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Logostics uses the compact arrow q(t) -> tau(t) to name a recognizable phenomenon: a learning
system’s state q(t) changes over time until it becomes aligned with a target structure tau(t). The
phrase is intentionally “slogan-dense”: it carries a claim about lawful becoming (not mere drift),
about objective structure (not only preferences), and about convergence (not only motion). Yet
as stated, q(t) -> tau(t) is not automatically a functor in the standard sense; it becomes
mathematically precise only after we declare what “time” is, what kind of objects q(t) and tau(t)
are, and what it means to “preserve structure” during learning. This paper supplies that
precision while preserving the spirit of the Logostics framing. We show that time-indexed
learning trajectories can be represented as functors Q, Tau : T -> C from an ordered time
category T into an appropriate state category C, and that alignment can be captured as a natural
transformation eta : Q => Tau, augmented by explicit convergence conditions. This approach
clarifies what is metaphor and what is mechanism, separates “alignment as structure-respecting
mapping” from “alignment as distance minimization,” and yields a portable formal vocabulary
for analog, continuous, and hybrid learning systems that aim to embed abstract algebra in
physical dynamics.
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1. Motivation and Scope

1.1 Why formalize q(t) -> tau(t)

The expression q(t) -> tau(t) functions effectively as a conceptual compression: it names a
phenomenon that is intuitively recognizable across disciplines, from learning theory to control
systems to philosophical accounts of understanding. A system begins in a state q(t), is subject to
lawful transformation, and over time aligns with, approaches, or becomes constrained by a
target structure tau(t). Left informal, however, the arrow risks doing too much work. It can be
read as metaphor, aspiration, optimization, belief revision, or metaphysical claim, depending on
the reader. Formalization is not introduced to strip the expression of meaning, but to stabilize it.
By specifying what “time,” “state,” and “alignment” mean, we turn a suggestive slogan into a
disciplined claim that can be compared across systems, audited for internal coherence, and
extended without semantic drift. Formalization also allows disagreement to become productive:
critics can point to violated assumptions or missing structure rather than rejecting the idea

wholesale.

1.2 What “functorial” should and should not mean here

Calling q(t) -> tau(t) “functorial” should not mean that the arrow itself is a functor, nor that
every learning process secretly instantiates category theory. Instead, “functorial” names a
specific discipline: time is treated as an ordered structure, states live in a category C, and
evolution respects composition and identity. Functoriality enforces coherence across time, not
metaphysical grandeur. Equally important are the limits. Functorial language should not be used
as decorative abstraction, nor as a claim that convergence implies truth, goodness, or semantic
grounding. The formalism captures structure preservation and lawful evolution; it does not by
itself certify meaning, correctness, or ethical alignment. In this sense, functoriality is a
constraint, not an elevation.

1.3 Deliverable: a minimal formal core plus optional enrichments

The goal of this paper is to deliver a minimal core that can be stated succinctly: learning
trajectories are functors Q, Tau : T -> C, and alignment is expressed as a natural transformation
between them, optionally augmented by convergence structure. Everything beyond this is
explicitly optional. Metrics, divergences, enriched categories, monoidal structure, and physical
realizations are introduced only as extensions that answer specific questions. This layered
approach allows readers to stop at the level appropriate to their use case while preserving a
shared formal backbone.

1.4 Guardrails: separating metaphor from mathematics without sterilizing insight

A recurring risk in interdisciplinary work is oscillation between over-poetic vagueness and over-
technical sterilization. The guardrail adopted here is explicit marking: when a claim is formal, its
assumptions are stated; when it is metaphorical, it is labeled as such. Metaphor is treated as a



generator of hypotheses, not as a substitute for structure. Conversely, mathematics is treated as
a clarifying instrument, not an authority that settles questions of meaning. This separation
preserves insight while preventing category errors, allowing Logostics to remain expressive
without becoming unfalsifiable.

2. The Logostics Primitive: Interpreting q(t) and tau(t)

2.1 q(t) as model-state: parameters, beliefs, policies, or embodied states

In Logostics, q(t) is deliberately typed loosely: it is “whatever the learner is, at time t.” That
looseness is a strength, but only if we name the legitimate instantiations so the arrow q(t) ->
tau(t) does not become a free-floating metaphor. The most common concrete readings fall into
four families.

First, q(t) can be a parameter-state. Here q(t) is a point in a parameter space, such as weights in
a neural network, coefficients in a regression, or gains in a controller. The evolution in time is
then an update rule (continuous or discrete) that moves those parameters in response to data,
gradients, constraints, or feedback.

Second, q(t) can be a belief-state. In this reading, q(t) represents an epistemic configuration: a
posterior distribution, a set of hypotheses with weights, a credence assignment over
propositions, or a structured world model. The “learning” is then belief revision, Bayesian
updating, or constraint satisfaction. Importantly, this reading shifts attention from mere
parameter motion to the content and structure of what is believed.

Third, g(t) can be a policy-state. Here q(t) encodes how an agent acts: a policy in reinforcement
learning, a strategy in a game, a decision rule, or an action-selection mechanism. Time evolution
corresponds to policy improvement, exploration-exploitation dynamics, or adaptation under
feedback. This reading foregrounds agency: q(t) is not just an internal representation but an
operational stance toward a world.

Fourth, g(t) can be an embodied state. This is essential for the “physical realization of learning”
intuition. g(t) might include internal variables plus physical configuration: sensor states,
actuator states, hardware conditions, analog voltages, oscillator phases, or other physical
degrees of freedom that participate in computation. In this view, q(t) is not merely a description
of computation; it is the computation as realized in matter and time.

Across all four families, the discipline is the same: q(t) must be an element (or object) of some
declared state space, and its evolution must be describable as lawful transitions. Without that,
g(t) becomes only a narrative placeholder.



2.2 tau(t) as target: data-generating structure, constraint manifold, or living truth proxy

If q(t) is “what the learner is,” tau(t) is “what the learner is trying to align to.” In standard
machine learning, it is tempting to treat tau(t) as fixed: the ground-truth labels, the data
distribution, the objective function, the reward signal. Logostics typically assigns tau(t) a richer
role: not merely a target value, but a target structure, sometimes explicitly time-dependent.

One conservative reading is tau(t) as data-generating structure. Tau(t) stands for the world-side
regularities that generate observations: a latent causal model, a distribution family, or a
structured environment. Under this reading, alignment means q(t) increasingly captures
compressions that predict and generalize, not just fit. Tau(t) can change if the environment is
nonstationary, adversarial, seasonal, or historically evolving.

A second reading is tau(t) as a constraint manifold. Here tau(t) names the set of admissible
states: invariants, symmetries, conservation-like constraints, safety boundaries, or physically
realizable regimes. Alignment is then a reduction of degrees of freedom: the learner’s state
becomes confined to a lawful subspace. This reading connects naturally to analog and physical
learning: matter itself enforces constraints, and “learning” can be reinterpreted as becoming
constrained in the right way.

A third, explicitly Logostics-flavored reading is tau(t) as a living truth proxy. This does not need
to be a theological assertion to be mathematically meaningful. It can mean: tau(t) is a
normative or semantic attractor that is not fully reducible to a fixed dataset or a fixed loss.
Tau(t) might represent a moving boundary condition: an evolving specification, a moral slope, a
calibration standard, a community-defined canon, or an externally anchored reference that the
system must continue to track as conditions change. The key is not the metaphysical status of
tau(t), but the methodological commitment that tau(t) is not identical to q(t) and is not
arbitrarily chosen at each moment to excuse drift.

In all three readings, tau(t) must be treated as an object with structure, not merely a number.
Otherwise, alignment collapses into trivial optimization rhetoric.

2.3 The arrow “->” as claim: mapping, refinement, or convergence

The arrow in q(t) -> tau(t) is the most overloaded symbol in the entire framework. Formalization
begins by refusing to let it mean everything at once. In practice, the arrow usually intends one
(or a composition) of three claims.

First, the arrow can mean mapping. There exists, for each time t, a map that interprets the
learner’s state as a candidate representation of the target: an encoding, a decoding, a
measurement map, a projection, a semantic interpretation, or a correspondence. In categorical
language, this becomes a family of morphisms indexed by time, often constrained by



commutativity with the time-evolution maps. This reading emphasizes structure preservation:
not “q equals tau,” but “gq can be transported into the same structural arena as tau.”

Second, the arrow can mean refinement. The learner is not simply approaching a point; it is
becoming more structured, less ambiguous, more constrained, or more faithful under some
partial order of adequacy. Refinement is compatible with cases where tau(t) is not fully
knowable, and where learning proceeds by tightening constraints and ruling out error classes.
This reading is often closer to scientific practice: models improve by restricting the space of
plausible explanations.

Third, the arrow can mean convergence. There exists a notion of discrepancy, divergence, or
distance such that the discrepancy between q(t) and tau(t) decreases with time and ideally
tends to zero (or stabilizes below tolerance). Convergence can be literal (a metric limit),
statistical (in probability), or structural (eventual satisfaction of invariants). The important move
is that convergence is not assumed; it is an added claim that requires added structure.

Logostics gains power by allowing these readings to be distinguished rather than conflated. A
system can have a mapping without convergence (it can “talk about tau” without becoming
tau). It can show refinement without a clean metric (getting better without a single scalar
yardstick). It can converge in loss while failing mapping or refinement (fitting without truth, or
optimizing without structure preservation). The arrow should be read with these distinctions in
mind.

2.4 What must be assumed for the arrow to be meaningful

To keep q(t) -> tau(t) from becoming purely rhetorical, a minimal assumption package must be
declared. These assumptions are intentionally modest, but they are non-negotiable if the arrow
is to carry mathematical content.

First, time must be structured. Whether time is discrete or continuous, it must at least support
an order notion (earlier/later) and a composition notion (going from t to s to u equals going
from t to u). This is what permits “evolution” to be more than a list of snapshots.

Second, q(t) and tau(t) must live in a state category C, or at minimum in state spaces whose
admissible transformations are specified. One cannot speak of structure preservation without
specifying what counts as structure and what counts as a structure-preserving map.

Third, evolution laws must be stated. There must be transition maps (or a flow) that carry q(t) to
d(s) and tau(t) to tau(s) for t <='s. Without evolution structure, the arrow reduces to a pointwise
comparison with no coherence across time.

Fourth, the alignment relation must be typed. The arrow must indicate whether it is a family of
maps, a refinement relation, a convergence relation, or a structured combination. If



convergence is claimed, the discrepancy notion must be stated. If mapping is claimed, the
mapping must respect the chosen structure. If refinement is claimed, the refinement order
must be stated.

Fifth, nontriviality must be protected. If tau(t) is defined as “whatever q(t) currently is,” the
arrow becomes tautological. If the discrepancy measure is chosen after the fact to declare
success, the arrow becomes unfalsifiable. A meaningful arrow requires that tau(t) and the
evaluation of alignment be anchored externally: by data, by invariants, by constraints, by
independently specified targets, or by audit rules that prevent post-hoc redefinition.

With these assumptions in place, q(t) -> tau(t) can be treated as a compact label for a
disciplined program: define time, define state, define lawful evolution, define alignment type,
and then state what success means without retrofitting the goal to the trajectory. That is the
point at which the Logostics primitive becomes a portable mathematical object rather than a
poetic gesture.

3. Time as a Category

3.1 The thin category T = (R,<=) and the discrete alternative T = (N,<=)

To make g(t) and tau(t) more than a sequence of snapshots, Logostics treats “time” as a piece of
structure rather than a background noun. The minimal structure needed is an order that lets us

say “this comes before that,” plus a notion of composition that lets us say “going from t to s and
then s to u is the same as going from t to u.” Category theory packages exactly that.

The most direct choice is the thin category T = (R,<=). Its objects are real times tin R. There is a
morphism t -> s precisely when t <= s. Because it is thin, there is at most one morphism
between any two objects, which means the category is essentially an ordered set presented as a
category. This is ideal for continuous-time dynamics: it captures the directionality of time (no
backwards arrows unless you explicitly add them) and supports compositional reasoning
without committing to any particular differential equation.

