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We propose PanLogos—a unifying mathematical host formalized as a reflective, modal,
univalent (oo, 1)-topos. Rather than competing foundations, PanLogos coordinates them:
algebraic/regular theories, exact and elementary toposes, HoTT/Univalent Foundations, and set-
theoretic practice (ETCS/ZFC) appear as regions or modal subtoposes, connected by
conservative institutional bridges. A built-in reflection layer (the Metalogos comonad)
internalizes syntax and semantics, enabling quotation/evaluation without leaking spurious
theorems. An internal typed-graph “diagram engine” elevates commutative diagrams and
universal properties to first-class objects; surface notations (traditional symbols, or even
didactic views like Emoji) become faithful renderings, not foundations. We state core axioms
PL1-PL8 (univalent universes; regular/exact core; modalities; reflection; bridges; diagram
engine; computation/partiality; conservativity) and formulate the PanLogos Correspondence
Principle and Reflection Law. Relative soundness theorems show that proofs in algebraic/regular
fragments interpret directly in PanLogos, and results proved in modal regions reflect back to
their home logics. We sketch model-building strategies (glued (oo, 1)-toposes combining
realizability and double-negation sheaves), outline bridge constructions to ZFC/ETCS and HoTT,
and identify open problems toward a PanLogos Completeness Conjecture: every rigorously
formalized theorem admits a conservative interpretation in an appropriate PanLogos region.
PanLogos aims to be not “another foundation,” but the interoperable medium in which our
mathematical civilizations meet.
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1. Introduction and Motivation

Mathematics today lives in several thriving foundations and formalisms—set theory (ETCS/ZFC),
categorical and topos-theoretic logics, algebraic/regular theories, and dependent type theory
with univalence (HoTT/UF). Each excels in certain dimensions: expressivity, metatheory,
computational content, mechanization, pedagogy, or diagrammatic clarity. Yet these ecosystems
are not mutually transparent. Moving a theorem, a construction, or even a style of proof from
one to another is often nontrivial, and the boundary frictions (notation, logic, size issues,
equality vs. equivalence) impose hidden costs on research and exposition.

PanlLogos is proposed as a unifying host rather than a rival foundation: a reflective, modal,
univalent (oo, 1)-topos in which established formalisms appear as regions (e.g., reflective
subtoposes) connected by conservative bridges. In PanLogos, a theorem formalized in one
region can be transported into another without semantic loss, and surface notations—from
classical symbolic pages to didactic views—are treated as renderings of internal objects and
proofs, not as foundations in themselves. The goal is interoperability with guarantees: proofs
retain meaning, modalities make assumptions explicit, and reflection internalizes metatheory
without corrupting object-level truth.

1.1 Motivation: Why a Unifying Host Now?

1. Pluralism in practice. Modern work routinely spans algebra, category theory, type
theory, and computation. Researchers want to use strengths of multiple formalisms
while preserving result integrity.

2. Maechanization and meta-level reasoning. Proof assistants (Lean/Coq/Agda) bring
unparalleled rigor, but the semantics of moving between PA libraries, set-theoretic
arguments, and categorical presentations remain delicate.

3. Equality vs. equivalence vs. isomorphism. In algebra and category theory, these are
fundamentally different. In HoTT/UF, path types refine the picture. A unified setting
should distinguish and relate these notions natively.

4. Diagrammatic reasoning at scale. Many arguments are essentially 2D/graphical (limits,
pasting, Beck—Chevalley). Linear text is a poor substrate. A unifying host should encode
diagrams as first-class objects with verified constraints.

5. Modal assumptions. Constructive vs. classical, sheafified vs. global, realizability vs.
extensional: these are modes of reading the same mathematics. We need a principled,
internal account of modalities.



1.2 Vision: PanLogos at a Glance
PanLogos PLis a univalent (oo, 1)-topos with:

¢ Universes and univalence (PL1). Higher identity types and equivalence-as-identity via
univalence.

e Regular/exact core (PL2). Kernels, images, effective quotients; exactness so that internal
equivalence relations yield coequalizers.

e Modalities (PL3). A spectrum of Lawvere—Tierney topologies, each giving a reflective
subtopos (e.g., double-negation for classical logic; localic/sheaf modalities; realizability
for computation).

¢ Reflection (PL4). A conservative reflection comonad Mthat internalizes
syntax/metatheory and supports quotation/evaluation without “new theorems by
reflection.”

e Bridges (PL5). Institution morphisms from mainstream foundations (ZFC/ETCS, HoTT/UF,
algebraic specifications) into Th(PL), with adjoints ensuring conservativity.

o Diagram engine (PL6). Typed graph objects with commuting constraints; universal
properties are verified on graphs and rendered into any notation.

e Computation/partiality (PL7). A realizability or partiality modality linking proofs to
executable witnesses.

e Conservativity schema (PL8). Theorems proven in embedded regions reflect back to
their home logics intact.

In this setting, our earlier Rosetta—>Emoji pipeline is simply a site whose sheaves form a
subtopos; its pages are faithful renderings of internal objects and diagrams verified by PL6 and
safeguarded by PLS.

1.3 Problem Statement
Can we build a host in which:

e (P1) algebraic/regular reasoning, categorical/exact methods, topos-theoretic logic, and
HoTT/UF coexist with explicit bridges and conservative translations;

e (P2) equality (=), isomorphism (=), and equivalence (=)are distinguished and related
with correct transports and coherences;

e (P3) diagrammatic proofs are handled natively as typed graphs with universal properties
verified internally;



(P4) meta-level processes (quotation, evaluation, syntax-as-data) are internal yet do not
create spurious theorems;

(P5) modal assumptions (classical/constructive, sheaf/realizability) are made explicit and
remain stable under transport?

PanlLogos is our proposed positive answer: a single mathematical object and interface achieving
(P1)—(P5) by design.

1.4 Design Commitments

Interoperability over hegemony. PanlLogos is a host, not a replacement. Each external
foundation is respected in its own region; bridges are conservative.

Equivalence-first higher structure. Univalence and higher paths give a canonical home
to =; classical (2)and definitional (=)embed with the right transport rules.

Graph-first diagrammatics. Arguments that are inherently 2D receive graph-level
semantics (limits, pullbacks, pastings), then are rendered to human-friendly notations.

Modal transparency. Every theorem carries its mode (e.g., O_,_ for classical); transitions
between modes are functorial and controlled.

Meta-safety. Reflection (M) is conservative and commutes with modalities up to
coherent equivalence.

1.5 Contributions of This Paper

1.

Foundational proposal. We state the PL1-PL8 axioms defining PanLogos and justify their
necessity and sufficiency for the interoperability goal.

Principles. We articulate the PanLogos Correspondence Principle (conservative inter-
foundation transport) and the Reflection Law (meta-safety).

Relative soundness. We show how algebraic/regular derivations, exact/elementary
topos reasoning, and fragments of HoTT/UF interpret directly in PanLogos; conversely,
results proved in modal regions reflect back.

Bridge schemata. We describe institution-style bridges to ETCS/ZFC, HoTT/UF, and
algebraic specifications, indicating adjunctions and conservativity conditions.

Diagram engine specification. We formalize typed-graph objects with commuting
constraints and universal properties, separating semantics from rendering.



6. Model-building roadmap. We sketch candidate constructions (e.g., gluing realizability

and ——-sheaf toposes over a univalent base) and outline technical milestones toward
the PanLogos Completeness Conjecture.

1.6 Positioning and Non-Goals

Not a monolithic replacement. PanLogos is not “ZFC 2.0” or “HoTT 2.0.” It is a topos-
level interoperability medium with modal and reflective structure.

Not a proof assistant. PanlLogos is a mathematical object; bridging to PAs
(Lean/Coqg/Agda) is handled by formal translations.

Not a new notation. Surface notations (TeX, string diagrams, iconography) are views. PL6
ensures they are backed by graph-verified semantics.

1.7 Anticipated Benefits

Scholarly coherence. Results can be cited with explicit mode and region, reducing
ambiguity (e.g., “classical sheafified reading via O__").

Library transport. Algebraic libraries developed in one formalism can be transported
conservatively into another without re-proving under ad hoc encodings.

Robust diagrammatics. Large diagram chases and coherence proofs become reliable,
with correctness checked at the graph level.

Meta-level clarity. Reflection is internal, principled, and conservative; meta-arguments
can be staged without leaking into object-level truth.

1.8 Roadmap Through the Paper

Section 2 offers an informal tour of PanLogos; Section 3 states PL1-PL8 precisely; Section 4

presents the Correspondence and Reflection principles; Section 5 develops relative soundness
and partial completeness; Section 6 details bridges to ETCS/ZFC, HoTT/UF, and Institutions;
Section 7 formalizes diagram semantics; Section 8 sketches model candidates; Section 9 collects

case studies; Section 10 positions PanLogos among prior frameworks; Section 11 lists open

problems and formulates the PanLogos Completeness Conjecture; Section 12 concludes.

Thesis. A reflective, modal, univalent (oo, 1)-topos with conservative bridges and graph-

internalized diagrams suffices to make modern mathematical pluralism interoperable without

loss of meaning. PanLogos is our proposed instantiation of that thesis.



2. Informal Overview of PanLogos

PanLogos is a host for mathematics: a single higher topos in which different foundations live as
regions, with principled ways to translate between them. This section explains the moving parts
without heavy formalism.

2.1 The picture at 10,000 feet

e The space. PanLogos PLis a univalent (oo, 1)-topos. Think “a universe of types/objects”
where higher paths capture equivalences.

e The rooms (regions). Classical set-theoretic practice, elementary toposes,
algebraic/regular theories, HoTT/UF—each appears as a region (often a reflective
subtopos) determined by a modality 0.

e The hallways (bridges). Conservative functors (institutional bridges) carry
theorems/models between regions without changing their truth-value in the
appropriate sense.

¢ The mirrors (reflection). A reflection comonad Minternalizes “syntax as data” and
controlled evaluation; you can reason about proofs and programs inside PLwithout
breaking object-level soundness.

e The workbench (diagram engine). Diagrams are typed graphs with equations; universal
properties (limits/colimits) are checked on graphs, then rendered into any notation (TeX,
string diagrams, emaiji, ...).

2.2 Modalities as lenses on the same content

A Lawvere-Tierney modality Oacts like a lens that changes how propositions are interpreted.
Typical lenses:

e O__: classicalization (double-negation sheaf).
e Ogp,: sheafification over a site (local truth).
e 0O, realizability/computation (truth = having a witness/program).

Each Oyields a reflective subtopos PL5. The same object or theorem can be viewed through
different lenses; bridges record how these views compare (often via unit/counit maps).



Intuition. You can state a theorem once and mark it with its mode, e.g. “proved in O__" for
classical logic or “proved in O,,” when it carries computational content.

2.3 Equality, isomorphism, equivalence—natively distinct
o Definitional equality =: judgmental/definitional identity.
¢ Isomorphism =: invertible maps in a category.

¢ Equivalence =: higher-path equality in univalent settings; carries transports and
coherence.

