e.g., Poetry vs. Law)

A practical illustration of the power of topoi is the comparison between poetry
and law. Both use language, but their internal logic and evaluative criteria differ
profoundly.

« Inthe topos of law, statements are evaluated based on precedent, statutory
interpretation, binary truth conditions, and formal reasoning. Ambiguity is
resolved by appeal to authority or procedural hierarchy.

o Inthe topos of poetry, ambiguity is embraced. Meaning is layered, symbolic,
emotional, and often contradictory. Multiple truths can coexist. Beauty and
resonance matter more than deductive consistency.

A word like “justice” in the legal topos refers to procedural fairness or
constitutional interpretation. In the poetic topos, “justice” might appear as a
metaphor, a moral longing, or an abstract ideal.

These are different topoi, each with its own objects (meanings), morphisms
(associations), and logic (ways of inferring truth). Topos theory allows us to model
both worlds, and even the transformations between them—how a poetic notion
of justice might inspire legal reform, or how legal discourse might suppress poetic
ambiguity.
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7.3 Switching Topoi as Code-Switching or Paradigm Shifts

Human beings routinely switch between topoi. This can be as mundane as
changing registers—speaking one way with friends and another in a job
interview—or as profound as experiencing a paradigm shift in science, philosophy,
or personal belief.

In linguistic and cultural studies, this is known as code-switching. For example:
» A bilingual speaker may switch between English and Spanish mid-sentence.

« A scientist may use empirical language in one setting, and spiritual
metaphors in another.

In Kuhnian philosophy of science, a paradigm shift—such as the move from
Newtonian to Einsteinian physics—represents a transition between incompatible
topoi: distinct logical systems with their own standards of evidence, coherence,
and explanation.

Topos theory formalizes this kind of shift. It allows us to:
o Define internal truths within each context.

« Track how objects and morphisms change meaning when interpreted
through different logics.

« Model translation between conceptual worlds, with attention to distortion,
reinterpretation, or failure of equivalence.

In Al, this would allow systems to adjust interpretive strategy based on context—
responding differently to a sarcastic tweet, a philosophical argument, or a
technical specification.

7.4 Internal Logic of a Topos as a Domain-Specific Understanding

A particularly powerful feature of a topos is its internal logic. This logic defines
what counts as a valid inference or acceptable proof within that world.
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In classical logic (the logic of the standard topos of sets), statements are either
true or false. However, in more general topoi, we may encounter:

« Intuitionistic logic, where truth is constructive (a proposition is only true if
we can build a proof).

o Modal logic, where truth may depend on necessity or possibility.
o Fuzzy logic, where propositions can have degrees of truth.

Each of these topoi offers a different model of how the world works—and
therefore, how language and concepts are to be understood.

In cognitive terms, different internal logics correspond to:
o Cultural frameworks (e.g., Western vs. Eastern logic systems),
« Professional domains (e.g., physics vs. literature),
« Psychological states (e.g., rational vs. dream logic).

Topos theory lets us capture these modes of understanding mathematically, so we
can describe how a concept like “truth” or “self” shifts when moved from one
domain to another.

7.5 Modeling Ambiguous or Polysemous Meaning Across Topoi

A major challenge in language and meaning-making is ambiguity—the same word
or symbol can have many meanings, depending on context. For example, the word
“light” can refer to:

« Electromagnetic radiation (physics topos),

o Lack of weight (physical topos),

o Absence of darkness (metaphorical topos),

« Spiritual enlightenment (religious or poetic topos).

In traditional logic, ambiguity is a problem. In topos theory, it becomes a natural
outcome of cross-topos meaning.
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Each topos can host a partial or full interpretation of the ambiguous concept.
When a message passes through multiple topoi, it may carry:

« Consistent interpretation (if all topoi share a common core),
« Context-specific reinterpretation (meaning shifts smoothly),
e Incommensurability (no common ground—meaning breaks down).

Topos theory offers tools to track these shifts, identify areas of overlap, and model
how polysemy (multiple meanings of a term) arises not from linguistic defect but
from logical multiplicity.