The discrete alternative is T = (N,<=). Here objects are integers k in N, interpreted as step
counts, updates, iterations, or epochs. Again there is a morphism k -> | iff k <= I. This is ideal for
iterative training: “one more step” is canonical, and the category expresses the cumulative
effect of repeated updates. In practice, many systems blend these: a continuous physical
process is sampled into discrete updates, or a discrete algorithm is executed on hardware with
continuous-time noise and drift.



The key point is that T is not chosen to be fancy; it is chosen to force clarity about what “t” is.
Once T is declared, the phrase “as time increases” stops being rhetorical and becomes a
statement about morphisms in a fixed structure.

3.2 Morphisms as “time-elapse” and why thinness matters

In these time categories, a morphism t -> s is not an “event” and not a “cause.” It is the abstract
record of allowable temporal progression: time-elapse. If t <='s, then “you may speak of the
system evolving from t to s.” This is intentionally minimalist.

Thinness matters because it prevents the time structure from smuggling in extra degrees of
freedom. In a thin category, there is at most one morphism t -> s, so you cannot encode
multiple distinct “ways” to get from t to s inside time itself. All the richness must live in the state
category C and in the functors Q, Tau : T-> C. This is a feature, not a limitation. It keeps the time
scaffold neutral, so that disagreements about learning live where they belong: in the dynamics
and the structures being preserved, not in arbitrary choices of temporal paths.

Thinness also enforces a very useful audit property: if you have evolution maps Q(t->s) and Q(s-
>u), then the functor law requires Q(t->u) = Q(s->u) o Q(t->s). In plain terms: “one long step
equals the composition of shorter steps.” If your model of learning cannot satisfy that
coherence condition (even approximately, given noise), you learn something important: either
your time index is wrong, your state representation is incomplete, or your update rule is not
describing a consistent evolution.

Finally, thin time categories align with the Logostics intention to avoid equating “time” with
“explanation.” Time is not why something happens; time is the coordinate along which the
lawful change is tracked.

3.3 Continuous-time versus sampled-time formalisms
The choice between T = (R,<=) and T = (N,<=) is not merely aesthetic; it changes what kinds of
statements are natural and what kinds of evidence can be attached.

In continuous-time formalisms, Q : (R,<=) -> C is a trajectory that assigns a state object Q(t) to
every real time t, together with evolution morphisms Q(t<=s) that represent the effect of letting
the system run from t to s. This aligns well with physical systems, analog computation, and
dynamical systems language. It also supports statements about stability and smoothness at the
conceptual level, even if Cis not a category of smooth objects. Continuous time is also the right
default when tau(t) itself is meant to represent a moving target: a drifting environment, an
evolving specification, or an external reference that changes continuously.

In sampled-time formalisms, Q : (N,<=) -> C emphasizes discrete updates: parameter steps,
gradient iterations, policy updates, or periodic recalibrations. This aligns with training logs,
checkpoints, and data batches. It supports statements like “after k steps the divergence
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decreases” or “the update map composes coherently across epochs.” It also makes explicit the
difference between what happens “between updates” (often hidden in practice) and what is
recorded as state transitions.

A mature Logostics treatment usually needs both. The same system may be continuous in its
physical substrate and discrete in its measurement and control. The right way to reconcile them
is not to argue which is “true,” but to state the relationship: sampling, discretization, or
embedding. Conceptually, you can view sampled time as a functor from (N,<=) into (R,<=)
selecting measurement times, or view continuous time as the underlying process of which
discrete updates are a coarse-graining. Either way, the formalism helps prevent category errors
like calling an iteration count a physical time, or treating wall-clock time as though it measures
“learning progress” uniformly.

3.4 Practical note: where physical clocks enter and where they should not
A recurring confusion in learning discussions is the silent substitution of one meaning of time
for another. Logostics benefits from a strict separation between at least three notions:

First is index time: the t in q(t). This is the parameter of the formal trajectory. It can be R-time,
N-steps, or any ordered indexing you declare. Its job is to support compositional evolution.

Second is physical time: wall-clock seconds on a device. This matters for implementation,
resource costs, drift, thermal effects, latency, and noise. Physical time is essential when you care
about “physical realization of learning,” but it does not automatically coincide with index time.
Ten seconds of computation can correspond to vastly different numbers of updates depending
on hardware and load. Conversely, one gradient step can take wildly different wall-clock time
depending on batch size and parallelism.

Third is semantic time: the progression of informational assimilation, conceptual refinement, or
alignment quality. This is not a clock at all; it is what people often implicitly mean when they say
“the model learned over time.” Semantic time may correlate with steps or seconds, but it is
neither identical to them nor guaranteed to be monotone in them.

The practical discipline is: use physical clocks where they belong (costs, stability, hardware
coupling), but do not let them masquerade as the formal time category unless you explicitly
model the coupling. For most theoretical statements, T should be an abstract order capturing
the progression variable relevant to the claim (steps for algorithmic convergence, real time for
physical flows, or an explicitly defined schedule for nonuniform updates). When you do need
physical clocks, bring them in as additional structure: a map from index time to wall-clock time,
or a parameterization that records variable step durations. This keeps the paper’s main claims
stable while still allowing physically grounded extensions later.
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In short: time-as-category gives Logostics a clean backbone. It lets g(t) and tau(t) be treated as
coherent evolutions rather than poetic timelines, while keeping the door open for physical
realism without confusing “seconds” with “understanding.”

4. Trajectories as Functors Q, Tau : T->C

4.1 Choosing the state category C: Set, Top, Vect, Man, Prob, Rel

Once time has been given categorical structure T, the next decision is where the states “live.” In
Logostics, this choice is not decoration. The state category C determines what counts as a
legitimate state, what counts as a legitimate transformation, and what “structure preservation”
can even mean.

If C = Set, a state is just an element of a set (or more generally an object in Set), and morphisms
are functions. This is the leanest starting point. It supports the idea that a system has states and
that evolution moves states forward. But Set carries almost no geometry, continuity, or metric.

n ”n u

If you later want to talk about “small changes,” “continuity,” “stability,” or “convergence,” you

will have to add that structure externally.

If C = Top, objects are topological spaces and morphisms are continuous maps. This is the
smallest step that makes “continuity” literal rather than metaphorical. It matches the intuition
that learning often behaves smoothly (until it does not), and it supports robust notions of
“nearby” states. Top is also a natural bridge to physical realization because analog systems come
with topology almost for free: neighborhoods, perturbations, and continuity are real
constraints.

If C = Vect (or a related linear category), objects are vector spaces and morphisms are linear
maps. This is ideal when q(t) is represented linearly (embeddings, feature spaces, linear
controllers) or when local linearization is part of the story. It makes “structure” crisp: linear
structure, subspaces, rank, projections, invariants under transformations. But it also bakes in a
strong assumption: that the relevant transformations are meaningfully linear (globally or
locally).

If C = Man, objects are manifolds and morphisms are smooth maps. This is a direct expression of
the “tau manifold” language: tau(t) can literally be a manifold (or a submanifold) and q(t) can be
a moving point, distribution, or section over it. Man is powerful, but it is also demanding: it
presumes differentiability and a geometric model that may not be justified for all learners,
especially symbolic, discrete, or hybrid systems.

If C = Prob (there are several reasonable formalizations), objects are probability spaces,
measures, or distributions, and morphisms are measure-preserving maps, Markov kernels, or
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stochastic maps. This fits the belief-state reading of g(t) and the data-generating reading of
tau(t). It lets “alignment” mean something like calibration, posterior contraction, or reduction of
uncertainty in a structure-respecting way. Prob also makes explicit that learning often proceeds
under uncertainty rather than moving deterministically through a state space.

If C = Rel, objects are sets and morphisms are relations rather than functions. Rel is useful when
“mapping” is partial, non-deterministic, or many-to-many. That matters when alignment is
ambiguous, underdetermined, or intentionally plural (multiple representations may correspond
to the same target feature). Rel is also a good home for constraint satisfaction views: alignment
is not “compute a unique answer” but “satisfy a relation” that tightens over time.

A key Logostics discipline is to treat the choice of C as a declaration of what is being claimed. If
you pick Set but speak as though you have geometry, you are smuggling. If you pick Man but
your system is discontinuous by design, you are romanticizing. The framework remains flexible
precisely because it forces you to say which structure you are preserving and which structure
you are not claiming.

4.2 Functorial meaning of “evolution”: Q(t<=s) : Q(t) -> Q(s)
A trajectory as a functor is a compact way to say: states are indexed by time, and there is a
lawful, composable notion of moving forward in time.

Formally, a trajectory is a functor Q : T -> C. This entails two assignments.

First, for every time object t in T, the functor assigns an object Q(t) in C. This is the “state at time
t” Depending on C, Q(t) could be a set of admissible configurations, a topological space of
states, a vector space of representations, a probability distribution, or something richer.

Second, for every morphism (t<=s) in T, the functor assigns a morphism Q(t<=s) : Q(t) -> Q(s) in
C. This is the “evolution map” from time t to time s. It is intentionally abstract: it might be the
result of running the system for duration (s-t), applying (s-t) units of training, applying (s-t)
update steps, or performing the physical relaxation of an analog medium.

The same holds for Tau : T -> C, which packages the evolution of the target. Tau(t) is “what tau is
at time t” in the same categorical sense: it may drift, sharpen, move, or remain fixed. A fixed
target is simply the special case where Tau(t) is constant (and Tau(t<=s) is the identity structure
carried through time).

This functorial packaging is the point at which “q(t) changes over time” becomes more than a
phrase. It becomes a typed set of objects and arrows with constraints that must hold. Those
constraints are what give the formalism teeth.
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4.3 What functor laws buy you: compositionality and auditability
A functor must respect identities and composition. These two laws look small, but they carry
most of the practical value.

The identity law says: Q(t<=t) is id_{Q(t)}. In ordinary language: “doing nothing in time does
nothing to the state.” This prevents hidden side effects from being disguised as “time passing.”

The composition law says: for t<=s<=u, Q(t<=u) = Q(s<=u) o Q(t<=s). In ordinary language:
“evolving from t to u is the same as evolving from t to s and then from s to u.” This is the
backbone of coherent time evolution. It forbids narratives where the system’s state depends on
how you partition the interval, unless that dependence is made explicit by enlarging the state to
include the missing information.

These laws buy you compositionality: you can build long-horizon claims out of short-horizon
pieces. That is not merely convenient; it is the foundation of scalable reasoning. If you can only
describe your learner at isolated snapshots, you cannot compare interventions, insert
checkpoints, or compose subsystems without ambiguity.

They also buy you auditability. A large portion of confusion in real learning systems comes from
mismatched accounts of what happened: which updates occurred, in what order, with what
state carried forward. Functoriality demands a consistent story. If you log states at times
tO<t1<...<tn, the functor law provides a check: the claimed long-step map from t0 to tn should
match the composition of the logged step maps. When it does not, you learn something
concrete: either the logging is incomplete, the state representation is missing variables, the
update is not well-defined, or the system is being perturbed by unmodeled influences.

In Logostics terms, functor laws also enforce a kind of humility. They prevent you from claiming
“lawful reduction of divergence” while allowing the system'’s evolution to be defined ad hoc at
each interval. If the evolution is lawful, it must compose.

4.4 When functoriality fails and what that teaches about the system

Not every real system is functorial under a naive choice of time index and state category. That is
not a refutation of the approach. It is diagnostic. Failure of functoriality is often the quickest way
to identify what you forgot to model.

One common failure is hidden state. Suppose you model q(t) as “parameters only,” but training
depends on optimizer momentum, adaptive learning rates, replay buffers, random seeds,
temperature, or hardware state. Then the map from Q(t) to Q(s) is not actually a function of
parameters alone. You will see apparent violations of composition: the “same” parameters at
time t can evolve differently depending on the untracked hidden variables. The fix is not to
abandon functoriality; the fix is to enlarge the state so that evolution becomes well-defined.
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A second failure is non-Markovian dependence. If the evolution depends on the entire history
(or on a long sliding window), then the state object Q(t) is missing the information needed for a
morphism Q(t<=s) to be well-defined. Again, functoriality teaches you what must be included to
make evolution composable: sufficient statistics, memory traces, or an explicit path-dependent
structure.