In PanLogos these are different relations with the right transport rules. This avoids routine
confusions (e.g., A X B = B X Abut typically A X B # B X A) and lets HoTT-style arguments live
alongside classical algebra without coercion.

2.4 Universal properties by graph, not by prose

Commutative diagrams are first-class graph objects with nodes (objects), edges (arrows), and
constraints (equalities). A product, pullback, or pushout is certified by a universal property check
on the graph. Renderings are secondary:

e  Write once: certify the product/pullback in the graph.
¢ Render many: show it as TeX, string diagram, or any iconography.

e Guarantee: the rendering cannot silently change the semantics.

2.5 Reflection without danger

The reflection layer Mlets you talk about expressions and proofs as objects, and evaluate them
back:

e Quotation:t—"t 7€ M X (syntax-as-data).
e Evaluation: evy: MX — X.

Conservativity law. If something is true only “because we reflected it,” it does not become true
in the base unless it was already provable there. This permits metaprogramming and verified
build pipelines inside PLwithout leaking meta-truths into object truth.



2.6 Bridges to other formalisms (why this isn’t hegemony)

A bridge Bryembeds a foundation I(e.g., ETCS/ZFC, HoTT/UF, algebraic specifications) into
Th(PL). Its adjoint maps back, and conservativity guarantees that transported theorems reflect
unchanged. Thus:

e A ZFC proof of a ring-theoretic fact transports into PL(classical mode), can be used
diagrammatically, then returns to ZFC unchanged.

e A HOTT equivalence proof transports into a univalent region; if you take its classical
shadow via O__,, you get the expected isomorphism statements—no surprises.

2.7 What life in PanLogos feels like (three vignettes)

(A) Algebra across modes.

You prove CRT in a regular/exact fragment: effective quotients, kernel pairs, and products.
PanlLogos certifies the diagrammatic proof. A colleague in a constructive project consumes it
through O,,, seeing exactly which steps yield programs (e.g., explicit idempotents). Another
colleague views the same result classically viaO__.

(B) Category theory with large pastings.

You paste pullback squares to prove Beck—Chevalley. Instead of juggling equalities in prose, you
submit a typed graph; PanLogos checks commutativity and the UP of each node. The same
certified diagram renders as a string diagram for readers and as TeX for a journal.

(C) Type-theoretic equivalences meet algebra.

A structure theorem is proved in a HOTT region as an equivalence of types. A classical algebraist
asks for an isomorphism of groups/modules; the bridge + O__specialize your equivalence to an
isomorphism statement, with transports handled explicitly.

2.8 How PanlLogos relates to familiar foundations

e ZFC/ETCS: appear as classical regions (often the = —-subtopos). Sets, functions, and
classical choice live here; results reflect back via a conservative adjoint.

o Elementary toposes: any topos embeds as a reflective subtopos; its internal logic runs
unchanged.

e Algebraic theories: classifying toposes for groups/rings/... sit naturally; free/forgetful
adjunctions are internal.
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e HoTT/UF: univalence and higher paths are native; path/equivalence reasoning coexists
with categorical isomorphisms, not conflated with them.

e Algebraic specification / rewriting: signatures and equations embed via institutional
bridges; quotients correspond to effective congruences.

2.9 What PanlLogos is not
e Not “ZFC 2.0” or “HoTT 2.0.” It’s a host coordinating many logics with modes.
e Not a proof assistant. It can talk to Lean/Coqg/Agda through bridges; it isn’t itself an IDE.

e Not a new notation. Renderings are pluggable skins over the certified graph and internal
language.

2.10 Informal checklist for using PanLogos
1. Choose a mode O(classical, constructive, realizability, sheaf).
2. State your objects/diagrams as typed graphs; specify universal properties you need.
3. Prove once (inside PL); the diagram engine checks the heavy lifting.
4. Render for readers (TeX, string diagrams, or other views).

5. Transport to other regions via bridges; cite the mode explicitly.

2.11 Benefits at a glance
e Truth-preserving transport across foundations.
o Equivalence-aware reasoning without collapsing to equality.
o Diagrammatic robustness for large pastings and UPs.
o Meta-level clarity via conservative reflection.

e Computational alignment through realizability/partiality modes.
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2.12 Boundaries (today’s ceiling)

e Full metatheory requires building explicit models (e.g., glued realizability + —=—-sheaf
(o0, 1)-toposes) and proving coherence.

¢ Universe management and interaction of multiple modalities need careful handling.

e Bridges must be proved conservative on substantial libraries (not just toy examples).

Takeaway. Panlogos acts like a multilingual city for mathematics: different districts
(foundations), reliable transit (bridges), distinct lighting conditions (modalities), mirrors that
don’t lie (reflection), and building inspectors for diagrams (graph checks). You work once and
publish many views—without losing or mutating the theorems you proved.

3. Core Axioms (PL1-PL8)

This section states PanlLogos as a package of eight axioms. Each axiom is phrased at the level of
an (oo, 1)-topos PLequipped with extra structure. We use copy-safe math and avoid committing
to any single concrete model.

3.1 PL1: Univalent universes in an (o,1)-topos

Axiom PL1 (Topos + Universes).
PLis an (oo, 1)-topos equipped with a cumulative tower of univalent universes

Uy € Uy € U, €

closed under finite limits, dependent products/sums, and small object formation at each level.
Univalence. For each i, identity in U;coincides with equivalence: for small types A4, B € U;,

Idy,(A,B) = Equiv(4,B).
Remarks.

e This distinguishes =, =, and ~natively: definitional equality, categorical isomorphism,
and equivalence as a path.

12



e Cumulativity ensures size management for embeddings (e.g., classifying toposes, sheaf
subtoposes).

3.2 PL2: Regular/exact core (effective quotients, images/kernels)

Axiom PL2 (Regular/Exact).
PLhas:

1. Finite limits (products, equalizers, pullbacks).
2. Regular epis that are effective (coequalizers of kernel pairs exist and are stable).
3. Exactness: every internal equivalence relation is effective.

Consequences.

coeq
o Images/kernels: each arrow f: X — Yfactors X — im(f) © Ywith ker(f)the kernel
pair; images stable under pullback.

e Quotients: algebraic quotients (e.g., by normal subgroups, ideals) are modeled by
effective coequalizers.

Use in algebra. CRT, First Iso, Correspondence, SNF facts are expressible via PL2 (plus finite
limits), with “well-definedness” = factorization through a coequalizer.

3.3 PL3: Lawvere-Tierney modalities and modal subtoposes

Axiom PL3 (Modalities).
There is a small, complete family of Lawvere-Tierney modalities {O;};c;on PLwith associated
left exact reflectors

a;: PL —» PLg,and right adjointsj;: PLy, < PL.

Properties.

o Each PLy;is a reflective subtopos; a;preserves finite limits and universes up to coherent

equivalence.

e Canonical examples in the family: O__ (double-negation/classicalization),
Osns,))(sheafification over a site), O, (realizability/computation).

13



Modal discipline. Every theorem is annotated by its mode (the O;through which it is read);
transport between modes is functorial via a;and j;.

3.4 PL4: Reflection (Metalogos) and conservative evaluation

Axiom PL4 (Reflection/Metalogos).
There is a comonad M: PL — PL(“Metalogos”) with counit evy: MX — Xand comultiplication
8x:MX > M2X, such that:

1. Left exactness: Mpreserves finite limits and small universes up to coherent equivalence.
2. Modal compatibility: for each O;, there is a comparison equivalence a; o M =~ M o q;.

3. Conservativity (evaluation law): if ¢holds in MXand is stable under evy, then @holds in
X. No spurious theorems are created by reflecting and evaluating.

Intuition. Mpackages “syntax as data” and controlled meta-reasoning (quotation/evaluation)
within PLwithout leaking meta-truth into object-truth.

3.5 PL5: Institutional bridges and adjoint conservativity

Axiom PL5 (Bridges).
For each external foundation I(e.g., ETCS/ZFC, HoTT/UF, algebraic specification), there exists an
institution morphism

Br;: 1 — Th(PL)

preserving signatures, sentences, and satisfaction, with an adjoint (left or right) functor
UnBrjback to I.

Conservativity clause. For any theory T'in land sentence ¢,

T +y ¢ & Bry(T) +p. Bry(¢p)andUnBr reflects this entailment.

Effect. Transporting theorems between land PL(and back) does not change their truth in their
home logic; interoperation is principled, not ad hoc.
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3.6 PL6: Internal diagram engine (typed graphs, UP checking)

Axiom PL6 (Diagram Engine).
There is an internal category Diagof typed graphs with:

e Objects: finite graphs of objects/arrows with typing in PL.
¢ Constraints: internal equalities along paths (commutativity data).

¢ UP checkers: predicates asserting universal properties (product, equalizer,
pullback/pushout, limits/colimits) on graphs.

Adequacy. For any diagram D € Diag, “D is a product/pullback/... diagram” in PLiff the
corresponding UP predicate holds in Diag. Rendering (TeX/string/emoji) is a view functor with
no semantic force.

Payoff. Diagrammatic arguments—including large pastings—are proved at the graph level;
renderings cannot silently alter meaning.

3.7 PL7: Computation/partiality modality and executable content

Axiom PL7 (Computation).
There exists a realizability (or partiality) modality ¢: PL — PLwith unit nyx: X —¢ Xsuch that:

1. Left exactness: Opreserves finite limits.

2. Program extraction: proofs of ¢ 3x. P(x)correspond to witnesses/programs computing
such xunder a specified realizability semantics.

3. Modal compatibility: ¢coheres with all O;(comparison natural transformations) and with
M.

Interpretation. Results proven “under ¢” come with computational content; classical proofs
(O_-)can be projected to their computational shadows when possible.

3.8 PL8: Conservativity schema

Axiom PL8 (Global Conservativity).
Let [be a bridged foundation and Oa modality. For any theory Tand sentence ¢in I,

Ty < ag(Bry(T)) Fp, ag(Bri(¢))

15



and this equivalence is reflected by the adjoint UnBry(possibly after forgetting modal
annotations). Moreover, evaluation via ev(PL4) does not create new theorems in any PL.

Reading. Transport into a modal region of PanLogos, reason there (including via diagrams and
reflection), and transport back: truth is preserved and reflected. This is the formal backbone of
“interoperate without loss.”

Summary Table (PL1-PL8 at a glance)
Axiom Role Guarantees

Univalent (oo, 1)-topos + ] ] ] ] ) ] o
PL1 . Higher equality, equivalence-as-identity, size discipline
universes

Effective quotients, images/kernels, algebraic isomorphism
PL2  Regular/exact core
theorems

PL3  Modalities Classical/sheaf/realizability lenses as reflective subtoposes

) Safe quotation/evaluation; meta-reasoning without
PL4  Reflection comonad

leakage
PL5 Bridges Institution-level transport with adjoint conservativity
PL6  Diagram engine Graph-first UP checking; rendering independence
PL7 Computation Executable witnesses; partiality; compatibility with modes

o Truth preserved/reflected across bridges and modes, even
PL8  Conservativity . .
with reflection

These axioms together make PanlLogos a host: a place where diverse foundational practices live,
translate, and cooperate with guarantees about meaning, equality/equivalence, diagrams,
computation, and meta-level safety.