This has clear applications in:

o Cross-cultural communication, where different topoi produce different
interpretations of shared symbols.

o Al dialogue systems, where multiple conversational contexts must be
navigated without misunderstanding.

» Literary analysis, where the richness of a symbol comes precisely from its
multivalent presence across topoi.

Conclusion to Section 7:

Topos theory extends category theory by introducing contextual logic into the
modeling of meaning. It allows us to treat interpretation as a structured process
that varies from one worldview to another, while still supporting coherence within
each frame. This gives us a powerful formalism for modeling ambiguity, metaphor,
dialogue, and belief—especially in complex, cross-domain systems like human
cognition or multi-agent Al.

In the next section, we apply these ideas to practical implications for artificial
intelligence, outlining how category- and topos-based architectures might enable
context-sensitive, metaphorically aware, and creatively generative systems.
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8. Layperson Example: Mapping Grief into Architecture

To make the abstract mathematical concepts of category theory and topos theory
accessible, this section walks through a grounded example: mapping the
emotional experience of grief into the domain of architecture. The goal is to show
how meaning emerges not from selecting clever word combinations, but from
systematically transforming relationships from one conceptual domain to
another—what category theorists call functorial mapping.

We focus on this example because it combines emotional resonance, symbolic
clarity, and intuitive structure. It also demonstrates how metaphor can be
modeled formally yet remain accessible, bringing structure and rigor to processes
often assumed to be vague or purely poetic.

8.1 Step-by-Step Breakdown of Emotional States as a Category
In this example, we begin by defining a category of grief, denoted G, in which:
« Objects represent distinct emotional states within the grieving process.

o Morphisms (arrows) represent psychological transitions or transformations
between those states.

This can be represented as follows:
o Objects:
o Denial
o Anger
o Bargaining
o Depression

o Acceptance
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e Morphisms:
o Denial - Anger (the collapse of illusion)
o Anger - Bargaining (seeking control)
o Bargaining - Depression (recognition of helplessness)
o Depression - Acceptance (reconciliation with loss)

This structure reflects the classic Kiibler-Ross model of grief as a dynamic,
temporal progression through emotional states. Importantly, these are not just
static labels—they are related states with an implied directionality and sequence,
forming a relational network.

Thus, G is not a list of emotions, but a structured system that models the process
of grieving as a sequence of conceptual transformations.

8.2 Structural Mapping into Architecture (Foundation, Collapse, Rebuild)
Next, we define a second category, A, for architecture, where:
o Objects represent phases or components in the life of a building.

o Morphisms represent transitions such as construction, collapse, and
reconstruction.

This category might look like:
o Objects:
o Foundation
o Structure
o Collapse
o Debris

o Reconstruction
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e Morphisms:
o Foundation = Structure (building)
o Structure - Collapse (failure)
o Collapse = Debris (disintegration)
o Debris - Reconstruction (healing)

These transitions also carry relational meaning. Architecture, like grief, unfolds in
phases and embodies progression, failure, and recovery. The structure of these

relationships echoes those found in the grief category, albeit with different surface
content.

8.3 Interpreting Metaphor Functorially

Now, we define a functor F: G > A that maps the grief category into the
architecture category. This functor translates both objects (emotional states) and
morphisms (emotional transitions) into their architectural analogues:

Grief (G) - Architecture (A)
Denial - Foundation (rigid base)
Anger — Walls under pressure
Bargaining - Shifting structural stress
Depression - Collapse and debris
Acceptance - Reconstruction
And for morphisms:
o Denial & Anger = cracks in the foundation
o Anger - Bargaining = temporary supports

« Bargaining - Depression = collapse of structural integrity
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« Depression - Acceptance = rebuilt architecture from the ruins

This functorial mapping preserves structure: the emotional trajectory of grief
corresponds to the physical trajectory of a building's life. Each transition has an
analog, and the emotional logic of grief is mirrored in the physical logic of
architecture.