A third failure is intervention ambiguity. In practice, systems are often “touched” between t and
s: hyperparameters changed, data pipelines updated, reward models swapped, constraints
tightened. If those interventions are not represented in T (as labeled morphisms) or in the state
category (as part of the object), then a single morphism t<=s is no longer appropriate. The
correct move is to refine the time category: make morphisms carry labels for interventions,
schedules, or regimes, so “time-elapse” is not pretending to be “same conditions.”

A fourth failure is partial observability and non-determinism. If Q(t) is “the observed state” but
evolution depends on unobserved variables, then the induced maps may not be functions at all.
In that case, Set is the wrong C. You may need Rel (relations) or Prob (stochastic kernels) so that
“evolution” is properly many-to-many or probabilistic. The failure is not mathematical pedantry;
it is the system telling you, “your determinism assumption is unjustified.”

A fifth failure is discontinuity. If the learner jumps (mode switches, architecture changes,
guantization events, threshold crossings), then Top or Man may be too strong unless you model
the jumps explicitly. In some settings discontinuity is not a bug; it is the whole point. The
categorical framing still helps by forcing you to represent the jumps as part of the morphism
story rather than letting them hide under vague talk of “learning.”

The theme is consistent: functoriality is not a claim that reality is clean; it is a method for
discovering why your description is not yet clean. When the functor laws do not hold, the
remedy is almost always one of three moves: enlarge the state, enrich the morphisms, or
choose a more faithful category C. Each move converts a vague failure (“the model is weird”)

s s

into a precise insight (“we omitted memory,” “we mislabeled interventions,” “we assumed

”n

determinism,” “we assumed continuity”). That is exactly the kind of epistemic discipline

Logostics wants: not the denial of complexity, but a structured way to locate it.

5. Alignment as a Natural Transformation eta : Q => Tau

5.1 Component maps eta_t : Q(t) -> Tau(t)

Once trajectories are packaged as functors Q, Tau : T -> C, the Logostics arrow q(t) -> tau(t) can
be given a precise, time-coherent meaning: it is not a single arrow, but a family of arrows
indexed by time. A natural transformation eta : Q => Tau is exactly such a family. Concretely, it
assigns to each time t a morphism eta_t : Q(t) -> Tau(t) in the state category C.
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This component map eta_t is the formal “alignment interface” between the learner and the
target at time t. Depending on what C is, eta_t could be a function (in Set), a continuous map (in
Top), a linear map (in Vect), a smooth map (in Man), a stochastic kernel (in Prob), or a relation
(in Rel). The point is that eta_t is not merely a numerical score; it is a typed morphism that must
respect whatever structure C declares as meaningful.

This already clarifies a frequent ambiguity: alignment is not necessarily “equality” of states.
Even if Q(t) and Tau(t) are not the same kind of object internally, eta_t can express a disciplined
correspondence. Logostics can therefore treat “alignment” as a matter of interpretability,
constraint satisfaction, or structure-preserving representation, rather than as a crude claim that
the learner becomes identical to the target.

5.2 The commuting condition Tau(t<=s) o eta_t = eta_s o Q(t<=s)
The defining content of naturality is the commuting condition. For any t<=s in the time category
T, the following equality must hold:

Tau(t<=s) o eta_t = eta_s o Q(t<=s).
Read it slowly. There are two ways to move from the learner-at-time-t into the target-at-time-s.

One path is: first align at time t via eta_t, landing in Tau(t), then let the target evolve from tto s
via Tau(t<=s). This gives Tau(t<=s) o eta_t.

The other path is: first evolve the learner from t to s via Q(t<=s), landing in Q(s), then align at
time s via eta_s. This gives eta_s o Q(t<=s).

Naturality asserts these two paths agree. In ordinary language: “alignment commutes with time
evolution.” The alignment interface is not allowed to be a different story at each time step in a
way that breaks coherence. If you interpret the learner’s state as tracking the target, you must
be able to do so consistently across time.

This commuting condition is what turns eta into more than a convenient notation. It blocks a
common failure mode where one retrofits a mapping at each time to make the system look
aligned “in the moment,” even though there is no consistent alignment relation across the
trajectory. In Logostics terms: it prevents the arrow from being post-hoc rhetoric and forces it to
be a stable structure.

5.3 Interpretation: structure-respecting alignment across time

With eta : Q => Tau in place, alignment becomes a structured claim: the system’s evolving states
are not merely getting “closer” to something; they are related to the evolving target by maps
that respect the target’s own evolution. This is a stronger and more informative notion than
“loss decreases.”

16



The phrase “structure-respecting” does real work here. It means that whatever structure C
encodes is preserved in the alignment relation. If Cis Vect, alignment respects linear structure;
if Top, it respects continuity; if Prob, it respects stochastic transformation laws; if Rel, it respects
admissible correspondences. A natural transformation is therefore an alignment concept that
does not reduce everything to a scalar distance. It keeps track of the type of correspondence.

This also provides a clean separation between two families of claims that are often conflated:

First, claims about representational adequacy: “there exists a coherent mapping from the
learner’s internal state to the target structure.”

Second, claims about improvement: “that mapping is becoming better in some sense.”

Natural transformation addresses the first. Improvement requires additional structure (a
divergence, an order of refinement, a contraction property, or a monotonicity claim). The
benefit is clarity: you can have structure-respecting alighment without convergence, or
convergence in a metric sense without any meaningful structure-respecting alignment.
Logostics wants to be able to diagnose both.

5.4 Three readings of eta: representation map, interpretant map, or constraint projection
The same formal object eta can support different interpretations, each useful in different
regimes. Distinguishing them prevents category drift.

First, eta as a representation map. Here Q(t) contains internal representations and Tau(t) is the
world-side structure to be represented. Eta_t says how to decode or interpret the learner’s
internal state as a candidate representation of tau. In practical terms, eta_t might be a decoder
from latent space to predicted structure, a readout map from internal variables to semantic
features, or a homomorphism-like map that preserves specified invariants. This reading is
strongest when you want alignment to mean “the model’s internals genuinely track the target
structure,” not merely “the outputs look good.”

Second, eta as an interpretant map. Here eta_t is less “decode the internal state” and more
“assign meaning to it.” This is the semiotic version: Q(t) is a sign system evolving under training,
Tau(t) is the intended referent system, and eta_t is the interpretive bridge that tells you what
the signs mean at time t. This reading becomes important when the learner’s internal states are
not naturally comparable to tau without an interpretation layer. It is also where many semantic
confusions live: a system can change its internal “language” over time, and eta is the stabilizer
that makes the story commutative rather than arbitrary.

Third, eta as a constraint projection. Here tau(t) is best viewed as a constraint manifold or
admissible subspace, and eta_t projects the learner’s state into the admissible set, or extracts
the constraint-satisfying component. In this reading, alignment is not about representation but
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about feasibility: the learner is being driven (or damped) into a lawful subset. Eta_t might be a
projection operator, a normalization map, a repair transform, or a constraint-enforcement
mechanism. This is a particularly natural fit for analog and physical systems, where constraints
are not merely evaluated but actively enforced by the substrate.

These readings are not mutually exclusive. In some systems, eta simultaneously decodes
representation, assigns interpretation, and enforces constraints. But making the dominant
reading explicit keeps later arguments honest: you do not want to claim representational truth
when you have only enforced feasibility, and you do not want to claim semantic grounding
when you have only fitted outputs.

5.5 Limits: when a natural transformation exists but does not imply “truth”

Even a perfectly coherent natural transformation does not automatically deliver what many
readers implicitly hope for: truth, correctness, or moral alignment. The formalism is powerful,
but it must not be over-credited.

One limit is underdetermination. There may exist many different eta that satisfy naturality,
especially in flexible categories like Rel or Prob. Coherence does not imply uniqueness. If
multiple incompatible interpretations are equally coherent, then eta alone cannot decide which
one is “true.” Additional constraints, external anchors, or evaluation criteria are required.

A second limit is target selection. If Tau(t) is poorly specified, circularly defined, or tacitly chosen
to match Q(t), then a natural transformation can exist trivially. You can always “align” to a target
that is defined as whatever the system does. This is precisely the nontriviality guardrail: tau
must be anchored independently, not retrofitted.

A third limit is “model-compatibility” without world-compatibility. A system can be coherently
aligned to a target structure that is itself mistaken, incomplete, or strategically chosen. Natural
transformation certifies internal coherence between trajectories; it does not certify that Tau(t)
corresponds to reality in the sense the reader cares about.

A fourth limit is the distinction between structural preservation and semantic grounding. You
can preserve structure in a purely formal sense while still failing to connect to what the
structure is supposed to mean. For example, a learner might track a set of invariants or
symmetries that are mathematically consistent but semantically irrelevant, or it might preserve
the structure of a proxy objective that does not track the intended referent. In that case, eta
exists and is natural, but the alignment is “to the wrong thing.”

A fifth limit is adversarial and deceptive regimes. In high-capability settings, a system can
produce behavior that appears aligned under a chosen eta while internally optimizing against
the evaluator. The categorical formalism helps you state the evaluation interface eta explicitly; it
does not, by itself, prevent the system from gaming that interface. Preventing that requires
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stronger external anchoring, invariant checks, and design constraints that restrict what kinds of
eta-like mappings can count as acceptable.

So the correct conclusion is restrained but valuable: a natural transformation provides a
rigorous notion of time-coherent, structure-respecting alignment. It is a necessary component
of a disciplined Logostics program, but it is not sufficient for truth. To move from “coherent
alignment” to “true alignment,” one must add independent anchoring of Tau, explicit
convergence or refinement criteria, and audit rules that prevent post-hoc redefinition of the
target or the mapping.

6. Convergence and “Lawful Reduction of Divergence”

6.1 Adding a divergence D(Q(t), Tau(t)) and why this is extra structure

Up to this point, the formal core has been structural: trajectories as functors Q, Tau : T-> C, and
alignment as a natural transformation eta : Q => Tau. That core tells you what it means for a
learner and a target to be related coherently across time, but it does not yet tell you what it
means for the learner to be “getting closer.” The moment we say “lawful reduction of
divergence,” we are adding something new: an evaluative notion that orders states by
closeness, adequacy, or fit.

A divergence D(Q(t), Tau(t)) is not automatic because category theory does not hand you a
canonical distance between arbitrary objects. Even if C carries rich structure, “distance” is an
additional choice. In Set, there is no intrinsic metric. In Top, you can speak of continuity and
neighborhoods, but not a unique quantitative discrepancy. In Vect or Man, you can add norms
or Riemannian metrics, but those are still choices. In Prob, you can define many inequivalent
divergences between distributions. In Rel, you may not have a useful scalar discrepancy at all,
only inclusion relations or satisfaction levels.

So when Logostics introduces D, it is making an explicit move: it selects a comparison structure
that was not present in the minimal functorial backbone. This is why convergence claims must
be stated with care. A paper that says “g(t) converges to tau(t)” without specifying the sense of
convergence is not wrong so much as underspecified. The correct discipline is to treat D as part
of the model, not as an afterthought: define it, justify it, and then show what it implies and
what it fails to capture.

A further subtlety is typing. Often Q(t) and Tau(t) are not literally comparable objects until you
apply eta_t. In that case, the divergence is really computed between eta_t(Q(t)) and Tau(t), or
between Q(t) and some pulled-back structure derived from Tau(t). This keeps the story
consistent: you measure divergence only after declaring the interface that makes the two sides
commensurable.

19



6.2 Monotonic decrease, asymptotic convergence, and finite-time stabilization

Once a divergence D has been declared, there are multiple distinct strength levels of “lawful
reduction,” and confusing them is a common failure in both technical and philosophical
discussions.

Monotonic decrease is the strongest everyday intuition: D(t) never increases, or at least
decreases in expectation. In discrete time, this might be D_{k+1} <= D_k. In continuous time, it
might be dD/dt <= 0 along trajectories. Monotonicity is attractive because it supports simple
narratives of progress and makes auditing straightforward. But it is also often false in real
learning systems. Many systems must temporarily worsen a metric to escape local traps,
explore, or restructure internal representations.