4. Principles

We isolate two governing principles that turn the eight axioms into usable guarantees. Each
principle is stated in foundation-neutral form, then specialized to common settings. The point is
to make transport (between formalisms and modes) and reflection (meta-reasoning inside the
host) safe by construction.

16



4.1 PanLogos Correspondence Principle

Informal reading. A theorem proven in an external foundation I(e.g., ETCS/ZFC, HoTT/UF,

algebraic specs) corresponds—via a conservative bridge and a chosen modality—to the “same”

theorem inside PanLogos, and back again without loss or gain.

Formal statement.
Let Bry: 1 = Th(PL)be a PL5 bridge with adjoint UnBry. For any I-theory Tand sentence ¢, and
for any modality a5: PL — PLg,

T+ ¢ = ag(Bry(T)) Fp, ag(Bri(¢))

and this entailment is reflected by UnBr;(PL8). Moreover, if ¢is diagrammatic, its proof may be

carried out in Diag(PL6) and rendered arbitrarily without changing truth.

Corollaries.

1. Mode transparency. If T - ¢in I, then for any O, the image theorem a;Br;(¢)holds in

PL5. Switching modes is functorial (PL3).

2. Rendering invariance. A certified UP/pasting proof conducted via Diagis independent of
TeX/string/emoji presentations (PL6).

3. Mixed-foundation collaboration. If T, F ¢~ (an equivalence), its = —-classical
shadow is an isomorphism statement in the classical region; transported back to a set-
theoretic I, it yields the expected =claim.

Examples.

CRT (classical - constructive shadow). In ETCS/ZFC,R/(IN]) = R/I X R/Jwith[ +] =
R. Via O__the result sits in PL__; through O,its computational shadow exposes explicit

idempotents e/, e;as programs (PL7). Reflection back to ETCS preserves the original
theorem; the witness content is an extra artifact of the realizability mode.

Beck—Chevalley (diagram -> text). A pasting proof verified in Diagrenders as either a
string diagram or a commutative rectangle in TeX; both are views of the same certified
graph.

Failure modes avoided.

Spurious strengthening. You cannot prove a theorem in a stronger mode (e.g., classical)
and silently claim it in a weaker one; the modality label persists and translations are
explicit.

17



e Notation drift. Because proofs are graph-certified, presentation choices cannot change
the logical content.

4.2 Reflection Law and meta-safety

Informal reading. You may internalize and manipulate syntax and proof artifacts inside
PanLogos (quotation, evaluation, meta-programs), but doing so cannot create new object-level
theorems. Reflection is conservative across all modes.

Formal statement (evaluation conservativity).
Let Mbe the Metalogos comonad (PL4), and agany modality (PL3). For any object Xand internal
sentence gover X,

ag(evy)

If ag(MX) Fp_ @ and @* - o isstable under evy,

then ag(X) Fp, ¥. In particular, if @*is the quotation of a statement about X, evaluating does
not yield truth in Xunless it was already derivable there.

Commutation with modes. There are coherent equivalences a; e M =~ M o ag; thus “reflect-
then-modalize” equals “modalize-then-reflect” up to canonical isomorphism.

Operational consequences.

1. Safe meta-pipelines. Code generation, proof scripting, and diagram synthesis can run
inside PL; the only theorems that emerge in Xare those already forced by X(no “oracle
smuggling”).

2. Reusable certification. A proof object produced by metaprogramming may be checked in
Diagor the internal logic; if accepted, it certifies a theorem that would also be accepted
if written by hand.

Examples.

e Quotient well-definedness automation. A meta-procedure M-side searches for the
factorization of f: X — Ythrough a coequalizer; successful evaluation yields exactly the
Q-line you could prove by hand (PL2), never more.

e UP construction scripts. A script synthesizes the mediating arrow (h, k): Z - X X Yand
its uniqueness witness; evaluation produces the F-line. If the script fails, no false
existence claim appears in X.

18



What the law forbids.

e Reflection-only “proofs.” A sentence true merely because it was quoted and evaluated
(without an underlying derivation) cannot become true in X.

e Mode escalation by reflection. You cannot enter a classical region via reflection, prove
LEM, and “return” it to a constructive region; modalities constrain transport.

Relationship to PL5-PL8.

e PL5 ensures that bridging to external foundations and back preserves satisfaction even
for reflected artifacts.

e PL8 globalizes meta-safety: reflection combined with mode change and re-bridging is still
conservative (no strengthening in transit).

Design pattern (safe metaprogram).
1. Workin ag(MX): construct a quoted candidate proof/diagram.
2. Validate with Diagor internal typing.

3. Apply ag(evy)to reify; by conservativity, you obtain exactly the theorems warranted in
as(X).

Principles in one line.
o Correspondence: Truth transports across bridges and modes without mutation.

o Reflection Law: Meta-reasoning lives inside—but never overrules—the object theory.

5. Relative Soundness and Partial Completeness

We formulate relative meta-theorems: PanLogos does not attempt to subsume every proof
system absolutely; rather, for standard fragments it is (i) sound—PanlLogos-derivations are valid
in the intended semantics—and (ii) partially complete—every valid statement in the fragment
has a derivation in PanLogos under mild hypotheses. We separate three strata.
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5.1 Algebraic/regular fragments

Setting. Multi-sorted algebraic signatures with finitary operations and equations; regular logic
with finite limits, images/kernels, and effective quotients (congruences). Examples:
group/ring/module theorems relying on kernels, images, quotients, and universal properties
(products, equalizers, pullbacks), including CRT, First Iso, Correspondence, SNF over a PID (at the
level of existence/type, not algorithmic normal forms).

Theorem 5.1 (Regular Soundness).

Every derivation in the six-move calculus C/K/I/F/W/Q carried out in PL(using PL2 finite limits,
images, effective quotients; PL6 for diagrams) is valid in any regular/exact category obtained
from a PL3 modal subtopos PLg. In particular, algebraic quotient steps correspond to effective
coequalizers of kernel pairs, and “well-definedness” precisely asserts factorization.

Proof sketch.
e C/K/W use finite limits and equational congruence (PL2).

e | appeals to units/inverses or isomorphism inverses in the internal category (available in
regular settings).

e Finvokes certified UPs via PL6 adequacy for products/equalizers/pullbacks.

e Qissound because PL2 enforces effectiveness: a map factors through a coequalizer iff it
is constant on the kernel pair; this is “well-definedness.” Modal restriction by agis left
exact (PL3), preserving the structure used.

Theorem 5.2 (Regular Partial Completeness).

Let Cbe a regular/exact category living as a region of PanLogos. If a statement ¢in regular logic
is valid in C, and its proof admits a derivation using only finite limits, regular epis/monos, and
kernel-pair/coequalizer facts, then ¢phas a derivation in PLusing the six moves plus diagram
checks.

Scope. Equational/regular consequences (e.g., First Iso, Correspondence, CRT as an
isomorphism-of-objects statement) are covered. Proofs requiring quantification over arbitrary
families or transfinite constructions fall outside this fragment unless encoded via additional
structure.

Example 5.3 (First Isomorphism, rings).

Given @: R — S, the PanLogos proof exhibits: define ¢: R /ker ¢ — im¢(C), prove well-
definedness (Q), homomorphism (K/W), trivial kernel (W/1), surjectivity to image (W), conclude
iso (W+F). Sound by 5.1; completeness by 5.2 since the classical proof is purely regular.
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5.2 Exact/elementary topos fragments

Setting. Finite limits + power objects/subobject classifiers + exactness, but excluding universes
and higher identity types. Typical content: internal logic of an elementary topos, exact
completions, effective quotients for internal equivalence relations, sheafification/pasting of
finite-limit diagrams.

Theorem 5.4 (Exact/Topos Soundness).

PanLogos derivations that use PL2 (exactness), PL3 (sheaf modalities), and PL6 (diagram engine)
are sound for the internal logic of any elementary topos embedded as a reflective subtopos of
PL. In particular, finite-limit sketches certified in the diagram engine remain valid under
sheafification and reflective inclusion.

Proof sketch. Left exact reflectors agpreserve finite limits and regular epis; exactness is inherited
by reflective subtoposes under mild hypotheses. PL6 adequacy transfers along ag.

Proposition 5.5 (Exact Partial Completeness).

Finite-limit/regular consequences stated in the internal logic of an elementary topos Eadmit
PanlLogos derivations with C/K/F/W/Q and PL6 checks. Statements requiring exponentials or
higher-order (power object) reasoning can be referenced but not constructed within the six-
move core; they become fully derivable once one appeals to PL1 universes or augments the
move library with higher-order rules.

Example 5.6 (Beck—Chevalley for pullbacks).

Given a pullback square and a right adjoint preserving limits, the Beck—Chevalley condition can
be certified as a pasting in Diag; PL6 adequacy and PL3 left exactness yield soundness in any
sheaf subtopos. Completeness is partial: if the argument requires exponentials, one annotates
the use of the right adjoint via a topos-level lemma provided externally.

5.3 HoTT/UF fragments (equivalences vs isomorphisms vs equality)

Setting. Univalent universes (PL1) with higher identity types; equivalences ~as paths; transports
and coherence. We examine the fragment where algebraic/categorical results are phrased as
equivalences of types/objects and compare with classical isomorphisms =and definitional
equality =.

Theorem 5.7 (Univalent Soundness).

If a statement ¢is derivable in the HoTT/UF fragment of PLusing PL1 (univalence) and
constructions preserved by PL3 modalities, then ¢is valid in any univalent region of PanLogos
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and remains stable under left-exact modalities (e.g., ——, sheafification). When ¢specializes to a
classical isomorphism (forgetting higher structure via O__), its image is an isomorphism
statement, not definitional equality.

Proof sketch. Univalence equates identity with equivalence in U;, making equivalence proofs
path-equalities. Left-exact modalities preserve finite limits/identities and respect path
composition up to coherent equivalence; hence equivalence proofs descend to isomorphisms
where higher structure is erased.

Theorem 5.8 (Partial Completeness from HoTT to Regular).

Let A4, Bbe types representing algebraic structures whose carriers live in a regular region;
suppose HoTT proves A = Bvia structure-preserving equivalences. Then, in O_,_ -classical
shadow, PanLogos derives a corresponding isomorphism A = Bof the underlying objects,
provided the proof uses only constructions stable under O__ (no reliance on purely higher
homotopical content that collapses classically).

Scope. Many “structure theorems” proved as equivalences (e.g., classification of finite products,
universal characterization of free objects) descend to isomorphisms. Proofs essentially using
higher truncation levels or nontrivial homotopy-invariants may not survive as isomorphisms—
this is an intentional boundary.

Example 5.9 (Commutativity of products).

In HOoTT, A X B = B X Aby symmetry of Z/M-types and univalence. Under O__, the induced map

b b4

is a categorical isomorphism; PanLogos distinguishes it from definitional equality. Regular proofs
that rely only on product UPs reappear verbatim in the regular fragment.