Such a mapping is not superficial. It helps people understand grief as something
constructed, collapsible, and rebuildable—not as a formless pain, but as a
structured journey.

8.4 Advantages Over Simple Tuple-Based Metaphor Generation

Traditional computational approaches to metaphor tend to operate on tuples or
n-grams, identifying that certain word combinations (e.g., “grief is a storm,”
“memory is a river”) appear together frequently or plausibly. These methods are
limited in several key ways:

o They focus on surface-level similarity, not deep structural relationships.
« They cannot easily model entire systems of analogical mappings.

« They often miss the transformational dynamics that give metaphors real
cognitive power.

In contrast, a functorial model of metaphor:
« Preserves the internal logic of both source and target domains.
« Models not just similarity but relational correspondence.

» Enables composable metaphors, where multiple mappings can be linked,
nested, or reversed.

The grief-architecture metaphor is not reducible to a single phrase. It is a system
of mappings, and this system becomes a conceptual lens through which grief can
be understood, explained, and eventually resolved.
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8.5 Human Resonance: Intuitive, Symbolic, and Analogical Clarity

The strength of this approach lies in its alignment with human cognitive and
emotional experience. When people describe grief as a collapse or a rebuilding
process, they are not randomly selecting metaphors—they are engaging in
structural analogy. These analogies resonate because they match deep, embodied
patterns of experience.

In literature, therapy, and visual art, these metaphors are often deployed
intuitively, without formal modeling. What category theory and topos theory offer
is a way to model this intuition, to formalize the mapping without destroying its
richness.

This resonates with how the mind seems to work:
« It sees patterns across domains.
« It recognizes shared structure, not just shared content.
o It builds meaning through transformation, not selection alone.

By offering a mathematical way to describe these mappings, category theory
enables us to model the architecture of thought itself—revealing that creativity,
understanding, and healing are not chaotic processes, but structurally intelligible
ones.

Conclusion to Section 8:

This layperson example illustrates how category theory, and specifically functorial
mapping, allows us to model complex metaphorical insight in a formal yet intuitive
way. It bridges the abstract and the experiential, showing that transformational
structure is the true engine of meaning. Rather than asking, “Which tuple of
words might resonate?”, we ask, “What structure of relationships in one domain
can help illuminate another?” —a question at the heart of both human thought
and next-generation Al.
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9. Implications for Artificial Intelligence

As artificial intelligence systems continue to advance in fluency, coherence, and
generative capacity, they still struggle with a central element of human cognition:
deep analogy and emergent meaning. This section explores how category
theory—and its extension through topos theory—can address the limitations of
current models, enable the development of more conceptually aware systems,
and guide Al toward interpretable, flexible, and creative forms of understanding.

9.1 Shortcomings of Current Large Language Models in Deep Analogy

Large language models (LLMs) like GPT-4 and similar systems trained on vast
corpora of internet text have achieved impressive performance in tasks such as
summarization, translation, dialogue, and even poetry. However, these systems
rely heavily on pattern recognition via statistical proximity. They predict the next
word based on the most likely continuation from previous tokens, conditioned on
a high-dimensional embedding space. While this allows them to mimic many
forms of human language use, it presents several shortcomings in modeling deep
analogy:

« Shallow Relational Understanding: LLMs can echo analogies like “life is a
journey,” but they cannot internally model the structural mapping between
domains. They lack persistent representations of how stages of life
correspond to stages of a journey.

o Metaphor as Memorized Pattern: Rather than dynamically constructing new
metaphors, LLMs often reproduce known ones from training data. They
cannot reason through novel analogical relationships with internal
consistency.

« Inability to Generalize Across Conceptual Domains: LLMs struggle to apply
insights from one domain (e.g., architecture) to another (e.g., emotional
life) unless such cross-mappings already appear in the data. There is no
internal mechanism for building the bridge—a hallmark of human creativity.
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These limitations arise because current models lack a relational infrastructure—a
way of encoding and manipulating how concepts relate, not just what they
statistically co-occur with. This is precisely what category theory provides.