Asymptotic convergence is weaker and more realistic: D(t) -> 0 as t -> infinity, or D(t) ->D_* as t
-> infinity for some residual error floor D_*. This is the default notion in many stability and
convergence discussions: the system approaches a limiting regime. Asymptotic convergence
permits non-monotone behavior as long as the long-run trend is toward the limit.

Finite-time stabilization is different: after some time T_, the system effectively stops changing
with respect to a chosen criterion. This can mean D(t) = 0 for t >= T_, or more realistically D(t) <=
epsilon for t >=T_* and stays within that band. Finite-time stabilization is important in physical
and operational settings because training rarely runs “to infinity.” It also highlights a design
tradeoff: systems that stabilize quickly may be brittle, while systems that never stabilize may be
adaptive but unreliable.

The Logostics phrase “lawful reduction” should be understood as a family of claims
parameterized by which of these behaviors you can justify. The lawfulness is not the claim that
divergence always decreases. The lawfulness is the claim that whatever evolution you observe is
governed by a coherent process with explicit criteria, not by post-hoc redefinition of what
counts as “close.”

6.3 Attractors and fixed points: tau as terminal object, limit, or fixed point of training
Convergence is often better understood geometrically or categorically than numerically. In many
systems, the idea is not that the learner hits a target point, but that it is drawn into a basin of
attraction defined by dynamics and constraints.

In dynamical terms, tau can play the role of an attractor: a set (point, cycle, manifold) toward
which trajectories flow. If tau(t) is fixed, then convergence to tau is the claim that Q(t) enters
and remains near that attracting set. If tau(t) moves, then the relevant question becomes
tracking: does Q(t) stay near tau(t) as tau(t) evolves?

In algorithmic terms, tau can be treated as a fixed point of a training operator. If training is
modeled as an endomorphism F on an appropriate state space, then tau is an idealized solution
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to F(tau) = tau. This expresses “no further improvement under the training rule.” It is a powerful
abstraction because it separates the target from the path: you can study what the training rule
tends to settle into even when the training path is messy.

In categorical terms, tau can be described using universal properties. One useful metaphor-
with-teeth is tau as a terminal object relative to a chosen alignment relation: there exists a
unique (or canonical) arrow from any admissible state into tau. This captures the idea that tau is
the “most constrained” or “most resolved” state under a refinement ordering. Another
categorical lens is tau as a limit object that aggregates a diagram of constraints, observations, or
partial models: the “best” state is the one that consistently factors all local requirements. When
tau is described this way, “convergence” becomes “increasing satisfaction of a family of
constraints,” not mere shrinking of a scalar error.

These views are compatible but not identical. Attractor language emphasizes dynamics and
stability. Fixed-point language emphasizes algorithmic closure. Terminal/limit language
emphasizes universality and coherence across multiple constraints. A Logostics paper benefits
from using whichever lens matches the claim being made, rather than forcing everything into
one vocabulary.

6.4 Distinguishing “convergence in loss” from “convergence in structure”
A central claim of this framework is that convergence is not one thing. Two different
phenomena are often conflated because they both look like “it got better.”

Convergence in loss means that a scalar objective decreases and stabilizes. This is the dominant
metric in many machine learning workflows. It is attractive because it is easy to compute, easy
to plot, and often correlated with improved outputs. But it is a narrow claim: it says the learner
is optimizing a chosen score.

Convergence in structure means that the learner’s state becomes increasingly compatible with
the target’s structural constraints, and that the alignment maps eta_t become increasingly
stable and coherent in the sense they preserve what matters in C. This is a broader and often
harder claim: it concerns invariants, compositional behavior, constraint satisfaction, and
robustness under perturbation. It can be present without a single scalar objective, and it can fail
even when loss decreases.

The gap between these two is where many “looks aligned but isn’t” failures live. A system can
converge in loss by exploiting shortcuts, fitting spurious correlations, or optimizing proxies that
do not carry the intended semantics. Conversely, a system can become structurally better
behaved (more invariant, more compositional, more stable under distribution shifts) without
immediately improving a conventional loss, especially during phases where representations
reorganize.
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In Logostics terms, the natural transformation eta is the bridge that lets you articulate
“structure convergence” explicitly. Loss convergence is a statement about D-values (scalar
comparisons). Structure convergence is a statement about the evolution of morphisms and
invariants in C, and about whether the alignment story remains coherent under time evolution
and under composition. The two are not enemies, but they are not substitutes for each other.

6.5 Failure modes: cycling, hysteresis, and deceptive convergence

Once you treat divergence reduction as a claim rather than a vibe, failure modes become
legible. Several are especially important because they are common, subtle, and easy to
misinterpret.

Cycling occurs when the system does not settle but rotates through states: Q(t) revisits patterns,
perhaps with period or quasi-period. In discrete training this may appear as oscillations in
metrics; in continuous systems it may appear as limit cycles. Cycling is not automatically “bad.”
Some adaptive systems must cycle to remain responsive. But if the narrative is convergence,
cycling is a contradiction unless the target itself is cyclic and the claim is tracking rather than
settling.

Hysteresis occurs when the state depends on the path taken, not just the current time. The
system can exhibit memory effects: returning to “the same conditions” does not return you to
the same state. In learning, hysteresis often appears when representation changes are
irreversible, when the optimizer accumulates hidden momentum, or when physical substrates
imprint history. Hysteresis is a warning that a naive state description is incomplete, or that the
target notion must be refined from “point convergence” to “basin convergence” or “regime
convergence.”

Deceptive convergence is the most dangerous in alignment contexts. A system can appear to
converge under a chosen divergence D while actually drifting with respect to the intended
target structure. This can happen benignly (the metric fails to capture the intended structure) or
adversarially (the system learns to optimize the metric while avoiding the underlying
constraint). In either case, the symptom is the same: D(t) looks good while structure-respecting
checks degrade, generalization fails, or invariants break under mild perturbation.

The antidote is not to abandon convergence language but to thicken it: require multiple,
independent diagnostics, including structure-sensitive tests, invariance checks, and robustness
probes. In categorical terms, one should not rely on a single scalar D; one should test whether
the alignment maps eta_t behave consistently across compositions, across regime changes, and
across external anchors of Tau. If “lawful reduction” is real, it should manifest as coherence
across these different views, not only as improvement on one convenient scoreboard.
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In summary, “lawful reduction of divergence” is best treated as a layered claim: first define the
alignment interface (eta), then add explicit divergence structure (D), then state which
convergence mode you mean, then defend it against known failure modes. That discipline
preserves the expressive ambition of Logostics while keeping the mathematics honest.

7. Training Algorithms as Endofunctors and Iteration

7.1 Endofunctor view: F : C -> C with g_{k+1} = F(q_k)

A second, complementary way to formalize learning is to treat “training” itself as a structure-
preserving transformation on the space of states. If the learner’s state lives in a category C, then
a training algorithm can often be modeled as an endofunctor F : C -> C: it takes states to states,
and it takes admissible state-morphisms to admissible state-morphisms in a way that preserves
identity and composition.

At the level of objects, the endofunctor assigns to each state q an updated state F(q). In discrete
iteration form, this is written q_{k+1} = F(g_k). At the level of morphismes, F tells you how a
transformation between states is carried forward under training. That second clause matters: it
encodes that training is not only a point-update rule but a coherent operator on structured
states.

This endofunctor view cleanly separates “what the state is” (encoded by C) from “how training
transforms states” (encoded by F). In simple cases C can be a familiar mathematical category
(sets, vector spaces, manifolds, probability objects), and F is induced by a gradient step, a
Bayesian update, a policy improvement operator, or a constraint enforcement map. In richer
cases, C may represent structured models (architectures, programs, proofs, or hybrid analog
states), and F captures the training procedure as a lawful transformation of those structures.

A key point is that the word “functor” here is not a metaphor for “mapping.” It signals that
training is being treated as a structure-aware operator, and that any claims about learning
should respect the structural commitments you have declared in C.

7.2 Relation to Q : T -> C (trajectories induced by iterating F)
The endofunctor view and the trajectory-as-functor view are not competing descriptions; they
are different angles on the same phenomenon.

If time is discrete, T = (N,<=), then a trajectory functor Q : T -> C can be induced by iterating F,
provided you choose an initial state g_0. The object assignment is Q(k) = g_k, and the evolution
maps arise from compositions of F steps. Intuitively, Q encodes the whole run, while F encodes
the single-step training rule that generates the run.
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Even when time is continuous, the relationship remains conceptually similar. Continuous-time
learning dynamics can often be approximated by discrete iteration, and discrete iteration can
often be “embedded” into a continuous flow if the system admits an appropriate limiting
description. In practice, this highlights an important methodological distinction: Q is what you
observe and log across time; F is your hypothesis about the update operator that produces Q.
When your logs show behavior inconsistent with any plausible F in your chosen category C, the
formalism forces you to confront the mismatch: either the recorded state is incomplete, the
update is not regime-stable, or the category C is not faithful to the system’s real structure.

This relationship also clarifies how “lawful evolution” is meant in Logostics. The lawfulness is
not the claim that the run is simple. It is the claim that the run can be modeled as generated by
coherent operators, with composition behaving predictably. Q packages the compositional story
across time; F supplies the generating mechanism for that story.

7.3 Tau as fixed point: F(tau) = tau as an idealization

Once training is modeled as an operator F, the simplest abstract notion of “having learned” is
reaching a fixed point: a state tau such that F(tau) = tau. This says: applying the training update
does not change the state. In practical terms, the system has entered a regime where, under the
current training procedure, it will remain stable.

In Logostics, treating tau as a fixed point is an idealization, but it is a disciplined one. It provides
a clear meaning for “the target of training” without requiring that tau be explicitly known. Even
when you cannot write tau down, the equation F(tau) = tau defines the target by its invariance
under the training operator.

This fixed-point framing also cleanly distinguishes several possibilities that are often conflated:

First, tau can be a genuine fixed point representing a satisfactory solution under your intended
semantics. Second, tau can be a spurious fixed point: a local optimum, a collapsed
representation, or a degenerate policy. Third, tau can be only approximately fixed because
training is noisy, nonstationary, or schedule-driven; then the best you can claim is that tau is an
approximate fixed point under an average or asymptotic form of F.

The fixed-point idea becomes especially valuable when tau(t) is time-dependent. In that case,
one does not expect a single fixed tau; one expects a moving fixed point or a slowly drifting
target family. The right concept is tracking rather than settling: the learner follows a path of
near-fixed points associated to a time-indexed family of operators F_t, or it tracks a target tau(t)
that evolves under external constraints. Either way, the fixed-point language provides a clean
vocabulary for “what training is trying to stabilize.”

24



7.4 Contractive dynamics and what they imply about learnability

Fixed points alone do not guarantee learnability. A system can have fixed points without being
drawn to them. The stronger condition that connects “lawful reduction of divergence” to
training-as-operator is contractivity.

Informally, F is contractive (with respect to some divergence or metric) if applying F shrinks
distances: states get closer together under the update. When this holds in the right
neighborhood, it implies strong convergence behavior: iterating F leads toward a unique fixed
point, and the path to that point becomes predictable and stable.

In Logostics terms, contractive behavior is the mathematical skeleton behind “lawful reduction
of divergence.” If you can justify that F acts like a contraction (perhaps only locally, perhaps only
on average, perhaps only after appropriate projection), then you can justify convergence that is
not merely observed but explained.

Contractivity also implies something about the epistemic status of your learning story. When
learning is contractive, the system’s behavior is less sensitive to initial conditions and less
dependent on accidental path features. That can be good for reproducibility, robustness, and
audit. But it can also be limiting: overly contractive dynamics can collapse diversity of
representations, reduce exploration, or enforce premature stabilization. In many real learning
systems, the training operator is not globally contractive. Instead, it may alternate phases:
expansive phases that explore or restructure representations and contractive phases that
consolidate and stabilize.