Example 5.10 (Group completion equivalence).

A HoTT equivalence between a homotopy-invariant completion and a classical construction may
not yield a regular isomorphism after classicalization unless additional truncation hypotheses
hold. PanLogos records this by tagging the modality and truncation level; transport respects
those tags (no silent strengthening).

Synthesis (soundness/completeness across strata)

¢ Soundness: PL1-PL7 guarantee that proofs written with finite limits, effective quotients,
and certified diagrams (and, where relevant, univalence) are valid in the intended
regions and stable under mode changes.
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e Partial completeness: For equational/regular content, PanLogos is complete relative to
standard semantics. For exact/elementary topos logic, completeness holds for finite-
limit/regular consequences; higher-order requires augmentation. For HoTT/UF,
equivalence-level results descend to classical isomorphisms when constructions are
stable under classicalization; genuinely higher phenomena do not forcibly collapse—by
design.

Moral. PanLogos is a transport layer with guarantees: wherever mathematics is already
regular/exact or equivalence-stable, you can both prove inside PanLogos and move between
foundations without semantic drift; when results rely on higher structure or higher-order
features, PanLogos makes the boundary explicit rather than papering it over.

6. Bridges to Established Foundations

We specify bridges—structure-preserving translations—with conservative adjoints. A bridge has
three layers:

e Syntactic: a map on signatures/theories (symbols, axioms).
e Semantic: a functor on models (structures, interpretations).
e Truth: preservation/reflection of satisfaction (soundness/conservativity).

We write Bry: I = Th(PL)for a bridge from an external foundation Ito PanLogos, and UnBryfor
its adjoint back.

6.1 ETCS/ZFC

Goal. Embed classical set-theoretic practice into PanLogos so that ordinary theorems (algebra,
analysis, category-theoretic finite-limit arguments) move in and out without semantic drift.

6.1.1 Target region and mode
e Region. A classical modal subtopos PL_,_given by double-negation (PL3).

e Rationale. ETCS/ZFC proofs assume classical logic; O__provides a conservatively classical
internal logic.

6.1.2 Syntactic layer
e Signatures. ETCS signatures (objects/ morphisms; finite limits; NNO; power objects if

present) map to corresponding internal objects in PL__..
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e Theories. A theory Tin ETCS (or a ZFC theory presented via ETCS-style encodings)
becomes Brgrcs(T): the same axioms interpreted in the internal language of PL__.

6.1.3 Semantic layer

e Models. A model Mof Tin ETCS is sent to an internal model j__ (M)in PLvia the right
adjoint inclusion j__:PL__ © PL.

—

e Functors. On categories defined in ETCS, Bracts as the identity on finite-limit structure;
power objects correspond to subobject classifiers in PL__when present.

6.1.4 Truth layer (conservativity)

o Preservation. If T Fgrcs ¢, then a__ (Br(T)) Ep.__ a__(Br(¢)).

¢ Reflection. If the right-hand entailment holds, UnBrreflects it to ETCS (PLS8).
6.1.5 Working translations (schemas)

e Sets/functions. Set— the global sections of PL
= morphismsin PL__,.

or the internal “sets” object; functions

-’

e Quotients. Set-quotients by equivalence relations — effective coequalizers (PL2).

e Algebraic structures. Groups/rings/modules ~ internal algebras;
subgroup/ideal/image/kernels — internal regular data.

6.1.6 Examples

e CRT, First Iso. Classical ETCS proofs translate verbatim; diagrammatic parts are certified
by PL6 and thus render-independent.

o Sheafic reinterpretation. Via a second modality ag,, the same theorems can be read
locally on a site; reflection back to ETCS yields the original statements (with mode tags).

6.1.7 Boundaries

e Choice/large cardinals. If ZFC uses AC or large cardinals, the bridge requires matching
assumptions in PL__ (or records them as mode tags).

e Transfinite recursion. Supported if the universe hierarchy in PL1 accommodates the
required ranks; otherwise flag as “requires extended universes.”
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6.2 HoTT/UF

Goal. Embed univalent type theory, preserving path-equality semantics and distinguishing =, =,
and =.

6.2.1 Target region and mode

e Region. A univalent subuniverse tower inside PL(PL1), often with no classicalization
applied (constructive by default).

e Modal options. One may apply a_,_,afterwards to obtain classical shadows.
6.2.2 Syntactic layer
e Signatures. HOTT contexts I' = A: U;map to internal types in U;  PL.

e Judgements. Identity types map to path objects; Equiv(4, B)corresponds to paths in
U;via univalence.

6.2.3 Semantic layer

e Models. AHoTT model (e.g., a simplicial/ cubical model) is bridged to a univalent region
of PL.

e Constructions. Z/MN-types — dependent sums/products; higher inductive types require
ambient support (record as assumptions if used).

6.2.4 Truth layer (correspondence)
e Preservation. If ' gy, @, then Bry,rr () Fp. Bryerr(@)in the univalent region.

e Classical shadow. Under a__, equivalences =may specialize to isomorphisms =where

-7

higher data truncates.
6.2.5 Working translations (schemas)

e Equivalences. A proof A = B a path p: A = Bin U;; transports become rewrites along
p.

e Isomorphisms vs equality. Forgetful functors to regular/exact fragments send ~to =,
never to definitional =.

¢ Modal compatibilities. M(reflection) commutes with univalent structure (PL4); quoted
proofs evaluate conservatively.

6.2.6 Examples

e Symmetry of product. A X B =~ B X Atransports to categorical =undera__,.

25



¢ Equivalence of presentations. Two definitions of a structure shown equivalent in HoTT
descend to isomorphic objects in the regular fragment, assuming truncation hypotheses
(recorded at translation time).

6.2.7 Boundaries

e Higher phenomena. Results depending on nontrivial higher homotopy (beyond 0-
truncation) generally do not descend to pure regular facts; PanLogos preserves the tag
(“equivalence at level n”), avoiding silent collapse.

6.3 Algebraic specification / Institutions

Goal. Support signatures-and-equations formalisms (OBJ/Maude, many-sorted FOL, algebraic
specs) with clean semantics for rewriting and conservative transport to/from PanLogos.

6.3.1 Institution background

An Institution I = (Sig, Sen, Mod, E)provides signatures, sentences, models, and a satisfaction
relation invariant under signature morphisms.

6.3.2 Bridge definition

e Syntactic map. Brsends a signature Xto an internal Lawvere theory / finitary monad in
PL; sentences (equations, Horn clauses) become internal regular formulas.

e Semantic map. Mod;(Z) — Modp (BrX)by interpreting carriers as internal objects and
operations as morphismes.

¢ Truth. Satisfaction is preserved by construction; conservativity follows from PL2
(regular/exact core) and PLS.

6.3.3 Rewriting semantics

e Oriented rules. Rewrite rules | = rembed as oriented equalities with
termination/confluence side conditions encoded in PL(or stored as annotations if
external).

¢ Quotients. Rewriting modulo congruence corresponds to effective quotients via
coequalizers of kernel pairs (PL2).

e Normal forms. In the computational mode 0(PL7), reductions yield executable witnesses
of normalization when the rewrite theory is convergent.
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6.3.4 Conservativity patterns

Equational logic. If Z -} s = t, then Br(Z) Fp. s = t; reflection by UnBrholds because
PLuses the same algebraic semantics (regular/extensional).

Initial semantics. The initial algebra of a specification, when it exists, is preserved by Br;
conversely, initiality in PLreflects to initiality in Iunder mild smallness conditions.

6.3.5 Examples

Monoids/Groups. OBJ-style specs map to internal Lawvere theories; initial models
become free objects in PL.

Rings/Modules. Module specs map to internal abelian group objects; homomorphism
theorems are regular and hence transported directly.

Datatypes. Algebraic datatypes translate to W-types or higher inductives if needed;
executable fragments are exposed via ¢.

6.3.6 Boundaries

Non-finitary/infinitary logics. Institutions with infinitary operations require larger
universes (PL1) or are annotated as “assumed large.”

Side conditions (termination/confluence). If not provable internally, they are carried as
certified annotations; PL8 still ensures truth is not strengthened by the bridge.

6.4 Bridge Engineering Checklist (practical)

1.

2.

Choose target mode. Classical (=), sheaf, realizability, or univalent default.

Specify syntactic translation. Map signatures and judgments to internal types/objects
and formulas.

Define model functor. Interpret structures internally; ensure finite-limit/exact structure
is preserved.

Prove satisfaction preservation. Show soundness of the translation.
Construct adjoint back. Provide UnBr; prove conservativity (PL8).

Annotate boundaries. Large universes, choice, higher HITs, or termination assumptions
are tagged, not hidden.
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7. Test on a library. Transport a nontrivial set of theorems (CRT, First Iso, SNF fragments,
Beck—Chevalley instances, specification equalities) and verify round-trip.

Outcome. With these bridges, PanLogos serves as a truth-preserving interchange: ETCS/ZFC,
HoTT/UF, and algebraic-spec ecosystems remain first-class citizens whose theorems can be
imported, reasoned about (even diagrammatically or computationally), and exported back
unchanged—exactly the promise encoded by the Correspondence Principle and the Reflection
Law.

7. Diagram Semantics and Universal Properties

We make diagrams first-class citizens. PanLogos carries an internal category of typed graphs
with commutativity constraints and universal-property (UP) predicates. Proofs about products,
equalizers, pullbacks, pushouts, and general (co)limits are validated on graphs; any surface
notation is purely a rendering.

7.1 Typed-graph semantics
7.1.1 Objects, arrows, and typing

e Object set. A finite index set Vof nodes with a typing map 7,: V = Ob(PL). We write |
v =1, (V).

e Arrow set. A finite index set E'of edges with source/target s, t: E — Vand a typing map
tz(e):1s(e) |-l t(e) lin PL.

o Path algebra. Paths are words in Ewith composability enforced by t(e;) = s(e;;1). The
typed interpretation of a pathp = e, -+ e,is [p]: = tx(e,) © -+ o Tx(€1).

7.1.2 Equational constraints (commutativity)
e Constraint set. A finite set Cof path equalities (p = q: v » w)with common endpoints.

e Satisfaction. A diagram (V, E, Ty, Tg, C)is commutative iff for every (p = q) € C, [p] =
[q]in Hom(| v |,| w ).

7.1.3 Universal-property predicates (UP)

For a commutative diagram D, we define internal predicates asserting that a node/edge
universally represents a limit or colimit:
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Product node. UP, (x; y, my)holds iff for all Zand arrows h: Z = X, k: Z — Ythere exists
auniqueu:Z = xs.t. my ou = handy cu = k.

Equalizer edge. UP_(e: E — X; f,g: X = Y)holdsiff f ce = g o eand forallm: M —
Xwith f om = g o mthere exists a unique u: M — Ewithe ou = m.

Pullback square. UP,,(D)holds iff the usual universal cone condition for the square is
satisfied.

Pushout / Colimits. Dually, with cocones and uniqueness.