9.2 Hybrid Models: Symbolic Logic + Embeddings + Category Structures

To overcome these shortcomings, we propose a hybrid architecture that
integrates:

1. Embeddings: For lexical fluency, similarity detection, and probabilistic
sampling.

2. Symbolic Logic: For rule-based reasoning, compositionality, and structured
inference.

3. Category-Theoretic Models: For transformational structure, analogy
construction, and cross-domain mapping.

In such a model, embeddings could still drive language fluency and stylistic
variation, while symbolic structures enforce grammatical and logical constraints.
Most crucially, category structures would represent the deep relationships
between concepts, allowing for:

« Internal metaphor generation based on functorial mappings.
« Structural analogy inference between seemingly unrelated domains.

« Preservation of meaning across transformations, making reasoning
interpretable and transparent.

Such a system would not just generate plausible text, but offer explanations for
why certain ideas go together, how a metaphor was formed, or how two
knowledge domains align.
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9.3 Toward Functor-Driven Metaphor Generation and Analogical Reasoning

A primary benefit of embedding category theory in Al is the potential to move
beyond shallow pattern matching toward generative analogy and metaphor as
first-class operations.

« Functor-driven metaphor generation allows Al to model one domain (e.g.,
ecosystems) and map its structure into another (e.g., economic systems),
producing meaningful metaphors like “currency flows as rivers through a
forest of trade.”

« Analogical reasoning becomes a process of structure preservation rather
than associative recall. If a model knows how “a root supports a tree,” it can
map that to “a belief supports an identity,” constructing analogies not
memorized but derived through structural mapping.

» By treating metaphor not as statistical anomaly but as structural alignment,
Al gains the ability to create original insights and explain them coherently.

This opens the door to models that do more than imitate human language—they
begin to think symbolically and relationally, a major step toward general
intelligence.

9.4 Category Theory for Explainable Al: Interpretable Transformation Chains

Another critical area where category theory can contribute is in the realm of
explainable Al (XAl). Current neural models are often described as “black boxes” —
they produce outputs without interpretable reasons. This limits trust,
transparency, and accountability in high-stakes applications.

Category theory introduces commutative diagrams, which can visually and
logically represent:

« How a decision was made,
o What conceptual transformations were involved,

o Whether the result could have been reached by other, equivalent paths.
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For example:

o An Al model diagnosing medical conditions could show how it mapped

symptoms = syndromes - diagnosis using structure-preserving

transformations.

« A creative writing tool could display the morphisms that linked character

arcs in

a story to mythological templates, enhancing author control and

interpretability.

This transforms Al from a black box into a glass box—one where internal

reasoning is not only visible but formally valid and structurally transparent.

9.5 Applications: Creative Writing, Therapy Bots, Cross-Domain Innovation Engines

Integrating category-theoretic and topos-theoretic principles into Al systems

enables a broad range of applications:

o Creative Writing Assistants:

o

Generate metaphors, analogies, and story arcs with structural
coherence.

Suggest alternative formulations by transforming narrative structures.

Offer real-time insight into how story elements relate through
functorial mappings.

o Therapy Bots:

o

Use metaphors from architecture, weather, or nature to reframe
emotional experiences.

Assist users in understanding grief, anxiety, or transformation through
structured analogies.

Allow patients to shift “conceptual topoi” (e.g., moving from a clinical
frame to a personal or spiritual one).
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e Cross-Domain Innovation Engines:

o ldentify deep similarities between disparate fields (e.g., cell signaling
and traffic flow).

o Facilitate invention by transferring structures across topoi.

o Model scientific creativity, policy transfer, or technological
convergence through functorial alignment.

These systems would not just generate text or perform tasks—they would
embody cognitive processes traditionally reserved for humans: analogy,
abstraction, reinterpretation, and synthesis.