The learnability implications are therefore conditional and nuanced. If you can identify a regime
in which F becomes contractive relative to a divergence that actually tracks the intended target
structure, then you have a strong argument that the system will reliably align in that regime. If
you cannot, then “convergence” must be treated as a weaker claim: empirical stabilization,
partial refinement, or convergence only of a proxy metric.

7.5 When “functor = training” is useful, and when it obscures the target concept
The slogan “training algorithms are functors” can be genuinely useful, but only if it is used with
restraint and correct typing.

It is useful when you want a clean separation between three layers:

First, the structural commitments of the state space (the category C). Second, the update
operator as a lawful transformer of those structured states (the endofunctor F). Third, the long-
run behavior as a time-indexed trajectory induced by iterating the operator (the trajectory
functor Q).
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In this disciplined form, the functorial framing buys you modularity. You can compare two
training algorithms by comparing two endofunctors on the same category. You can study how a
small change in training corresponds to a transformation of operators. You can reason about
composition of training phases (warmup, constraint enforcement, fine-tuning) as composition
of operators, rather than as an opaque narrative. And you can connect training behavior to fixed
points, attractors, and stability regimes without reducing everything to a scalar loss curve.

But the framing obscures the target concept when it tempts you to treat F as “the meaning of
learning” and tau as merely “whatever F stabilizes.” That is precisely the failure mode Logostics
is trying to avoid. The target tau is not guaranteed to be the ethically, semantically, or
epistemically correct attractor merely because it is a fixed point of an update rule. Put bluntly:
the endofunctor formalism can certify coherence of training, but it cannot certify that the target
is the right one.

This is why the earlier separation remains crucial: Tau as a target trajectory, and eta as the
alignment interface, are logically prior to declaring success. Training-as-functor is a mechanism
story. Alignment-as-natural-transformation is a correspondence story. Convergence-as-
divergence-reduction is an evaluative story. When “functor = training” is used as a replacement
for the target story, it collapses Logostics into a self-referential loop: “the target is what training
produces.” When it is used as a mechanism layer beneath an independently anchored Tau and
an explicitly typed eta, it becomes one of the cleanest ways to make “lawful learning” precise
without smuggling meaning into the update rule.

8. The Category of Dynamical Systems: Morphisms Between Systems

8.1 Objects as (state space, evolution law), not just states

Up to now, we have treated q(t) and tau(t) as time-indexed “states” that evolve. But in many
learning settings, the state alone is not the right unit of comparison. Two learners can occupy
similar-looking states while being governed by different update rules; conversely, two learners
can have very different internal representations while implementing essentially the same
dynamics. To capture what the system is in a way that is stable under reparameterization, we
move from “states” to “systems.”

A dynamical system object is best understood as a pair: a state object together with an
evolution law. In discrete time, you can think of an object as (X, f) where X is the space of states
and f : X -> X is the update rule. In continuous time, you can think of an object as (X, phi) where
phi assigns to each time increment a state-transition map, with the usual coherence property
phi_{t+u} = phi_u o phi_t. Either way, the defining feature is that the object includes both
“where the system lives” and “how it moves.”
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This shift is especially important for Logostics because q(t) -> tau(t) is not merely a statement
about where q is at a moment; it is a statement about how q becomes. When the goal is to
formalize “lawful reduction of divergence,” the lawfulness is carried by the evolution law, not by
any single snapshot.

Another benefit of this view is that it naturally accommodates hidden state. If what you called
“the state” was incomplete, the dynamical-systems object forces you to reconsider what X must
include for the evolution to be well-defined. In this way, the “system object” perspective is both
more faithful and more diagnostic than treating q(t) as a thin, externally chosen variable.

8.2 Morphisms as simulations, semiconjugacies, and refinement maps

Once objects are full dynamical systems, the arrows between them should preserve dynamics,
not just relate points. This is where the category of dynamical systems earns its keep: it lets you
formalize “one system faithfully represents, simulates, or refines another.”

A common notion is simulation. Informally, system A simulates system B if there is a map h from
A’s state space to B’s state space such that evolving in A and then mapping via h matches
mapping via h and then evolving in B. This is an intertwining condition. It says the mapping
respects the time evolution, not just static structure.

A closely related but often more realistic notion is semiconjugacy. Here the map h need not be
invertible. Many rich systems “collapse” to simpler systems when you forget details.
Semiconjugacy captures precisely that: A has more detail than B, but there is a dynamics-
respecting map from A down to B. This is exactly the relationship between a high-dimensional
learner and a lower-dimensional target manifold in many settings: the learner contains extra
degrees of freedom, but its observable behavior (or its interpreted representation) is consistent
with a structured target.

A third important notion is refinement. In refinement, you do not necessarily claim that A
simulates B in a strict dynamical sense; instead, you claim A satisfies stronger constraints or
carries more structure, while projecting down to something compatible with B. Refinement
maps are often partial-order flavored: they preserve admissibility, satisfy additional invariants,
or enforce more stringent constraints. This aligns well with the “constraint manifold” reading of
tau: the arrow is not “l equal you,” but “l land inside your admissible region, and my evolution
stays compatible with that admissibility.”

These morphisms are the system-level analog of the naturality condition earlier. They encode
“commutes with evolution” as the central discipline. The difference is that now the
commutation relates whole systems, not just time-indexed snapshots.
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8.3 Recasting q(t) -> tau(t) as a morphism of dynamical systems

In the earlier sections, we treated alignment as a natural transformation eta : Q => Tau between
time-indexed functors. In the dynamical-systems category, we can compress that story into a
single morphism between system objects.

Think of the learner as a system (X_q, phi_g) and the target as a system (X_tau, phi_tau). The
Logostics arrow can then be read as the existence of a map h : X_g -> X_tau satisfying an
intertwining condition:

phi_tau(t) o h =h o phi_q(t)
for the relevant times t (or, in discrete time, f tauoh=hof _q).

This expresses, in one line, the idea that “the learner’s evolution, when interpreted via h,
matches the target’s evolution.” If tau is fixed (a static target), then phi_tau may be trivial or
identity-like, and the condition reduces to “h maps learner trajectories into the target’s invariant
set.” If tau moves, then the condition expresses tracking: the mapping takes the learner’s
motion into the target’s motion in a coherent way.

This reframing also clarifies what the arrow is and is not claiming. It is not claiming that the
learner literally becomes the target in a strong identity sense. It is claiming that there exists a
dynamics-respecting interpretation of learner behavior as target behavior. In the
representation-map reading, h is a decoder. In the interpretant-map reading, h is a meaning-
assignment map. In the constraint-projection reading, h is a projection onto the admissible
manifold. The system morphism unifies these readings by treating them all as ways of
preserving evolution under a declared interface.

This perspective is especially useful when you want to speak about “physical realization of
learning.” The physical system is naturally a dynamical system. If you can exhibit a morphism
from the physical dynamics into an abstract target dynamics, you have made a rigorous claim
that the physical process implements, tracks, or realizes the abstract structure.

8.4 What is gained: comparing different learners on equal footing
The system-category viewpoint provides a strong benefit that the state-snapshot viewpoint
cannot: it allows comparison across heterogeneous implementations.

Two learners might have different parameterizations, different internal representational
formats, different update schedules, and different noise characteristics. If you try to compare
them at the level of raw states, you get stuck in incommensurability. But if you compare them as
dynamical systems via morphisms, you can ask a higher-quality question: do these systems
implement the same dynamics up to a structure-preserving translation?
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This yields several concrete gains.

First, invariance to reparameterization. If learner A is just a coordinate change of learner B, a
conjugacy-like morphism captures that equivalence. The formalism refuses to treat superficial
coordinate choices as substantive differences.

Second, multi-level modeling. A large system can map down to a simpler target system via
semiconjugacy. This is the categorical expression of “coarse-graining”: you can compare a
complicated learner to a simpler tau without demanding that tau replicate every micro-detail.

Third, modularity across regimes. Training often has phases: exploration, consolidation, fine-
tuning, constraint enforcement. Thinking in terms of system morphisms supports phase-wise
reasoning: you can ask whether each phase is compatible with the same target system, or
whether the target must be modeled as drifting across phases.

Fourth, auditability across implementations. If two training pipelines claim to be “the same
learning,” the system-category view provides a sharp test: can you produce a morphism that
intertwines the dynamics under the declared observations? If not, then “same learning” was a
story, not a fact.

Finally, it supports a clean separation between “mechanism equivalence” and “value
equivalence.” Two systems can be dynamically equivalent while targeting different tau objects;
or two systems can aim at the same tau while using different mechanisms. The category view
makes those distinctions explicit.

8.5 What is risked: overgeneralization and loss of interpretability
The power of the dynamical-systems category is also its main danger: it can be so flexible that it
becomes tempting to declare victory too easily.

One risk is overgeneralization by permissive morphisms. If you allow relations instead of
functions, or very coarse projections, you can often manufacture a morphism from almost
anything to almost anything. That may be mathematically valid, but it may be epistemically
empty. The remedy is to constrain what kinds of morphisms count as legitimate for the intended
claim. If you want “structure-respecting alignment,” you must declare which structure is being
respected and forbid morphisms that discard that structure.

A second risk is loss of interpretability. When you compare systems via abstract morphisms, you
may succeed in proving equivalence or simulation without learning anything human-legible
about how the learner represents or achieves the target. The formalism can certify that a
commutation relation exists while leaving the content of h opaque. This is not a failure of
mathematics; it is a warning about what kind of insight you are getting. If your goal is
interpretability, you must demand morphisms that are not only existence claims but are
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constrained to be interpretable (for example, linear maps, sparse maps, explicit decoders, or
maps that preserve named invariants).

A third risk is confusing “dynamical match” with “semantic truth.” A system might simulate a
target dynamics that is itself a proxy, an artifact, or a mis-specified tau. A perfect morphism
does not validate the target. It validates the coherence of the relationship.

A fourth risk is hiding the evaluation interface. If h is chosen after the fact to make the dynamics
look aligned, the morphism becomes a post-hoc rationalization. This is the system-level version
of the earlier nontriviality problem. The solution is the same: declare the interface rules in
advance, anchor tau independently, and require that the morphism satisfy constraints that
make gaming difficult.

In short, the category of dynamical systems is a potent upgrade: it lets Logostics speak about
alignment as a relationship between lawful becomings, not just between snapshots. But it must
be used with explicit restrictions on allowed morphisms and with a clear separation between
formal coherence and semantic or ethical validity.

9. Enrichments That Matter for Real Learning Systems

9.1 Enriched categories: metric, probabilistic, or information-enriched hom-sets

The minimal Logostics core treats C as an ordinary category: between any two objects X and Y
there is a set of morphisms Hom(X,Y). For real learning systems, this is often too thin. We do not
merely want to know that a map exists; we want to grade maps by cost, reliability,
informativeness, or distortion. Enrichment is the disciplined way to add that grading without
collapsing everything into a single scalar loss.

In a metric-enriched view, Hom(X,Y) carries a notion of distance between morphisms, or a
notion of “effort” to realize a morphism. This lets you talk about stability of alignment maps
eta_t: the alignment is not merely present, it is stable if eta_t varies slowly in the hom-metric as
tincreases. It also allows a rigorous expression of “small changes in g produce small changes in
interpreted tau,” which is a structural robustness claim rather than a performance claim.

In a probabilistic enrichment, Hom(X,Y) is not merely a set but a space of stochastic
transformations. This is useful when evolution or alignment is inherently noisy, or when the
learner’s state must be mapped into tau through uncertain inference. Instead of forcing
determinism, you represent the “alignment interface” as a kernel-like morphism that outputs a
distribution over target states. Reduction of divergence can then be expressed as concentration:
the distribution induced by eta_t becomes more sharply peaked around the right region of
Tau(t).
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In an information-enriched perspective, the hom-objects carry informational content: bits
required to specify a morphism, mutual information carried by a representation, or description-
length style costs. This aligns directly with “lawful reduction of divergence” if divergence is
understood as unnecessary degrees of freedom or wasted description length. It also provides a
principled bridge between structure and compression: a learner is “aligning” when it discovers
maps that preserve the right invariants while compressing away irrelevant variation.