General (co)limit. For a small shape Jand functor F:] — PLencoded as a graph,
UPlim](L — F)internalizes the standard cone/universal conditions.

These predicates are objects in PL(subobjects of a space of diagram labelings). Existence is

witnessed by global points; uniqueness is encoded as a mono condition.

7.1.4 Pasting and composition of diagrams

Disjoint union + gluing. Given D, D,, form D; U D,and identify shared boundaries to
paste.

Constraint closure. Add all consequences needed so that paths inherited from
Dy, D,commute in the glued diagram.

UP stability. If D;and D,carry UP,,nodes sharing the appropriate edge, the pasted
rectangle satisfies Beck—Chevalley iff a single canonical equality holds—checked as a
constraint.

7.1.5 Adequacy and soundness

Adequacy Theorem (PL6). For each UP predicate UP,, D & UP,in Diagiff the
corresponding universal construction exists in PLand the chosen legs coincide with those
inD.

Left-exact functoriality. If F: PL — PL'is left exact (e.g., a modality reflector a), then
D = UP, = F(D) = UP,.

7.1.6 Algorithms and normal forms

Type checking. Verify each edge’s domain/codomain; linearin | E |.

Constraint solving. Normalize paths by a confluent rewrite system generated by
functoriality/associativity; decidable equality reduces to normal form comparison on
finite diagrams.
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e UP checking. Reduce to existence/uniqueness of mediating maps: existence by solving
pairs of equations; uniqueness by showing the diagonal is mono (kernel-pair triviality).

o Pasting normalization. Compute pushouts in the category of finite graphs; maintain a
canonical representative for shared boundaries.

7.1.7 Coherence and large pastings

e Coherence library. Associate named constraints for associators/unitors/symmetries in
symmetric monoidal/cartesian contexts; store as reusable axioms.

¢ Scale. For bounded treewidth shapes (common in algebraic proofs), checks are linear—
guasi-linear; for arbitrary shapes, worst-case NP-like behavior appears only in exotic
constraint sets, not in standard UPs.

7.2 Rendering independence (Rosetta, Emoji, etc.)

7.2.1 Views as functors

A view is a functor V: Diag — Docto a document/graphics category that preserves:
e nodes — object boxes/names,
e edges — arrows with labels,
e constraints — textual or graphical equalities,

” u

e UP tags — marked constructs (e.g., “product,” “pullback,” “equalizer”).
Examples:
e Rosetta view. Vr.x: LaTeX/TikZ nodes, arrows, commutativity equations, UP badges.

e Emoji view. IV emoji: compact iconography with a token table; UP badgesas '+ / & ,

products as ), equalizers as == 4 , pullbacks as = , etc.
e String-diagram view. V,,: planar embeddings emphasizing monoidal structure.

Invariant. For any commutative D, D = UP,implies V(D)displays a x-construction; conversely, a
display never proves UP,without the predicate holding in D.

7.2.2 Round-trip and stability

¢ Encode—decode. Views come with partial inverses: decode o VV = idon the image of
well-formed diagrams.
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¢ Longest-match tokenization (Emoji). Multi-glyph atoms (e.g., “big direct sum”) are
registered so that decoding is unambiguous. Fallbacks warn rather than guess.

e Mode labels. View headers carry modality tags (O0__, O, ...). Rendering cannot erase a

==’

mode.
7.2.3 Error reporting and diagnostics

When a view cannot faithfully render, it must refuse with a typed diagnostic pointing back to
Diag:

e TYPE@edge e: domain/codomain mismatch,
e COMMUTE@p=q: missing/path-equality not derivable,
e UP-UNIQ®@node x: uniqueness not established,
e  MISSING-CTRL: missing controller/action in semidirect constructions,
e TOKEN-AMBIG: ambiguous multi-glyph token (Emoji view).
Views never “fix up” diagrams—repairs occur in Diag.
7.2.4 Accessibility and export

e Alt-text layer. Every diagram object/edge/constraint has a canonical textual gloss; views
include it for screen readers.

e Deterministic export. PDF/SVG/PNG exports include an embedded machine-readable
Diagpayload; round-trip reproducible across platforms.

¢ Font stability (Emoji). A bundled icon font or sprite sheet eliminates vendor glyph drift;
the token table pins codepoints.

7.2.5 Interoperation with modalities and bridges

e Modal functoriality. Applying ato Dyields a diagram a(D)whose rendering differs
only by mode tags; UP/constraints persist by left-exactness.

e Bridging. For ETCS/ZFC or HoTT/UF, Brmaps external diagrams to Diag; views render
them uniformly. The Correspondence Principle guarantees that truth shown by a
diagram in a region reflects back unchanged.

7.2.6 Case patterns

e Products & equalizers. Minimal boundary lists + two projection/selection equalities; UP
badge must be present.
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e Pullbacks/pushouts. Boundary rectangle with four legs, two composites equated; UP
badge checked by existence/uniqueness of mediators.

o Beck—Chevalley. Pasting two UP-certified squares; a single comparison edge equality
suffices for the law.

o Exactness (images/quotients). Kernel-pair node + coequalizer edge with UP badge;
factorization constraints encode “well-definedness.”

Takeaway

PL6 equips PanLogos with a graph-native semantics for diagrams and universal properties.
Proofs become certified objects whose correctness is independent of the chosen rendering
(TeX, string diagrams, Emoji). Left-exact modalities and conservative bridges preserve these
certifications across regions and foundations. The result is a robust workflow: prove once at the
graph level; render anywhere; transport truth without drift.

8. Model Candidates and Construction Strategies

We sketch concrete routes to realize the PanLogos axioms (PL1-PL8). The emphasis is on modal
layering (realizability, classicalization) and coherent universes so that univalence, left-exact
reflectors, and the reflection comonad coexist without hidden size leaks.

8.1 Glued realizability @ double-negation sheaves

Goal. Build an (oo, 1)-topos PLfeaturing (i) a computational lens {(realizability/partiality), (ii) a
classical lens a__ (double-negation sheafification), and (iii) an internal reflection layer M, while
keeping finite limits, exactness, and univalence.

8.1.1 Base univalent topos

Start from a univalent (oo, 1)-topos Bwith a cumulative tower of universes U, € U; € ---(e.g., a
presheaf or sheaf (o0, 1)-topos on a small co-site with univalent universes). This supplies PL1
and much of PL2 by default.

8.1.2 Realizability layer (computational mode ¢)

Construct a realizability (oo, 1)-topos Rover B(relative realizability/assemblies internal to B).
Ensure:
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e Left exactness: the unitn: X —0 Xis cartesian; {preserves finite limits.
o Exactness: coequalizers of kernel pairs are preserved (effective quotients survive).

¢ Univalence preservation: realizability universes embed into B’s universes via a
univalence-respecting comparison (often via a displayed universe construction).

8.1.3 Classicalization layer (double-negation a_,_)

Internal to the (glued) model, choose the double-negation Lawvere-Tierney topology; form the
reflective subtopos B__ with left exact reflector a__. Verify:

e Finite limits & exactnessof a_,_..

e Universe lifting: univalent universes in Bdescend along a__up to coherent equivalence
(PL1+PL3).

8.1.4 Gluing/sconing the layers

Use Artin gluing (a.k.a. sconing) to combine Bwith Ralong a geometric morphism p: R - B:

P
Glue(R - B)

Objects are pairs (X, X)with a comparison map p\*(X) — X. Properties:

Toposhood: gluing preserves (oo, 1)-topos structure.

e PL7 (computation): define ¢ (X, X): =

(Xx,C omp(X))with Compthe realizability reflector; left
exact by construction.

e PL3 (modes): lift a__componentwise, yielding a second reflective subtopos.

e PL2 (regular/exact): inherited from the components; effective quotients computed
componentwise.

This yields a bi-modal host: realizability + classicalization, each left exact and commuting up to
specified comparison maps.

8.1.5 Reflection comonad M(PL4)
Model Mvia displayed syntax objects:

« Add a “code” component in the glue: triples (X, X, codey)with codeya type of quoted
terms/proofs over X.
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Comonad structure: duplication 6= “quote the quote”; counit ev= evaluator from codes
to semantics.

Conservativity: require an adequacy theorem: evaluation preserves/refines truth and is
stable under the reflectors a__and 0. Technically, prove that evis deflationary on
subobjects representing propositions.

8.1.6 Diagram engine (PL6)

Interpret Diaginternally as a presheaf (or Rezk-complete Segal) category of finite typed graphs:

Edges/nodes are drawn from B’s objects/morphisms.

UP-predicates are encoded by dependent types expressing the universal mapping
property; existence = global point, uniqueness = mono/contractibility.

Adequacy: show that a UP-predicate holds in Diagiff the corresponding limit/colimit
exists in the ambient topos (standard in finite-limit sketches).

8.1.7 Putting it together

Define

p
PL: = Glue(R = B)

with two left-exact modalities ¢(computational) and a_ _ (classical), internal Diag, and a

displayed-universe construction to keep univalence. This satisfies PL1-PL7; PL8 (global

conservativity) is obtained by proving adjoint conservativity for bridges (Sec. 6) against the

chosen components.

Risks & mitigations.

Univalence drift under gluing. Use univalence fibrations and displayed universes to
transport equivalences coherently.

Modal commutation. Provide comparison equivalences a__, o¢0=¢o a__ (Beck-
Chevalley-style squares for reflectors).

Evaluator soundness. Prove a logical relations lemma between codes and denotations to
guarantee PL4 conservativity.
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8.2 Universe management and coherence

Goal. Ensure a cumulative tower of univalent universes compatible with modalities and
reflection. Avoid size leaks (e.g., sites too large) and coherence failures (e.g., reflectors that do
not preserve univalence up to a canonical path).

8.2.1 Cumulative univalent universes

o Displayed universes. Build ﬂl- — U;as univalence fibrations closed under Z, N, Id, finite
limits; then lift along reflectors.

e Cumulativity maps. Provide inclusions U; © U;,,that are universe embeddings (fully
faithful with univalence preserved).

e Resizing policy. Allow propositional resizing where needed (e.g., for subobject
classifiers) while forbidding impredicative collapses that would break realizability.

8.2.2 Modal coherence

o Left-exactness by design. Choose modal reflectors agas geometric morphism reflectors
so they preserve finite limits and small universes.

¢ Univalence preservation. Supply a natural transformation

Xo:iag(U;) - ull'j

exhibiting that “equivalences as identities” transport across a.

e 2-cell coherence. For multiple modalities (3O,0), provide invertible 2-cells aja, =
a,agsatisfying pentagon/triangle identities (a Beck—Chevalley condition for reflectors).

8.2.3 Reflection coherence

e Commutation with modes. Build a comparison isomorphism ag;M = Majwhose
components are evaluation-stable; prove that evis natural w.r.t. these comparisons.

e Universe-level codes. Ensure Mdoes not raise universe levels unexpectedly (codes for
U;live in U;+1at most, with an explicit bound).