Conclusion to Section 9:

The application of category theory to Al represents a profound shift—from
systems that mimic human speech to systems that can reason, create, and explain
in ways that mirror the relational and symbolic depth of the human mind. As we
move toward more capable and conscious forms of artificial cognition, the need
for structured, interpretable, and context-sensitive frameworks will only grow.
Category theory and topos theory offer exactly this kind of framework—one in
which meaning is not merely predicted but understood, not just produced but
transformed.

10. Implications for Cognitive Science and Philosophy of Language

The application of category theory and topos theory to language and thought
offers not only a new architecture for artificial intelligence, but also a powerful
reconceptualization of how the human mind works. In this section, we examine
the implications of this theoretical shift for cognitive science—which seeks to
understand the mechanisms of thought—and for the philosophy of language,
which seeks to understand the nature of meaning, reference, and interpretation.
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Together, these disciplines have long operated under paradigms of static
representation, propositional logic, and truth-conditional semantics. Category-
theoretic insights offer an alternative: a model of cognition based on
transformation, structure-mapping, and contextual logic, with profound
implications for understanding how humans reason, create, and share meaning.

10.1 Cognition as Transformation, Not Static Representation

Much of traditional cognitive science has treated mental processes as
manipulations of static representations. Concepts are imagined as symbolic tokens
stored in memory and retrieved or rearranged through rule-based operations. This
view mirrors early symbolic Al and has been useful in modeling basic logic,
planning, and decision-making.

However, it fails to account for:
o The fluidity of meaning in natural language.
o The contextual reinterpretation of concepts.
« The generative nature of metaphor, analogy, and creativity.

Category theory offers a different lens: cognition is not static storage, but
transformational flow. Concepts are defined by their relationships to other
concepts and by how they change over time, across domains, or through context.

In this model:
o« Memory becomes a network of morphisms, not isolated tokens.

« Understanding is modeled as the ability to map structures from one domain
into another.

« Learning is seen as the acquisition of new transformations, not just new
labels.
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This reorientation—from representation to transformation—better fits the lived
reality of human thought, where meanings shift and evolve dynamically rather
than remaining fixed.

10.2 Reframing Creativity as Structure-Mapping

Creativity is often seen as the capacity to generate novel combinations of ideas.
But when viewed through the lens of category theory, creativity becomes more
than juxtaposition—it is the act of mapping structure across domains, preserving
relationships while revealing new forms.

This aligns with:
o Metaphor and analogy in language.
o Cross-domain innovation in science and engineering.
o Symbolic fusion in art and religion.

Category theory provides a formal mechanism for this: the functor. A functor is a
structure-preserving map between two categories. In cognitive terms, this is the
mental act of recognizing that the relational structure of one concept mirrors that
of another, even if the domains appear unrelated on the surface.

Examples:

“Life is a journey”: maps birth - death to start - finish, challenges to
obstacles, goals to destinations.

“Time is money”: maps resource management structures from finance onto
temporal experience.

This view recasts the creative act as an exercise in alighment and transformation,
not randomness or brute-force search. It also suggests that some metaphors and
insights are more powerful because they are deeply functorial —they preserve not
just vocabulary, but conceptual logic.
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10.3 Human Reasoning Across Topoi: Ethics, Aesthetics, Logic

One of the most profound implications of topos theory is the idea that multiple
internal logics can coexist. This resonates with the fact that humans regularly
navigate between different conceptual systems, such as:

« Ethical reasoning, which often relies on intuition, moral axioms, and
emotional empathy.

o Aesthetic judgment, which values harmony, resonance, and symbolic depth.

o Formal logic, which prioritizes consistency, deduction, and non-
contradiction.

These domains are governed by different standards of truth, different objects of
concern, and different modes of justification. Yet human beings routinely move
between them, interpreting language, events, and ideas in light of contextual
logic.

Topos theory allows us to formalize this:
o Each domain is a topos with its own internal logic.

o Asingle concept (e.g., “freedom”) may be interpreted differently in the legal
topos, the poetic topos, and the theological topos.