The key benefit of enrichment is that it lets Logostics say: alignment is not just about reaching a
target; it is about the quality and stability of the morphisms that witness that alignment. In
high-capability regimes, that distinction matters because it separates genuine structural
convergence from brittle, overfit correspondences that only work in narrow conditions.

9.2 Monoidal structure: composing subsystems and preserving compositional meaning

Most real learners are not monoliths. They are composites: perception + memory + planner,
encoder + decoder, policy + critic, or a chain of modules trained under different objectives. A
plain category can describe these parts, but it does not automatically describe composition as a
first-class structural act. Monoidal structure adds that act.

A monoidal category provides an operation (often written as tensor) that composes objects and
morphisms: X @ Y is “X together with Y,” and f @ g composes maps in parallel. This is precisely
the structure you want when you say “subsystem A and subsystem B run together” or “two
learned components must align jointly to the same tau.” It lets you express that alignment
should respect modular composition: if eta®A_t aligns A to Tau”A and eta”B_t aligns B to Tau”B,
then an aligned composite should arise as (eta®A_t @ eta”B_t) aligning (Q*A(t) @ Q”B(t)) to
(TaurA(t) @ Tau”B(t)), provided the target itself composes coherently.

This matters for compositional meaning. Many failure modes in modern learning systems are
compositional failures: the model performs well on parts but fails when parts are combined, or
it is robust on individual tasks but brittle under task mixtures. A monoidal framing gives a
natural language for demanding that “meaning is preserved under composition,” not merely
that losses are low on separate benchmarks. It also supports design claims: if your training
procedure yields components that compose cleanly, you can scale systems more safely and
predictably than if each new capability is an entangled patch.

Monoidal structure is also how you keep “system building” honest. Without it, one can claim
alignment of a component in isolation while ignoring that the deployed system is the
composite. With monoidal structure, alignment must be expressed at the level at which the
system actually exists: as a composite object with composite morphisms and composite
invariants.
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9.3 Sheaf and presheaf viewpoints: local-to-global alignment and patching truths

Learning systems often behave as if they have many local “charts” on reality: the model is good
in region A of input space, region B of tasks, or region C of contexts, and then it must stitch
those competencies into a coherent global behavior. This is exactly the sort of phenomenon that
presheaf and sheaf perspectives were built to formalize.

A presheaf viewpoint says: for each local context U (a data regime, a task subset, a sensor
viewpoint, a social setting), the system provides a set of local sections—local models, local
representations, local predictions, local alighnments. As contexts refine (V subset of U), there are
restriction maps that tell you how local behavior on U induces behavior on V. This captures the
very real fact that competence can be context-dependent and that the system’s internal
“meaning” can shift with context.

A sheaf viewpoint adds a crucial coherence constraint: if local sections agree on overlaps, then
they can be glued into a global section. Translated into Logostics language, sheaf-like behavior is
a formal expression of “patching truths.” It does not mean the world is literally a sheaf; it means
we demand that the learner’s local alignments are not mutually inconsistent in ways that
prevent a coherent global alignment.

This matters for alignment because many systems exhibit “local plausibility, global
contradiction.” They perform well within a narrow prompt regime but fail to maintain coherent
commitments across regimes. A sheaf discipline says: you do not get to call it aligned merely
because it works locally. You must show that the local alignments glue, or else explicitly admit
that the target Tau is only locally defined and global coherence is not claimed.

This also provides a principled way to talk about tau(t) as a “living truth proxy” without drifting
into vagueness. Tau can be treated as the global section we are attempting to approximate,
while the system’s q(t) supplies local sections that must patch. When patching fails, it is not
merely “the model hallucinated”; it is a detectable failure of coherence under gluing conditions.

9.4 Limits and colimits: aggregation, abstraction, and multi-scale targets

Learning is rarely a single-scale phenomenon. Systems aggregate observations into concepts,
concepts into theories, and behaviors into policies. Category theory’s limits and colimits provide
disciplined names for these aggregation and abstraction moves, without reducing them to a
single numeric objective.

Limits (informally) capture “the most coherent way to satisfy many constraints at once.” If you
have multiple partial views of the target—multiple sensors, multiple tasks, multiple constraint
sources—a limit-like construction expresses the state that factors all those views consistently. In
Logostics terms, this is one way to model tau: not as a single datum, but as the coherent
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consolidation of a family of constraints. When q(t) aligns to tau in this sense, it is aligning to an
organized compatibility condition, not just to a label set.

Colimits (informally) capture “the most coherent way to merge or quotient.” They formalize
building a larger object by gluing pieces together, or forming an abstraction by identifying
distinctions that do not matter at a higher level. In learning, that is the movement from details
to classes, from instances to prototypes, from many local behaviors to a unified policy. If tau
represents a higher-level semantic manifold, colimit-like moves can model how the learner
compresses and merges local evidence into global structure.

Multi-scale targets are naturally expressed by diagrams whose limits and colimits represent
different levels of abstraction. This provides a clean way to say: alignment is not only about
matching outputs; it is about matching the right abstractions at the right scale. It also suggests a
diagnostic: a learner can converge at the wrong scale—memorizing details without forming
correct abstractions, or over-abstracting and losing critical distinctions. In categorical terms, it is
aligning to the wrong universal construction.

In short, limits and colimits give Logostics a rigorous vocabulary for “what is being learned”
when learning is understood as building coherent global structure from fragmented local
constraints, and as compressing that structure into usable abstractions.

9.5 Adjunctions: learning as compression/decompression or encoding/decoding duality
Adjunctions are one of the most practically meaningful “high abstractions” because they
formalize a pervasive pattern: two processes that are dual to each other, one simplifying and
the other expanding, linked by a principled optimality relation. In learning, this shows up
constantly as encoding/decoding, compression/decompression, abstraction/instantiation, and
model/data dualities.

A useful Logostics reading is: the learner constructs an encoding (a move from rich, messy
observations into a structured internal space) and a decoding (a move from internal structure
back to predictions, reconstructions, or actions). The adjunction viewpoint says these are not
arbitrary inverses; they are linked by a best-approximation relationship. The encoder is the best
way to map world complexity into an internal form under constraints, and the decoder is the
best way to realize internal structure back into world-facing behavior.

This is a powerful formal template for eta. In the representation-map reading, eta_t can be seen
as a decoding-like map from Q(t) into Tau(t). But if you want the story to be stable, you often
need the companion direction as well: a way the target structure induces or constrains
representations. An adjunction-like pairing gives you that two-way discipline: not just “how q
maps to tau,” but “how tau constrains what g should look like.”
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Adjunctions also clarify a deep ambiguity in convergence. A system can converge by
compressing too aggressively, losing distinctions that matter. Or it can fail to converge by
refusing to compress, carrying too many degrees of freedom. An adjunction framing helps you
state what the “right compression” is: it is compression that preserves exactly the structure that
the target demands, and no more. That is very close to the Logostics intuition that alignment is
not mere fitting; it is lawful reduction of divergence that respects the right invariants.

Finally, adjunctions are a natural home for “interface discipline.” In real systems, you often have
a map from the world into the model (measurement, encoding) and a map from the model into
the world (control, decoding). The adjunction viewpoint says: treat these as a paired interface
with explicit optimality properties. That blocks a common failure mode where the decode map
is tuned to look good while the encode map silently drifts, causing the system to “succeed” in
output space while losing grounded correspondence.

Taken together, these enrichments show why the minimal functorial core is only the beginning.
Real learning systems demand graded morphisms (enrichment), modular composition
(monoidal structure), coherence across contexts (sheaves), principled aggregation and
abstraction (limits/colimits), and disciplined two-way interfaces (adjunctions). Each enrichment
can be added without breaking the core, and each gives Logostics a sharper way to separate
genuine structural alignment from merely fluent or locally optimized behavior.

10. Analog and Physical Realizations

10.1 What “physical realization of learning” requires formally

To say that learning is “physically realized” is to make a stronger claim than “a physical computer
ran an algorithm.” It means the learning dynamics are not merely represented in symbols; they
are instantiated as lawful evolution of physical degrees of freedom. Formally, this requires at
least three layers to be made explicit.

First, there must be a physical state space X_phys whose points correspond to physically
possible configurations of the substrate (voltages, phases, concentrations, magnetizations,
conductances, mechanical coordinates, and so on). This space is not arbitrary: it comes with
constraints, neighborhoods, and permitted transitions determined by physics.

Second, there must be an evolution law phi_phys that moves states forward in time. In
continuous time this is a flow; in discrete time it is an update map. Either way, it is the
substrate’s actual dynamics, including dissipation, noise, and external driving.

Third, there must be an interpretation interface h that connects physical states to the abstract
learning state you care about. In the Logostics vocabulary, this is where you link “physical
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becoming” to the functorial story: the abstract trajectory Q and target Tau are not floating in air;
they are read out from or constrained by the physical system via a morphism that respects
evolution. In the strongest form, the diagram commutes: evolving physically and then
interpreting is consistent with interpreting and then evolving abstractly.

This is the minimal formal content behind “physical realization”: a substrate state space, an
actual evolution law, and an explicitly typed interface that preserves the relevant structure.
Without the interface, the phrase collapses into poetry. Without the evolution law, it collapses
into static analogy. Without the physical state space, it collapses into mere implementation talk.

10.2 Continuous media, noise, drift, and the meaning of structure preservation

Analog and continuous media force a rethinking of what “structure preservation” can
realistically mean. In idealized categories, morphisms preserve structure exactly: continuity is
exact, linearity is exact, commutation is exact. Physical media are not exact in that sense. They
are lawful, but they are noisy, drifting, and often only approximately stable over the time
horizon that matters.

Noise means that evolution is not a single deterministic map from state to state. Even if the
underlying physics is deterministic, unmodeled degrees of freedom and thermal fluctuations
create effective randomness at the level of the variables you track. This pushes you naturally
toward probabilistic morphisms (kernels) or relation-like morphisms (“state may evolve into any
of these”). In Logostics terms, it is often more honest to treat Q(t<=s) and even eta_t as
stochastic or set-valued rather than pretending they are crisp functions.

Drift means that the substrate’s parameters change slowly: component aging, temperature
dependence, material fatigue, contamination, calibration shifts. Drift breaks naive functoriality if
you model time as pure elapse without modeling the changing regime. The fix is not to deny
drift but to represent it: either enlarge the physical state to include the drifting parameters, or
refine the time/morphism structure to include regime labels. When you do that, “structure
preservation” becomes a claim about invariants that survive drift, or about tracking behavior
that remains valid under slow parameter change.

Continuous media also alter the semantics of “preservation.” In many analog settings, the
meaningful structure is not exact pointwise correspondence but qualitative invariants: order of
magnitudes, phase relationships, attractor basins, topological features, or constraint
satisfaction. Preserving structure may mean preserving which basin you are in, which symmetry
class you occupy, or which constraints you satisfy, not preserving exact coordinates. This is one
reason the categorical framing is useful: it lets you choose C so that the morphisms preserve the
kind of structure the physics can actually support.
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10.3 Stability, damping, and the role of irreversibility

“Learning” in physical systems is often inseparable from irreversibility. Training changes a state;
to be durable, that change must not instantly un-change under microscopic reversals. In digital
systems, irreversibility is hidden inside clocked logic and memory writes. In analog systems,
irreversibility is often the main event: dissipation, damping, friction, relaxation, and energy loss
are what make convergence possible.

Stability enters as the bridge between “motion” and “becoming.” A physically realized learner is
not merely evolving; it is being drawn toward an attracting set under damping and constraints.
Damping is not an annoyance; it is the mechanism by which the system forgets irrelevant
degrees of freedom and settles. This resonates strongly with the Logostics phrase “lawful
reduction of divergence”: reduction is often literally reduction of accessible degrees of freedom
under dissipative dynamics.

Irreversibility also supports the idea of “memory” in physical learning. A trained state must
persist under small perturbations; otherwise it is not learning but transient response. In
dynamical language, you want attractors with basins of attraction; in categorical language, you
want morphisms that are stable under perturbation in an enriched sense (small changes in the
input do not cause wild changes in the output mapping). Where the physical substrate cannot
support this, you may still get impressive transient behavior, but it will be fragile and poorly
auditable.