8.2.4 Exactness and quotients across universes

e Kernel pairs at level i. For f: X = Yin U;, construct Eq(f)in U;and its coequalizer in
U, +1(if necessary), then resize down when safe (exact completion often bumps one
level).
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Image stability. Prove that images are pullback-stable across reflectors, giving functorial
factorization systems preserved by ajand ¢.

8.2.5 Site size and accessibility

Small sites. Choose generating sites that are k-accessible; ensure sheafification stays

Compactness for diagrams. Finite diagrams and UP checks remain at base levels,
avoiding unnecessary level ascents.

8.2.6 Verification checklist (per axiom)

PL1: Universes U;univalent; embeddings coherent; resizing documented.

PL2: Factorization systems (reg-epi/mono) functorial; kernel pairs and coequalizers exist
with stated level behavior.

PL3: Each agleft exact; comparison cells with other modalities; universe preservation via
Xo-

PL4: Mleft exact; evaluation conservative; commutes (up to iso) with a.

PL5: Bridges target bounded universes; adjoints do not break size; satisfaction
preserved.

PL6: Diaginternalized at a fixed level; adequacy proven once, then reused.
PL7: {left exact; program extraction semantics specified; coherence with ag, M.

PL8: Reflection+modal+bridge composite has a no-strengthening lemma (truth
preserves and reflects).

Outlook

The glued realizability @ double-negation construction offers a concrete, tractable PanLogos

v1: univalent base, computational and classical lenses, internal diagrams, and a controlled

reflection layer. The universe/coherence discipline keeps univalence stable and sizes honest.

From here, one can (i) add further modalities (localic/sheaf over external sites), (ii) refine the

reflection comonad via certified meta-languages, and (iii) scale bridges by transporting

substantial libraries (algebraic theories, topos folklore, HoTT core lemmas) with verified

conservativity.
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9. Case Studies (Indicative)

We illustrate how PanLogos works “end to end”: specify mode, certify diagrams in Diag, use six
moves (C/K/I/F/W/Q) where appropriate, and invoke PL1-PL8 explicitly. Each vignette shows
transport across foundations without semantic drift.

9.1 Groups/rings/modules (kernels, quotients, CRT, SNF)
9.1.1 First Isomorphism Theorem (groups/rings)

Mode. Classical or constructive; no higher content needed.
Axioms used. PL2 (images/kernels, effective quotients), PL6 (diagram), PL8 (conservativity).

Sketch.
1. C:InDiag, place f:G — H, kernel pair ker f 33 G, and its coequalizer q: G — G/ Kker f.
2. Q: “Well-definedness” = fconstant on ker f; factorization f: G/ ker f — im f.
3. W/K: Check fis homomorphism; kernel trivial; image onto.

4. F/W: Conclude fis iso by standard mono/epi arguments (or universal characterization of
images).

Transport.
e ETCS/ZFC: identical statement returns unchanged (PLS).

e HoTT region: if group structure is via type-class instances, equality vs isomorphism
remains distinguished; the classical shadow yields =.

9.1.2 Chinese Remainder Theorem (commutative rings, two ideals)

Mode. Classical by default; realizability mode optional for executable witnesses.
Axioms. PL2, PL6, PL7 (if extracting idempotents).

Sketch.

1. C/W: HypothesisI +] = R.

T XTT

2. C(diagram):BuildR — R/I X R/].

3. Q: Kernel equals I N J(commutative square with kernel pair and coequalizer).
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4. F:Factorto®:R/(INJ) > R/I XR/].

5. W: In realizability mode, compute idempotents e, e;(program witnesses via ¢); define
inverse ¥ (u, v) = ue; + vey.

6. K/W: Verify ® o ¥ = idand ¥ o ® = id.
Transport.

e Back to ETCS/ZFC: theorem preserved; executable witnesses are additional artifacts of
0(PL7).

9.1.3 Semidirect Products (actions and split extensions)

Mode. Regular/exact; classical or constructive.
Axioms. PL2, PL6.

Sketch.
1. C:Give action ¢: K — Aut(N).
2. C: Define underlying set N X K; multiplication (n, k)(n', k") = (n(k)(n"), kk'").
3. W:Embeddings N © N X, K, K © N X, K; normality of N.

4. F: Use product UP for projections; diagrammatically show split exact sequence1 - N —
NxK->K-1.

Transport.

e HoTT region: encode as a split extension object; classical shadow returns the usual
group object with the same universal property.

9.1.4 Smith Normal Form (modules over a PID) — existence/type level

Mode. Regular/exact with a PID assumption tagged at the outset; realizability optional for
constructive algorithms.
Axioms. PL2 (images, kernels, exactness), PL6 (diagrams), PL7 (optional), PL3 (mode tagging).

Sketch.

1. C: For a matrix A, encode row/column operations as isomorphisms (I/K).
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2. W: Exhibit a diagonal Dwith divisibility chain d; | d, | ---via subobject relations
(exactness for images).

3. F:ldentify module decomposition coker(4) = @R/d;through universal properties of
coproducts and quotients.

4. Optional ¢: Record algorithms that compute P, Qwith D = PAQ; witnesses housed in
the computational mode.

Transport.

e Back to ETCS/ZFC: the existence/isomorphism statement preserved; executable content
stays as an annotation.

9.2 Categorical limits/colimits with large pastings
9.2.1 Beck—Chevalley for pullback squares

Mode. Any; stated in the regular fragment; often sheaf mode agy,.
Axioms. PL6 (pasting), PL3 (modal left exactness), PL2 (pullbacks).

Sketch.

1. C(diagram): Two pullback squares sharing an edge; include all boundary objects and
legs.

2. W: Add the single comparison morphism required by Beck—Chevalley (the “mate”).
3. F: UP predicates for both squares; PL6 verifies commutativity and UPs.

4. Conclusion: Commutation of pullback and right-adjoint/reindexing functor shown by the
existence/uniqueness of the mate.

Transport.
o Sheaf topos: ag,preserves finite limits; proof persists.

e Classical shadow: unchanged, as only finite-limit data is used.

9.2.2 Coequalizer—pullback pasting (stability of regular epis)

Mode. Regular/exact.
Axioms. PL2 (effective quotients, pullback stability), PL6 (graph-level check).
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Sketch.
1. C:Place acoequalizerq:X — Qandamap f:Z =Y.
2. C: Form pullbacks along f; paste diagrams in Diag.

3. W/F: PL6 checks that the pullback of a regular epi is a regular epi by exhibiting the
coequalizer in the pullback square.

Transport.

e Into ETCS/ZFC or sheaves: preserved; this is a canonical exactness fact.

9.2.3 Equalizers of products and product of equalizers

Mode. Regular/exact.
Axioms. PL2, PL6.

Sketch.
1. C:Build diagrams for Eq(f1, 91) X Eq(f2, g2)and Eq(f1 X f2, g1 X g2)-
2. F: Use product and equalizer UPs in Diagto construct mediating isos.

3. W: Uniqueness gives the isomorphism; no higher structure used.

9.3 Equivalence-first proofs in HOTT regions
9.3.1 Symmetry and associativity of products (univalence-aware)

Mode. HoTT region (PL1), optional classical shadow via a__.
Axioms. PL1 (univalence), PL3 (modal left-exactness), PL6 (optional diagram rendering).

Sketch.

1. W (HoTT): Construct equivalences A X B =~ B X Aand (A X B) X C = A X (B X C)via

2/MN rearrangements and standard equivalences.

2. I: Use univalence to treat them as paths in U; transports along these paths yield
coherent rewrites.

3. Classical shadow: a__maps these to categorical isomorphisms; PanLogos preserves the

distinction from definitional equality.
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9.3.2 Equivalence of presentations (two definitions of the same structure)

Mode. HoTT region with truncation annotations; classicalization produces regular isomorphism
when 0-truncated.
Axioms. PL1, PL3, PL8.

Example. Two presentations of a finite product object in a category: as a limit cone vs as a
representing object for a Hom-functor.

1. W (HoTT): Build an equivalence of types of cones and of universal arrows; conclude
Product(X, Y)definitions are equivalent.

2. Transport: Under O-truncation, equivalence descends to uniqueness up to unique
isomorphism; classical shadow gives the expected iso of product objects.

9.3.3 Group completion: equivalence vs isomorphism boundary

Mode. HoTT region; demonstrates intentional non-collapse.
Axioms. PL1, PL3.

Sketch.

1. W:In HoTT, define group completion G&Pas a higher inductive type with appropriate
universal property; prove an equivalence with a classical construction under hypotheses.

2. Boundary: After a__, only the O0-truncated part necessarily descends; higher information

-

may be lost. PanlLogos records this via mode and truncation tags—no silent
strengthening to a strict isomorphism unless conditions warrant it.

9.3.4 CRT as an equivalence of types (computational shadow)

Mode. HoTT + realizability.
Axioms. PL1, PL7.

Sketch.

1. W: Define the type of pairs (u, v)with congruence conditions; define the quotient type
for residues modulo I N J.

2. I: Give maps in both directions and prove they are inverses up to homotopy
(equivalence).

3. 0:Extract a program that computes witnesses e, e;when I + ] = R.
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4. Classical shadow: Under a

obtain an isomorphism of sets/rings; executable content

-

stays as ¢-annotation.

Synthesis

Across these case studies:

PL2 + PL6 handle the bread-and-butter algebra and finite-limit diagrammatics with
proofs by certified graphs.

PL3 lets us change lenses (classical, sheaf, realizability) without re-proving.

PL1 permits equivalence-level reasoning in HOTT regions; PanLogos preserves the
distinction when projecting to classical fragments.

PL7 adds computational witnesses without altering classical truth.

PL8 ensures that everything transported out—back to ETCS/ZFC or into HoTT/UF—
returns unchanged in meaning.

The overall pattern is robust: prove once in the appropriate region with UP-checked diagrams;
transport anywhere with mode tags; never lose or accidentally gain theorems.

10. Comparison with Prior Frameworks

We position PanLogos relative to established frameworks, emphasizing embeddings, what
carries over unchanged, and what PanLogos adds (modalities, reflection, diagram-

internalization, univalence). The intent is interoperability, not replacement.

10.1 Lawvere theories and classifying toposes

What they are.

A Lawvere theory Tis a small finite-product category presenting a finitary algebraic
theory; models in a category Cwith finite products are product-preserving functors T —
C.

The classifying topos SetTOp(or appropriate exact/regular completion) represents
models as geometric morphisms into it; generalized models arise by change of base.
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PanLogos embedding.

Where it lands. Lawvere theories embed into PanLogos as internal finite-product
categories; their classifying toposes appear as reflective subtoposes or internal presheaf
toposes.

What is preserved. Equational reasoning (congruence, term-model semantics), initial
algebras, monadic presentations, and the usual free/forgetful adjunctions.

What PanlLogos adds.

1. Modal lenses (PL3). Read the same theory classically (——), sheafically, or in
realizability—producing distinct but functorially related semantics.

2. Diagram engine (PL6). Universal properties used in algebraic proofs (products,
equalizers, limits of finite diagrams) are certified at the graph level; rendering
becomes notation-agnostic.