« Shifting between these interpretations involves morphisms between
topoi—conceptual transitions that preserve or reinterpret structure
according to local logic.

Understanding reasoning as movement between topoi offers new insights into
multidimensional cognition—how humans tolerate contradiction, adapt their
language to setting, and resolve ambiguity not by eliminating it, but by
recontextualizing it.
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10.4 The “Functorial Mind” Hypothesis

Based on the insights above, we can propose a speculative but compelling

hypothesis: that the human mind operates as a functorial engine. In this view:

The mind continually maps between conceptual categories (emotional,
sensory, symbolic, practical).

Learning consists of expanding the number and variety of meaningful
functors—ways to connect ideas across domains.

Intelligence is measured not by memory or deduction alone, but by the
ability to translate structure between domains, tasks, or perspectives.

This “Functorial Mind” hypothesis reframes cognitive development as the

internalization of inter-domain mappings:

A child learning metaphor (“the moon is a face”) begins to grasp relational
similarity.

A scientist making a breakthrough often does so by aligning structures
between physics and mathematics.

A therapist helps a patient reframe trauma by mapping their experience
onto a new symbolic framework (e.g., “you are rebuilding your
foundation”).

In this light, the mind becomes less a container of facts and more an orchestrator

of transformations—an ongoing interpreter of structure, context, and analogy.

10.5 Emergence of Shared Meaning Across Different Mental Models

One of the greatest challenges in philosophy of language and cognitive science is

the problem of intersubjectivity: how can different people, with different

experiences and mental models, arrive at a shared understanding of meaning?
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This problem is compounded in a world where:
o Cultural contexts vary.
« Interpretations differ.
o Words carry multiple meanings.

Topos theory offers a way to model this situation mathematically. Each person or
culture may be said to inhabit a distinct topos, a world of meaning with its own
internal logic. Communication across these worlds requires:

« ldentifying structural overlaps (shared concepts, moral intuitions, sensory
experiences),

« Building functors between topoi (translating meanings from one worldview
to another),

» Accepting that not all meaning is translatable, and that partial alignment
may still enable cooperation.

This framework respects the diversity of conceptual worlds, while offering a path
toward structured understanding. It also allows us to model ambiguity, polysemy,
and interpretive negotiation—features that are central to real-world language use,
but poorly captured by traditional semantics.

The emergence of shared meaning, then, is not a binary achievement but a
gradual, functorial alignment—a process of harmonizing structure across mental
models without requiring total agreement on content.

Conclusion to Section 10:

Category theory and topos theory do not merely offer new tools for Al—they
suggest a new cognitive architecture for how meaning works in the human mind.
They replace the metaphor of the mind as a computer with the metaphor of the
mind as a translator of structure. In this view, meaning is neither fixed nor
relative—it is emergent, contextual, and transformational. Theories of creativity,
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understanding, and communication must evolve to reflect this fluidity. The
mathematics of categories and topoi provide the scaffolding for that evolution.

11. Conclusion

The journey of this paper has traced a path from simple combinatorial models of
language—based on tuples and permutations—toward a more sophisticated,
relational, and transformational understanding of meaning. We have shown that
the emergent richness of human thought cannot be fully captured by statistical
sampling or brute-force enumeration of word sequences. Instead, it requires a
framework that can model relationships, context, transformation, and cross-
domain analogy.

Category theory and its extension, topos theory, offer precisely this: a formal
language for mapping how meaning changes, why certain metaphors resonate,
and how structures from different conceptual worlds can be related without
distortion.
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11.1 Summary of Key Contrasts: Tuples vs. Functors, Randomness vs. Structure

At the core of this paper is a contrast between two modes of generating and

interpreting meaning:

Feature

Tuple-Based Models

Unit of Analysis Words/sequences (n-grams)

Mechanism

Meaning
Emergence

Metaphor

Creativity

Limitation

While tuple-based models have enabled great progress in generative language,
they fall short when tasked with interpreting, transforming, or generating deep

Enumeration, permutation,
statistical weighting

Frequency and co-occurrence

Pattern-matched or memorized

Stochastic recombination

Surface-level fluency

Category-Theoretic Models

Concepts and relationships
(objects and morphisms)

Structure-preserving
transformation (functors)

Relational mapping and
contextual transformation

Systematically derived across
domains

Cross-domain structural
alignment

Currently under-integrated into

Al pipelines

conceptual structure. Category theory, in contrast, is uniquely suited for modeling

how ideas relate and how meaning shifts coherently between domains.