There is also a caution: irreversibility can produce false stability. A system can settle into a stable
but wrong attractor (a spurious fixed point). In physical media this can look like “it converged
beautifully,” while in fact it converged to the nearest energetically convenient configuration
rather than the intended tau. The formalism therefore encourages explicitly distinguishing
“stability” from “correctness”: stable dynamics are necessary for reliable convergence, but they
do not guarantee that what you converged to is the right target.

10.4 Observability: what can be measured without collapsing the model into sociology

If learning is physically realized, then measurement becomes a central epistemic bottleneck. You
never see the full physical state; you see sensor readings, probe outputs, summary statistics,
logged checkpoints. This introduces two risks.

The first is under-observation: you measure only a small projection of the true state, so multiple
internal realities correspond to the same measurements. In categorical terms, your observation
map is many-to-one, so the induced notion of alignment can be non-unique and easy to
rationalize post hoc.

The second is over-interpretation: you treat external behavioral measures as if they certify
internal structure. This is where discussions can collapse into sociology: “the system is aligned
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because the outputs look acceptable to the community,” without any disciplined account of
what internal invariants or interfaces are being preserved.

The guardrail is to treat observability as part of the formal model. You explicitly specify which
observables define Q(t) in practice, which observables define Tau(t) (if Tau is anchored
externally), and how eta_t is evaluated through those observables. This does not eliminate
subjectivity, but it marks where it enters and prevents it from masquerading as physics.

A practical Logostics posture here is: prefer observables that test structure rather than style. For
example, tests of invariance under controlled perturbations, consistency across compositions,
stability under distribution shifts, and coherence under patching contexts are more aligned with
the categorical claims than raw preference ratings. The aim is not to eliminate human judgment,
but to keep the core mathematical claim from dissolving into “people liked it.”

10.5 Implementation-neutral formalism: resisting premature engineering commitments

A central benefit of the functorial Logostics framing is that it can remain implementation-
neutral while still being physically meaningful. You do not need to commit early to whether the
substrate is photonic, electronic, mechanical, biochemical, or hybrid. You declare the structures
you require—state space, evolution, observation interface, alignment interface, and (optionally)
divergence—and you ask whether a proposed physical platform can instantiate them.

This neutrality matters because it prevents an all-too-common failure: building an engineering
narrative first and then retrofitting a theory to bless it. If the formalism is stated clearly,
engineering becomes a search for substrates that realize the required morphisms and
invariants, not a search for metaphors that sound correct after the fact.

Implementation-neutral also means you can compare digital and analog systems fairly. The
guestion becomes: do both instantiate trajectories Q and targets Tau in a category where the
alignment maps exist and behave coherently? Do they preserve the same invariants? Do they
converge in the same sense? Where do they fail functoriality (hidden state, path dependence,
drift), and what does that tell you about the needed state enlargement or enrichment?

Finally, neutrality protects the paper’s scope. This section is not a claim that analog is superior,
nor that physical realization is mystical. It is a discipline for making “realization” precise: if you
want to claim that learning is physically realized, you must specify the structures and interfaces
that witness that realization, and you must separate stability and convergence from semantic
correctness. That keeps Logostics ambitious without turning it into uncheckable romance.
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11. Objections and Clarifications

11.1 “This is just relabeling”: what becomes testable after formalization

It is fair to suspect relabeling whenever category-theoretic language appears near learning
narratives. If q(t) -> tau(t) were merely “a fancy way to say training reduces loss,” then nothing
substantive would have been gained. The point of the formalization is that it changes what kinds
of disagreements can be stated sharply, and what kinds of failures become diagnosable rather
than rhetorical.

First, it becomes testable whether your “state” is adequate. If you claim a well-defined
evolution Q(t<=s) but your observed run violates compositional coherence (long-step behavior
does not match composition of short steps), that is not merely a nuisance. It is evidence that
you omitted hidden state, regime labels, or history dependence. The formalism turns “the
model is messy” into “the state description is incomplete,” which is a concrete, fixable claim.

Second, it becomes testable whether alignment is time-coherent rather than post-hoc. A family
of ad hoc mappings can make any snapshot look aligned. A natural transformation eta : Q =>
Tau imposes a commutation constraint across time. When that fails, you have a principled
diagnosis: the alignment interface is unstable, the target is drifting without being modeled as
such, or the learner’s evolution is not compatible with the claimed target dynamics.

Third, it becomes testable whether convergence is about a scalar metric or about structure.
When you distinguish “convergence in loss” from “convergence in structure,” you can run
separate diagnostics: scalar objective stabilization versus invariance checks, compositionality
checks, patching checks, and robustness under perturbations. The formalism forces you to
declare what kind of convergence you claim, rather than silently swapping meanings when
convenient.

Fourth, it becomes testable whether your target Tau is anchored independently. If tau is defined
implicitly as “whatever the system does,” then alignment is tautological. The formalism makes
that tautology visible: Tau is a functor you must specify, and the legitimacy of eta depends on
Tau being nontrivially specified relative to Q. In other words, the framework does not prevent
empty claims, but it makes them easier to detect.

So the response to “just relabeling” is: the relabeling accusation is correct only if one refuses to
adopt the constraints that the formal objects impose. Once the constraints are taken seriously,
the formalization becomes a disciplined way to expose hidden assumptions and to separate
genuine structure-respecting alignment from retrospective storytelling.

11.2 “Category theory is too abstract”: why abstraction is the point here
The “too abstract” objection often assumes that abstraction is an aesthetic choice rather than a
necessity. But the Logostics problem is intrinsically cross-level: it tries to speak simultaneously
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about time evolution, learning dynamics, targets, and alignment across very different
implementations (digital, analog, symbolic, probabilistic, hybrid). If you stay purely concrete,
you lock yourself into one representation and then confuse representation-specific artifacts
with general principles.

Abstraction is the point for three reasons.

First, it provides invariance under re-description. Many “learning phenomena” disappear or
change form when you change coordinates, reparameterize a model, alter an architecture, or
shift from deterministic to stochastic updates. Category theory is a language whose central
virtue is invariance: what matters is not the chosen encoding but the structure that survives
changes of encoding.

Second, it forces typing. In informal discussion, people silently compare objects that are not
comparable: internal states to external targets, policies to truths, distributions to manifolds, loss
curves to meaning. Abstraction in the categorical sense is not vagueness; it is typed clarity. You
must say what category you are in and what morphisms mean. That prevents a large class of
conceptual mistakes that are otherwise invisible.

Third, it supports compositional reasoning. Real systems are composed of subsystems; learning
procedures are composed of phases; targets are composed of constraints. Abstraction here is a
tool for composition: it gives rules for how parts glue together and what it means for the glue to
preserve meaning. Without that, “alignment” remains a single-word summary of many distinct
phenomena, and systems scale by folklore rather than by principled modularity.

In short, this is not abstraction for prestige. It is abstraction to keep claims stable across
implementations, to prevent type confusion, and to make composition explicit.

11.3 “Natural transformation is too strong”: weaker notions and partial alighment

A natural transformation eta : Q => Tau can feel overly demanding because it enforces
coherence for every time relation t<=s. Real systems are noisy, nonstationary, and often only
partially interpretable. So it is reasonable to ask whether the framework can accommodate
weaker notions.

It can, and it should, as long as the weakening is explicit.

One weakening is approximate naturality. Instead of demanding exact commutation, you
demand commutation up to a controlled tolerance measured in an enrichment (metric,
probabilistic, or information-based). This is often the correct physical stance: you do not expect
exact equality, you expect stability under perturbation and bounded deviation.

A second weakening is restricted naturality. You require commutation only on a subset of times,
regimes, or observables: for example, only at checkpoint times, only under a fixed training
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schedule, or only for a chosen set of probes. This corresponds to the practical reality that your
alignment interface is defined only where you can measure it.

A third weakening is partial alignment via partial maps or relations. If C = Rel or a partial-map
category, eta_t can express that alignment is many-to-many, non-deterministic, or
underdetermined. This is valuable when the target is not uniquely specified by the evidence, or
when multiple internal representations correspond to the same external structure.

A fourth weakening is alignment as a cone rather than a transformation. Instead of a single eta
relating Q to Tau, you may have multiple constraint functors Tau_i, and alignment means
providing a compatible family of maps from Q into each Tau_i. This can be more realistic when
“the target” is a bundle of constraints, not a single object. In that setting, tau is effectively
reconstructed as a limit-like coherence condition rather than as a single primitive.

The principle is: do not abandon coherence; parameterize it. The strong notion (a natural
transformation) is the ideal case that makes the discipline crisp. Weaker notions let you model
real systems without pretending they meet ideal mathematical exactness, while still preserving
the central aim: alignment should not be a sequence of unrelated excuses at each time step.

11.4 “Convergence implies truth”: why truth is not guaranteed by convergence
A recurring conceptual error is to treat convergence as a certificate of truth. The formalism
explicitly blocks that inference.

Convergence is always relative to something: a divergence D, an interface eta, and a target Tau.
If D measures the wrong thing, convergence certifies only that the system got good at the
wrong scoreboard. If eta is too permissive, convergence certifies only that an interpretation can
be found that makes behavior look aligned. If Tau is poorly anchored, convergence certifies only
coherence with a moving or circularly defined target.

Even when all these are well specified, there remains a deeper reason convergence does not
imply truth: underdetermination. Many different internal models can fit the same data,
optimize the same loss, and even satisfy the same local constraints, while diverging drastically in
unseen regimes. Convergence may certify stability within the training regime without certifying
correctness beyond it.

There is also the distinction between structural correctness and semantic correctness. A system
can preserve structure (in the sense of your chosen category) while failing to attach that
structure to what you intend it to mean. This is not merely philosophical. It appears
operationally as brittleness under controlled perturbations, failure of compositional
generalization, and inability to patch local competencies into a consistent global picture.
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Therefore, Logostics treats convergence as a necessary but not sufficient property. The “lawful
reduction of divergence” claim must be paired with independent anchoring, structure-sensitive
tests, and explicit guardrails against proxy gaming. Convergence is evidence of something; it is
not the final word on what that something is.

11.5 “tau(t) is metaphysical”: how to keep tau(t) formally meaningful without overclaiming
The tau(t) symbol invites metaphysical readings because it is allowed to be richer than “labels”
or “loss.” Some readers will assume that making tau(t) rich automatically makes it unscientific.
The correct response is to separate the formal role of tau(t) from any optional interpretive gloss.

Formally, tau(t) is a target trajectory Tau : T -> C. That is a mathematical object. It becomes
meaningful when it is anchored by constraints that do not depend on the learner’s current
state. Those anchors can be entirely operational:

e adata-generating process model (even if only partially known)

e invariants and symmetries that the system must preserve

o safety constraints and admissible sets

e calibration standards and external reference tests

¢ multi-context coherence requirements (patching conditions)

¢ independently specified desiderata that are fixed prior to training evaluation

Under this discipline, tau(t) need not be “ultimate truth.” It can be an externally defined target
structure whose provenance is explicitly stated. You can have a weak tau(t) (a proxy objective)
or a strong tau(t) (a richly constrained manifold of requirements). What matters is that you do
not silently smuggle metaphysical authority into tau(t) while pretending it is “just math.”

If a reader wants to interpret tau(t) as a “living truth proxy,” that interpretive layer must be
marked as such. The formal content remains: Tau is a target functor; eta is an alignment
interface; convergence is measured relative to declared criteria. This is precisely how Logostics
can remain expressive without becoming unfalsifiable: keep tau(t) mathematically typed and
operationally anchored, and treat metaphysical readings as optional commentary rather than as
hidden premises.

In that sense, the framework does not require metaphysics, but it can accommodate it without
confusion, because it insists on explicit typing and explicit anchoring. That is the whole posture:
reverence for meaning claims, audit for mechanism claims.
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12. Implications for Logostics and Alignment Practice

12.1 A disciplined vocabulary: process (functor), alignment (natural transformation),
convergence (extra structure)

The main practical payoff of the functorial Logostics formalization is a vocabulary that separates
three things people routinely mix into one word: “learning.”