3. Bridging (PL5, PL8). Conservative transport to/from ETCS/ZFC and HoTT/UF keeps
algebraic theorems intact across foundations.

4. Univalence (PL1). Distinguishes equality, isomorphism, equivalence—useful
when connecting algebraic theories with higher-categorical views.

Limitations (unchanged).

Purely algebraic theories do not capture higher-order or geometric axioms; PanLogos
respects this boundary. To access exponentials/power objects, one moves to topos
regions; to access higher structure, to univalent regions.

Takeaway. PanLogos hosts Lawvere theories and their classifying toposes, enriching them with

modal semantics and reflection while leaving algebraic content conservative.

10.2 Sketches, regular/exact completions

What they are.

A finite-limit (FL) sketch (Ehresmann; Makkai—Paré) specifies objects, arrows, cones, and
commutativity constraints whose models are finite-limit—preserving functors into a
target category.

Regular/exact completions turn a finitely complete category into a regular/exact one by
freely adding images/quotients.
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PanLogos embedding.

Where it lands. An FL/regular sketch becomes directly a diagram object in PanLogos’s
Diagwith UP predicates (PL6). Its category of models is recovered internally as a
subcategory of product-preserving functors.

What is preserved. Soundness of diagrammatic reasoning; stability under left-exact
functors; the usual 2-categorical functoriality of sketch morphisms.

What PanlLogos adds.

1. Certified pasting. Large pastings and Beck—Chevalley conditions are verified once
in Diag; their validity is then rendering-independent and mode-stable (PL3,
PL6).

2. Regular/exact data (PL2). Images, kernel pairs, and effective quotients are
present by axiom; regular/exact completions can be discussed internally without
leaving the host.

3. Bridging. Sketches defined in ETCS or in a proof assistant transport conservatively
into PanLogos and back (PL5, PL8).

Limitations (explicit).

FL/regular sketches do not natively encode higher-order structure (power objects) or
higher homotopical data; PanLogos keeps this explicit: use topos or univalent regions
when needed.

Coherence beyond finite limits may require additional libraries (associators/unitors)
which PanLogos expects you to register as constraints in Diag.

Takeaway. PanlLogos internalizes sketch semantics and exact completions, turning textbook
diagrammatic proofs into certified graph objects that survive mode changes and foundation
transfers.

10.3 Diagrammatic calculi (string diagrams)

What they are.

String diagrams for (symmetric) monoidal categories represent morphisms as
wires/boxes; sound and complete for the equational theory modulo planar isotopy and
coherence (Joyal-Street; Selinger). They excel at reasoning with monoidal structure,
compact closure, traced monoidal categories, etc.
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PanLogos embedding.

e Where it lands. String-diagram theories are encoded as graph formalisms within Diag,
with additional structure: tensor product, symmetries, and coherence axioms registered
as reusable constraints.

e What is preserved.

o Equational reasoning via graph rewriting (up to planar isotopy) becomes
constraint-managed normalization in Diag.

o Universal properties of (co)limits used inside monoidal contexts are checked by
UP predicates, not by layout.

¢ What PanLogos adds.

1. Mixed semantics. Monoidal diagrammatic arguments coexist with cartesian and regular
reasoning (images, quotients) in one host; the same proof can touch both worlds safely.

2. Modal portability. The very same diagram can be read classically, sheafically, or
computationally via modalities; truth persists by left exactness (PL3).

3. Bridges to HOoTT/ETCS. Certified monoidal proofs are exported as standard theorems in
set-theoretic or univalent regions (PL5, PL8).

4, Rendering independence. Choose planar string rendering, TeX commutative squares, or
compact emoji—the certified diagram dictates semantics, not the canvas (PL6).

Limitations (honest).

e Full coherence for higher monoidal structures (e.g., braided/weak higher categories)
may require a richer internal graph/operad engine; PanLogos accommodates this by
extending the constraint library but does not trivialize the underlying mathematics.

e Proofs exploiting topological features beyond isotopy (e.g., 3D tangle invariants) need
explicit semantic anchoring; PanLogos does not infer geometry from drawings.

Takeaway. Panlogos treats string diagrams as semantic graphs with certified constraints,
enabling them to interoperate with algebraic and topos-style arguments and to travel across
foundations without losing meaning.
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Comparative synthesis

Framework Native Strength PanlLogos stance Added value
Lawvere ] ) Modal lenses; reflection;

. Algebraic semantics; . .
theories / Hosted as univalence-aware equality vs

o free models; ] ] )
classifying . . regions/subtoposes equivalence; rendering
geometric morphisms .

toposes independence

Certified pasting; exactness

FL/Regular Diagrammatic . . ) ) ]
o ) Internalized in Diagwith by axiom; conservative
sketches & definitions via
) o ] UP checks transport between
completions limits/quotients )
foundations

) ] Mix with cartesian/regular
i . Monoidal reasoning; Encoded as structured -
String-diagram . ] ) ] proofs; mode portability;
] isotopy-invariant graphs with coherence )
calculi ) bridge to ETCS/HoTT;
proofs constraints .
rendering independence

Bottom line. PanlLogos is a transport and certification layer sitting around these frameworks. It
preserves each one’s semantics while adding modality, reflection, univalence-aware identity,
and graph-internalized UPs—so theorems move safely across the borders that typically separate

our mathematical ecosystems.

11. Open Problems and the PanLogos Completeness Conjecture

This section isolates unresolved technical points and states a falsifiable master claim—the
PanLogos Completeness Conjecture (PL—CC)—together with weaker variants. We outline proof
strategies, likely obstacles, and empirical benchmarks.

11.1 The PanLogos Completeness Conjecture (PL-CC)

Strong form (global, modal):

For each bridged foundation I(ETCS/ZFC, HoTT/UF, algebraic-spec institutions) and each
Lawvere—Tierney modality agin PL, there exists a conservative adjoint UnBry jsuch that for any
theory Tand sentence ¢of I:

Try¢ & ag(Bry(T)) Fp, ag(Bri(¢)),
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and moreover any proof in PL5of an image of ¢arises (up to transport and reflection-
normalization) from a proof in I.

Medium form (fragmentary):

The equivalence holds for the regular/exact fragment of I(finite limits, images, kernel pairs,
effective quotients) and for equational consequences of algebraic theories; in HoTT/UF it holds
for O-truncated consequences (equivalences descending to isomorphisms).

Weak form (transport-only):
Only the right-to-left direction (reflection) is demanded: theorems proved in PLthat lie in the
image of Bryreflect back to II; no claim about completeness of PanLogos w.r.t. I.

Falsifiability.
A counterexample is a sentence ¢pand theory T'such that T - ¢pbut no proof exists inside any
PLafter bridging; or conversely, PL;proves the image of ¢but Idoes not.

11.2 Model existence and layered construction

Problem A (univalence under gluing).

Prove that the glued realizability @ double-negation model (Sec. 8.1) admits cumulative
univalent universes preserved (up to coherent equivalence) by both modalities. Techniques:
displayed universes, univalence fibrations, and universe lifting lemmas for left-exact reflectors.

Problem B (modal commutation).
Establish canonical 2-cells a__, ¢=0 a__satisfying Beck—Chevalley identities. Failure would
break PL3 coherence and jeopardize PL—CC.

11.3 Bridges: construction and conservativity

Problem C (ETCS/ZFC bridge).

Show that Brgrcgpreserves smallness, power objects (when present), and exactness; prove that
the adjoint UnBrreflects truth for regular/exact sentences and for a specified higher-order
fragment.

Problem D (HoTT/UF bridge).

Construct a semantics-preserving functor from a chosen HoTT model to the univalent region of
PLthat: (i) preserves 2/M/Id, (ii) maps equivalences to paths via univalence, (iii) tracks truncation
levels. Prove that O-truncated consequences reflect back as isomorphisms.
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Problem E (Institutional bridges).

For equational/specification institutions, prove that initiality, homomorphism theorems, and
rewriting-modulo-congruence transport and reflect. Address infinitary signatures via explicit
universe bounds.

11.4 Reflection comonad: meta-safety and adequacy

Problem F (evaluation conservativity).
Give a logical relations proof that evaluation ev: MX — Xis deflationary on propositions and
stable under modalities ag, establishing PL4 and its interaction with PLS.

Problem G (size control).
Show that codes for objects in U;live in U; 4 (or a controlled lift), and that evaluation does not
escalate universe levels beyond this bound.

11.5 Diagram engine: internal adequacy at scale

Problem H (UP-adequacy for all finite shapes).

Prove that the internal UP predicates in Diagare equivalent to the existence of the
corresponding (co)limits in PL, uniformly over finite diagram shapes, and are preserved by left-
exact functors.

Problem I (coherence library).

Provide internal representations for associators/unitors/symmetries and prove that standard
coherence theorems (Mac Lane, Kelly—Laplaza cases used in practice) are recoverable as Diag-
certificates.

11.6 Universe discipline and exactness across levels

Problem J (exact completion and resizing).
Quantify the universe bump induced by kernel-pair coequalizers and exact completions; prove a
resizing lemma (where permitted) that re-enters lower universes when safe.

Problem K (image stability under modalities).
Show that agand ¢preserve image factorizations and effective equivalence relations (pullback
stability included).
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11.7 HoTT/UF descent and non-descent

Problem L (descent criteria).

Characterize when a HoTT equivalence descends to a classical isomorphism under a__. Expect
necessary conditions in terms of truncation and modal collapse (e.g., O-truncation plus
preservation of the defining HIT).

Problem M (non-descent witnesses).
Construct explicit families of equivalences that do not descend (e.g., inherently higher
homotopical content). These serve as boundary tests for PL—CC.

11.8 Computation/partiality semantics

Problem N (program extraction soundness).

Specify the realizability or partiality monad semantics; prove that ¢ 3x. P(x)produces witnesses
interpretable as programs, and that these do not alter classical theorems when forgotten (PL7 +
PL8).

Problem O (interaction with bridges).
Show that computational artifacts can be transported through Brjas annotations and safely
discarded by UnBrywithout affecting truth.

11.9 Complexity and decidability of diagram checking

Problem P (algorithmic bounds).

Establish complexity classes for: typing, constraint equality, UP-checks, and pasting
normalization on finite diagrams. Conjecture: for bounded treewidth shapes common in
practice, checks are linear—quasi-linear.

Problem Q (canonical normal forms).
Define normal forms for diagrams modulo commutativity constraints so that view
encoders/decoders are confluent and deterministic.

11.10 Meta-logic and consistency

Problem R (relative consistency).

Prove that if the base univalent topos Bis consistent, then PLwith PL1-PL7 is consistent. Extend
to PL8 by showing that bridges and reflection do not introduce contradictions (use
conservativity arguments).
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Problem S (no-collapse theorems).
Prove that modalities do not trivialize univalence or exactness (e.g., a__does not force all paths
to be definitional equalities; 0does not break effectivity of quotients).