11.2 Promise of Category Theory and Topoi for Future Models of Thought

Category theory and topos theory are not merely mathematical tools—they are

cognitive frameworks. They offer an account of thought that emphasizes:
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« Structure over selection: understanding emerges not from choosing the
right item, but from mapping the right relationship.

» Transformation over representation: knowledge evolves not by
accumulating facts, but by changing perspectives.

o Contextual logic: meaning depends on internal rules that vary across
domains, cultures, or even psychological states.

This shift has enormous potential for Al, education, psychology, and philosophy. It
allows us to:

o Build systems that reason across analogical domains.

o Model creativity as composable transformations.

o Formalize cross-cultural translation and multi-perspective dialogue.

» Support context-sensitive meaning-making in both machines and humans.

Topos theory, in particular, extends this power by introducing internal logic into
each conceptual world. This opens a path toward modeling not only what we
think, but how different systems think differently—and how those systems can be
brought into dialogue.

11.3 Practical and Philosophical Implications
The practical implications of this framework are far-reaching:

« Inartificial intelligence, it enables the design of models that generate
metaphors, analogies, and contextually rich interpretations—not by chance,
but by structure-aware computation.

« Increative fields, it offers a blueprint for designing systems that can explore
and invent in ways that resemble human symbolic thought, aiding artists,
writers, and designers.

« In cognitive science, it reframes the mind as a functorial engine, explaining
the unity and diversity of thought processes across domains and individuals.
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In philosophy of language, it provides a middle path between rigid
formalism and radical relativism, showing that meaning can be both
structured and dynamic—dependent on context, yet transformable through
coherent rules.

This perspective encourages us to think of meaning not as a fixed object or a

probabilistic cloud, but as a bridgeable system of evolving relationships.

11.4 Future Directions: Simulation, Al Integration, and Human-Al Collaboration

Looking forward, several avenues of development present themselves:

1.

Simulation of Functorial Cognition: Build experimental systems that model
metaphor and analogy using actual category-theoretic architectures. These
could start with constrained domains (e.g., physics = finance analogies)
and gradually scale.

. Hybrid Al Architectures: Combine neural embeddings with symbolic

structures and category maps to create models that can both generate and
explain novel insights.

Interpretable Reasoning Engines: Use commutative diagrams and topos-
internal logic to trace Al decision paths, making systems transparent,
accountable, and easier to trust in sensitive domains like law, medicine, and
education.

Cognitive Augmentation: Create tools that assist human users in discovering
deep analogies, reframing problems, or composing cross-domain ideas—
effectively multiplying human creativity with structurally aware Al.

Ethical and Epistemic Dialogue Models: Use topos theory to formalize how
different belief systems (scientific, religious, aesthetic) can interact without
collapsing into conflict, supporting pluralistic reasoning at scale.

Ultimately, the fusion of category theory and intelligent systems promises a shift

from generating strings to navigating structures of meaning. This offers a new
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paradigm—one where Al is not just a language model, but a conceptual
collaborator; not just a tool for expression, but a partner in understanding.

Final Reflection

We began with a question: can a tuple of random words ever truly mean
something? Our answer is yes—but only when that tuple participates in a larger
web of relationships, structured by intention, transformed by context, and
illuminated by analogy. Tuples become meaningful when they are mapped, not
merely when they are assembled.

The promise of category theory is to formalize this mapping, and the promise of
topos theory is to do so in a way that honors diversity of logic, context, and
perspective. Together, they may not only change how we build machines—but
how we understand ourselves.
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