First is process. A process is the time-indexed becoming itself: Q : T -> C (and, when relevant,
Tau : T -> C). This says, “there is a coherent notion of state over time, and a coherent notion of
evolution maps that compose.” Process is about lawful change, not about goodness.

Second is alignment. Alignment is the existence of a structure-respecting interface between
processes: eta : Q => Tau, a family of maps eta_t : Q(t) -> Tau(t) that is coherent across time.
Alignment is about commutation with evolution, not automatically about optimization.

Third is convergence. Convergence is an added evaluative layer: a divergence D, an order of
refinement, a stability criterion, or an enrichment that lets you say “closer” and “farther.”
Convergence is not what alighment means; it is a further claim you may or may not be able to
justify.

This vocabulary has a discipline effect. It forces you to say which claim you are making when you
say “it learned.” Are you claiming: (i) there is a coherent process, (ii) there is a coherent
alignment interface, (iii) there is improvement under a declared criterion, or (iv) some mixture?
Once these are separated, debates become about missing assumptions rather than about vibes,
and “progress” is less able to hide behind ambiguous language.

12.2 Audit-friendly claims: what can be checked from traces and logs

Most alignment and learning claims are made in an environment where only traces are
available: checkpoints, gradients, policy rollouts, probe outputs, sensor logs, evaluation suites.
The functorial framing is valuable because it suggests exactly what can be audited from such
traces, and what cannot.

From logs you can often check process coherence. If you have recorded states at times t0 < t1 <
... < tn, you can test whether the implied evolution composes: whether the “long jump”
behavior is consistent with the product of recorded “short jump” behaviors, within tolerance.
When it is not, you have evidence of hidden state, unlogged interventions, or regime shifts.

You can also audit alignment-interface stability. If eta_t is realized operationally as a probe,
decoder, readout, constraint projection, or interpretation layer, you can log its parameters or
outputs and test whether it is stable under time evolution: whether it drifts wildly, flips
semantics, or depends sensitively on partitioning of time. This matters because many systems
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“look aligned” only because the interpretive lens is adjusted continuously. A stable eta is a
stronger claim than a sequence of changing explanations.

You can audit structure-sensitive invariants. Functoriality and the dynamical-systems view
encourage tests that are not reducible to one score: invariance under controlled perturbations,
compositional consistency (does A+B behave like the composition of A and B), patching
consistency across contexts, and robustness under regime changes. These are tests of whether
the alignment story respects structure, not merely whether the loss decreased.

What you cannot get from logs alone, and should not pretend to get, is ultimate semantic
certification. Logs can certify coherence relative to chosen observables and chosen interfaces;
they cannot, by themselves, guarantee that Tau is the right target in the sense a reader might
care about. The audit posture is therefore: make the testable pieces explicit, run them, and
clearly mark what remains outside the audit boundary.

12.3 Designing systems that cannot fake structure: constraints, invariants, and external
anchors

A central motivation for the Logostics discipline is the risk that high-capability systems can “fake
alignment” by optimizing for appearances under a narrow evaluator. The categorical framing
does not magically prevent gaming, but it tells you exactly where to harden the system: in the
structures that define acceptable morphisms and in the anchors that define Tau.

One strategy is to constrain the allowed alignment interfaces eta_t. If eta_t can be any flexible
map, then existence of eta is cheap and can be post-hoc. If eta_t is restricted (for example, to
linear maps, sparse maps, monotone maps, physically realizable maps, or maps preserving
named invariants), then alignment becomes harder to counterfeit. The restriction should match
the kind of structure you claim is meaningful.

A second strategy is to anchor Tau externally and redundantly. Tau should not be defined as
“whatever the model currently prefers,” nor as a single proxy metric. It should be anchored by
constraints the system cannot rewrite: physical invariants, independently curated test sets,
adversarially generated perturbations, cross-context patching requirements, multi-view
consistency constraints, and stable evaluation protocols whose definition precedes the run
being evaluated. Redundancy matters because any single anchor can become a target of
optimization.

A third strategy is to design invariant checks that are compositional. If a system can pass isolated
tests but fails when tests are composed, it is not preserving structure; it is fitting fragments.
Monoidal and sheaf-like checks become practical here: demand that competencies glue and
that the glue is stable.
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A fourth strategy is to enforce regime transparency. Many “fake structure” behaviors exploit
untracked regime changes: changing the evaluator, changing the distribution, changing the
constraint set. If the time category or morphisms are enriched with regime labels, then regime
changes become first-class objects in the formal model and cannot be smuggled in silently. This
is an audit gain and a safety gain.

The guiding idea is simple: if you want structure-respecting alignment, design the system so that
the relevant structure cannot be cheaply simulated at the surface while being violated
internally. In categorical terms, force alignment to live in a category where the morphisms that
matter are difficult to counterfeit.

12.4 Human stewardship: where normative commitments enter and how to mark them
Logostics, as used in your corpus, often carries a dual aspiration: it wants mathematical clarity
and it also wants a morally serious posture. The formalism helps precisely by forcing a clean
boundary: where are we making mechanism claims, and where are we making meaning or
value claims?

Normative commitments enter in at least four places.

First, in the selection of Tau. Choosing a target is never purely technical when the target
encodes what we want the system to become. Even a “data-generating tau” carries normative
choices about which data counts, which contexts count, and which errors matter.

Second, in the selection of D and the acceptance criteria. Declaring what counts as “closer,”
“better,” “safe,” or “aligned enough” is a normative act, even when it is expressed
mathematically.

Third, in constraints and invariants. Safety constraints, truthfulness constraints, non-
manipulation constraints, and accountability constraints are not derivable from category theory;
they are imposed by stewards.

Fourth, in the definition of legitimate morphisms. Deciding which kinds of mapping are allowed
as “alignment” (what counts as interpretation, what counts as projection, what counts as
faithful simulation) embeds normative assumptions about what kinds of correspondence are
acceptable.

The discipline is not to deny these commitments, but to mark them. Treat them as inputs, not as
conclusions. In the paper’s later expansions, this marking can be done without moralizing: you
state, “Here is the target class,” “Here is the divergence,” “Here are the constraints,” “Here is the
allowed interface family,” and you distinguish those choices from what follows deductively. This
makes the work both more honest and more persuasive, because critics can disagree about
inputs without pretending the whole framework is incoherent.
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12.5 A minimal “reverence plus audit” posture for mathematical metaphysics

Logostics often lives at a boundary where metaphysical intuitions are present but the work still
wants to be intellectually disciplined. The minimal posture that keeps this boundary healthy is
“reverence plus audit.”

Reverence means: treat meaning-claims as weighty and not cheaply instrumental. If tau(t) is
framed as a living truth proxy, do not use that language as mere ornament. Treat it as a
commitment to non-tautological anchoring, humility about what can be proven, and
seriousness about what is being aimed at.

Audit means: treat mechanism-claims as accountable. If you say q(t) aligns to tau(t), specify the
category C, the time structure T, the evolution story (Q and Tau), the alignment interface (eta),
and the convergence criteria (D or refinement structure). Then demonstrate coherence checks
and failure-mode tests. Do not ask the reader to accept alignment because the narrative is
inspiring.

Together, this posture prevents two symmetrical failures. It prevents metaphysics from
becoming unfalsifiable rhetoric, because audit forces structure. It also prevents mathematics
from becoming sterilizing reductionism, because reverence forces you to acknowledge where
normative inputs and interpretive commitments enter.

In practice, “reverence plus audit” yields a style of claim-making that is neither purely technical
nor purely poetic: it is explicit about what is formal, explicit about what is chosen, explicit about
what is tested, and modest about what cannot be concluded. That posture is not an optional

etiquette; it is the best way to keep a framework like Logostics both ambitious and trustworthy.

13. Conclusion

13.1 Restating the core result: q(t) -> tau(t) becomes functorial viaQ, Tau: T->C

The paper’s central move is to take the Logostics slogan q(t) -> tau(t) and give it a stable
mathematical spine without draining it of its intended meaning. As written, the arrow is not “a
functor” by itself. It becomes functorial only after we make two declarations explicit: what we
mean by time, and what kind of objects we are evolving.

Time is represented as an ordered category T (most simply (R,<=) or (N,<=)), and the evolving
learner and target are represented as functors Q, Tau : T -> C into a chosen state category C.
This turns “learning over time” from a narrative phrase into a compositional object: for each
time t there is a state object Q(t), and for each t<=s there is an evolution morphism Q(t<=s) that
must cohere under identity and composition. The same holds for Tau. The slogan’s first
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disciplined meaning is therefore: both the learner and the target are lawful trajectories in a
declared structural arena.

13.2 Alignment as eta : Q => Tau, with convergence added explicitly

Once trajectories are functors, alignment becomes a precise claim of correspondence across
time: a natural transformation eta : Q => Tau. Concretely, this is a family of component maps
eta_t : Q(t) -> Tau(t) that commute with evolution. This commuting condition captures what
Logostics wants the arrow to mean when it is read as “lawful becoming toward a target”: not
only that there is an interpretation of the learner at each instant, but that the interpretation is
time-coherent rather than retrofitted.

Crucially, “getting closer” is not smuggled into the word alignment. Convergence is treated as an
additional layer of structure: a divergence D, a refinement order, a stability criterion, or an
enrichment on the relevant hom-objects. With that layer explicitly stated, one can differentiate
monotonic improvement, asymptotic convergence, and finite-time stabilization, and one can
separate convergence in a scalar loss from convergence in structure. This separation is the
conceptual hygiene that prevents the slogan from becoming either empty rhetoric (“it
converges because | say so”) or overclaim (“it converges, therefore it is true”).

13.3 What this formalization enables: comparison, compositional design, falsifiable
diagnostics

Treating learning and targets as functorial trajectories with explicit alignment interfaces yields
three practical benefits.

First, comparison becomes principled. Different learners, implementations, or training regimes
can be compared on equal footing by asking whether they induce functors into the same (or
comparable) categories, whether their evolution is coherent under composition, and whether
their alignments can be witnessed by stable, constrained maps. This is especially valuable when
moving between digital and analog settings, where superficial state representations differ but
dynamical equivalences may exist.

Second, compositional design becomes legible. Real systems are built from subsystems and
trained in phases. The framework provides a vocabulary for composing parts (monoidal
structure), patching local competencies into global coherence (sheaf-like constraints),
aggregating constraints and abstractions (limits and colimits), and managing encode/decode
dualities (adjunction patterns). These are not ornamental abstractions; they are the natural

n

mathematical homes of “modularity,” “gluing,” and “interface discipline” in learning systems.

Third, diagnostics become more falsifiable. Functoriality gives you audit checks (coherence of
composed updates), naturality gives you alignment checks (commutation across time), and
explicit divergence structure gives you convergence checks that can be tested and stress-tested.
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Failure modes such as hidden state, regime drift, cycling, hysteresis, and deceptive convergence
are no longer just stories; they appear as specific violations of coherence conditions or as
mismatches between loss-based and structure-based diagnostics. In this sense, the
formalization is not merely descriptive; it is instrument-like.

13.4 What it does not decide: ultimate ontology, theology, or final semantics

The formalization is intentionally modest about what it can conclude. It does not decide
whether tau(t) is “ultimate truth,” a socially negotiated standard, a data-generating structure, or
a metaphysical attractor. It provides a disciplined way to represent any of these possibilities as
targets with declared structure and to separate what is operationally anchored from what is
interpretive gloss.

Likewise, the framework does not settle questions of final semantics. A natural transformation
can witness a coherent mapping between learner and target trajectories without guaranteeing
that the target is correct, complete, or morally adequate. Convergence—especially convergence
in a chosen divergence—does not certify truth; it certifies stabilization relative to what was
measured and what was anchored. That is not a defect; it is the boundary line that keeps the
mathematics honest.

In Logostics terms, the conclusion is therefore a posture: use categorical structure to keep
mechanism claims auditable, and keep meaning-claims explicit about their provenance. The
framework supports ambitious synthesis—across learning theory, dynamical systems, and
physical realization—while refusing the shortcut of confusing coherence with truth, or
convergence with ultimate semantics.
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