11.11 Testing the Conjecture: Benchmarks and Round-Trip Suites
Benchmark suites.

e Regular/Exact: First Iso (Grp/Ring/Mod), CRT (2-ideal, n-ideal), Correspondence, Image
factorization stability, Beck—Chevalley instances.

o Topos-internal: Finite-limit sketch models; exact completion of a finitely complete
category; sheafification examples.

e HoTT descent: Product symmetry/associativity; UIP/truncation-limited statements;
equivalence of presentations with O-truncation proofs.

e Algebraic specs: OBJ/Maude libraries for monoids, groups, rings with rewriting mod
congruence.

Round-trip protocol.
1. Formalize in the source foundation.
2. Bridge into PL(annotate the mode).
3. Optionally use reflection and Diagto re-prove or compress.

4. Bridge back and mechanically compare statements/proofs.
Success criterion: identical theorems (up to authorized translations) and no
strengthening; proof artifacts line up with declared modes.

11.12 Proof strategies (sketches)

e Internal—-external Yoneda. For PL6 adequacy, interpret cones/cocones via internal Hom
and use Yoneda to equate UPs with representability.

o Beck-Chevalley for reflectors. Model modalities as geometric morphisms; prove
commutation via pullback stability of units/counits.

o Displayed-universe induction. Lift univalence along reflectors/gluing by constructing
displayed universes and proving univalence fiberwise.
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Logical relations for M. Define a Kripke-style predicate over codes enforcing that
evaluation preserves truth and respects modes.

11.13 Risk register and mitigations

R1: Universe blow-ups. Mitigate with strict level accounting, resizing lemmas, and
bounded sites.

R2: Non-commuting modalities. Mitigate by restricting to a commuting sublattice or
adding explicit comparison isos with coherence proofs.

R3: Reflection leaks. Mitigate with deflationary evaluation and separation of meta-
propositions from object-level propositions.

R4: Diagram adequacy gaps. Mitigate by limiting to finite shapes initially and expanding
with proven libraries.

R5: Bridge incompleteness. Mitigate by starting with the regular/equational core
(medium PL-CC) and extending scope incrementally.

11.14 Outlook: What Proving PL—CC Would Deliver

A universal transport theorem: core mathematics proven once can be ported—
classically, constructively, sheafically, computationally—without re-proving or semantic
drift.

A safe metaprogramming environment for mathematics where synthesis, checking, and
rendering are internal yet conservative.

A common certification layer for diagrammatic and algebraic reasoning, independent of
front-end notation and compatible with proof assistants.

If PL—CC fails, the counterexamples will pinpoint genuine fissures between our foundations—

valuable in their own right, and guiding revisions to PanLogos’s axioms or to the bridges.

Thesis under test. A reflective, modal, univalent (oo, 1)-topos with exact/regular core, internal

diagrams, and conservative bridges suffices to make the pluralism of modern mathematics

interoperable. The open problems above delineate exactly what remains to be proved.
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12. Outlook and Conclusion

What we claimed. PanLogos is a reflective, modal, univalent (oo, 1)-topos designed to host
existing foundations rather than replace them. Eight axioms (PL1-PL8) guarantee: higher-
identity awareness (univalence), regular/exact algebra, modal lenses (classical, sheaf,
computational), safe reflection, conservative bridges, a graph-native diagram engine, executable
content under realizability, and global conservativity. Two principles operationalize these: the
Correspondence Principle (truth transports without mutation) and the Reflection Law (meta-
reasoning is conservative).

What we built. We specified model candidates (gluing realizability to double-negation sheaves
over a univalent base), universe/coherence discipline, and working bridges to ETCS/ZFC,
HoTT/UF, and algebraic-spec Institutions. Case studies (First Iso, CRT, semidirects, SNF, Beck—
Chevalley, HoTT equivalences) demonstrate that common mathematical workflows admit
certified, rendering-independent diagram proofs that transport across modes and foundations.

What remains. Proving the PanLogos Completeness Conjecture (PL-CC) beyond the
equational/regular fragment; constructing robust commuting modalities; delivering a full-scale
internal diagram adequacy theorem for large pastings; proving reflection conservativity by
logical relations; and establishing round-trip suites for substantial libraries in set-theoretic,
topos, HoTT, and specification ecosystems.

Why this matters. PanlLogos treats pluralism as a feature: theorems retain their identity while
gaining views (classical, constructive, computational, localic) and presentation skins (TeX, string,
emoji) anchored to a single certified diagrammatic core. This is not a stylistic nicety—it is a path
to reproducible, intertranslatable mathematics that integrates proof assistants, categorical
semantics, and classical practice.

Near-term program.

1. PanlLogos v1: implement the glued model; ship Diagwith UP-checkers for finite shapes;
stand up ETCS/HoTT bridges for a 100-theorem benchmark.

2. Conservativity proofs: adjointness for bridges; reflection logical relations; modal
commutation lemmas.

3. Library transport: port a coherent bundle (Grp/Ring/Mod isomorphism theorems; basic
topos folklore; HoTT equivalence-to-isomorphism descent).

4. Public artifacts: a reproducible spec, a viewer that embeds the Diagpayload in
PDFs/SVGs, and reference translations.
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Conclusion. If PanLogos succeeds, it will become a medium for mathematics: one object in
which our many logics, languages, and libraries meet, translate, and verify each other without
losing meaning—or sovereignty.
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Appendices

These appendices provide machine-usable details: formal rules suitable for mechanization,

canonical bridge schemata, sample end-to-end translations, and a short glossary.

Appendix A: Formal Rules (core fragments)

A.1 Regular/exact sequent rules (copy/paste-safe)

Judgements: T s = t: Hom(X,Y), I’ - UP,(D).

Comp/Id (K):
fr'+f:X—>YandI'+g:Y > Z, thenT'Fgof:X > Z.
[Fidg: X - X.

Product UP (F):
'+ UPX(P, 7T1,7T2)iff
forallZ,h:Z - X, k:Z - Y, there exists unique u: Z - Pwith myu = h, m,u = k.

Equalizer UP (F):
I' - UP_(e; f, g)iff fe = geand universal factorization/uniqueness holds.

Image factorization (PL2):
For f: X — Y, there exist coeq: X — im(f)and mono m:im(f) < Ywith f = m o coeq,
stable under pullback.

Quotient (Q):
For internal equiv. relation R 3 X, coequalizer q: X — X /Rexists (exactness).
Well-definedness: h: X — Yfactors through qiff h o1y = hor,.

Pullback UP (F) and pasting:
UP,, (D)states cone universal property; pasting lemma encoded as a single comparison
equality check.

A.2 Univalence rules (PL1)

Equiv-Path: ' - Equiv(4,B) = (A = B)in U,.

Transport: For p: A = B, transport along pyields isomorphisms of structured objects
functorially.
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A.3 Modal rules (PL3)

e Left exactness: From I' - @derive a5 (T") F ag(@); preserves finite limits, monos,
pullbacks.

o Commutation hints: Natural isos ajay, = ayag.
A.4 Reflection rules (PL4)
e Quotation:t—»"tEMX.

e Evaluation: evy: MX — Xwith eve § = ev o M(ev).

ag(ev

)
« Conservativity schema: If a;(MX) F ¢*and ¢* —  is stable, then a5 (X) + 1.
A.5 Diagram adequacy (PL6)

e Adequacy axiom: For each finite shape J, Diag-UPlim] holds iff lim ;exists with listed

legs, stable under left-exact functors.
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Appendix B: Bridge Schemata (ETCS/ZFC, HoTT/UF, Institutions)
B.1 ETCS/ZFC -» PanLogos _,
e Objects: ETCS objects ~ internal objects; functions = morphisms.
e Power objects (if assumed): — subobject classifier fragments.

e Truth: T E ¢iffa__(Br(T)) & a__(Br(¢)).

¢ Adjoint back: UnBrtakes global sections or forgets mode tags; prove reflection for
regular/exact sentences.

B.2 HoTT/UF - PanLogos (univalent region)
e Contexts/types: ' - A: U;~ internal U;.
e Id/Equiv: identity types — paths; univalence equates paths with equivalences.
e Classical shadow: a__maps =~to =under truncation hypotheses.
B.3 Algebraic Specifications (Institution ) & PanLogos
¢ Signature X: — internal Lawvere theory or finitary monad.

e Equations: — internal equalities; rewriting modulo congruence — effective quotient
(PL2).

o Initiality: preserved/reflects under smallness.

Checklist per bridge: (i) size bounds; (ii) left-exactness of image; (iii) conservativity proof; (iv)

mode annotation policy; (v) round-trip tests.
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Appendix C: Sample Translations (end-to-end)
C.1 First Isomorphism Theorem (Groups, ETCS - PL - ETCS)
1. ETCS: f:G — H; define ker f, form quotient q: G — G /ker f; define f.

2. Bridge: Map to Brgycsin PL__; encode diagram in Diag; add UPbadges for kernel

-/

pair/coequalizer.

3. PL proof: Q (factorization), W/K (homomorphism), F (iso criterion).

4. Return: UnBrcarries the isomorphism G /ker f = im fback to ETCS unchanged.
C.2 CRT with realizability witness (Rings, ETCS - PL , - ETCS)

1. ETCS:ldeals],Jwithl +] = R.

2. Bridge: Into PL; tag ¢.

3. PL: Prove iso via kernel computation; in ¢extract e;, e;as programs.

4. Return: The isomorphism reflects to ETCS; programs remain annotations.
C.3 HoTT equivalence -» classical isomorphism

1. HoTT:Prove A X B =~ B X A.

2. Bridge: Into univalent region; optional a__shadow.

3. PL: Under a__, equivalence becomes =; not definitional equality.

-7

4. Return: Set-level isomorphism statement in ETCS.
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Appendix D: Glossary (short)

(o0, 1)-Topos: Higher topos with homotopy-invariant internal logic.
Univalence: Identity in a universe Uis equivalence of types/objects.

Regular/Exact: Finite limits; images/kernels; effective quotients (exactness adds: every
internal equivalence relation is effective).

Lawvere-Tierney modality: A topology on a topos producing a reflective subtopos (e.g.,

Reflective subtopos: Full subcategory with a left-exact reflector a: £ — &£'.

Institution: Abstract framework for signatures, sentences, models, and satisfaction
invariant under signature morphisms.

Artin gluing (sconing): Construction that combines categories/toposes along a functor to
internalize relations between “syntax” and “semantics.”

Diag: Internal category of typed graphs with commutativity constraints and UP
predicates.

UP (Universal Property): Characterization of (co)limits by unique mediators.
Realizability / ¢: Modality interpreting truth as “there is a computational witness.”

Reflection comonad M: Internalization of quotation/evaluation; conservative by design
(no new truths).

End note. These appendices are deliberately implementation-leaning: they can seed a
prototype PanlLogos library (Lean/Coq/Agda back-end; JSON/SVG front-ends), enable

reproducible diagram payloads in PDFs, and support systematic round-trip tests for bridges.
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Realizability/Computation: Hyland; van Oosten.
Bridges/Institutions: Goguen—Burstall; Cartmell (GATs).
Diagrammatic calculi: Joyal-Street; Selinger.
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