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Euler’s identity, e”{i pi} + 1 = 0, is often celebrated as an improbable meeting of constants. We
propose a symmetry-first reframing: treat i and pi not as mere scalars but as actions. Let J be a
guarter-turn (complex-structure) operator with JA2 = -I, and let U(t) = exp(t J) be the one-
parameter rotation flow. A half-turn is then the operator Pi := U(tau) satisfying Pi*2 = |. The core
statement becomes Pi + | = 0, i.e., U(tau) = -I. Solving the operator equation for the smallest
positive time recovers tau = pi. In this view, Euler’s identity is simply “half-turn equals negation,”
and the numeric pi emerges from the period of a symmetry rather than being assumed a priori.
This operator lens unifies classical facts: circumference C = 2 pi r follows from U(C/r) = |; Fourier
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phases are diagonal under U(t); “parity,” “antiperiodic boundary conditions,” and “phase flip by
pi” are the same operator Pi; and all stray 2 pi factors are the kernel of the covering R -> S*1,

t -> eMi t}. The framework generalizes cleanly to spheres via SO(3) and to signal processing,
PDEs, and equivariant machine learning. The payoff is conceptual economy: once symmetry is

primary, constants become spectral data of generators.

Keywords: Euler identity, operator calculus, complex structure, half-turn, rotation group, Lie
algebra, covering space, Fourier analysis, parity, antiperiodic boundary conditions, spherical
harmonics, equivariance, pedagogy.

A collaboration with GPT-5. CC4.0.


mailto:doug@youvan.com
http://www.youvan.ai/

Outline

1. Motivation and Thesis
1.1 What feels “mystical” about e”{i pi}+1=0
1.2 From constants to actions: J (quarter-turn), U(t) = exp(t J), Pi = U(tau)
1.3 Claim: Pi + 1 =0 is Euler’s identity in operator form

2. Formal Setup
2.1 Real 2-space with JA2 = -| (complex structure)
2.2 Rotation flow U(t) = exp(t J); spectrum on Fourier modes
2.3 Defining Pi := U(tau), Pi*2 = I; solving U(tau) = -1 -> tau = pi

3. Geometry from Symmetry
3.1 Full turn as identity: U(2 pi) = |
3.2 Circumference law: U(C/r) = l impliesC=2 pir
3.3 Covering R -> S*1 and kernel 2 pi Z as the source of “2 pi”

4. Analysis Unification
4.1 Parity and antiperiodic boundary conditions: Pi f = -f
4.2 Fourier diagonalization: U(t) e”{i n theta} = eM{i n t} eM{i n theta}
4.3 Convolution algebras on S*1 and “mod pi” spaces

5. Computational and PDE Payoffs
5.1 Shift/rotation equivariance as [L, U(t)] =0
5.2 Fast solvers via circulant/DFT diagonalization
5.3 Periodic vs antiperiodic eigenproblems as Pi-eigenspaces

6. Generalization Beyond the Circle
6.1 S72 as SO(3)/SO(2); rotations U(R) and Wigner D blocks
6.2 Spherical harmonics and parity under pi-rotations about an axis
6.3 Higher-dimensional and nonabelian groups (brief pointers)

7. Pedagogical Implications
7.1 Teaching constants as spectral data of generators
7.2 Rethinking radians, angles, and the role of 2 pi
7.3 From formulas to symmetries: a curriculum sketch

8. Related Work and Provenance
8.1 Lie groups, Stone’s theorem, geometric/Clifford algebra
8.2 Covering spaces and the exponential map to S*1
8.3 What is classical vs what is new in this framing



9. Discussion and Limits
9.1 Benefits (unification, clarity) vs costs (overloading symbols)
9.2 Ambiguity off S*1 (choice of axis on $2)
9.3 When scalar pi is still the right tool

10. Conclusion
10.1 Euler’s identity as “half-turn equals negation”
10.2 Constants as actions; actions as geometry
10.3 Open directions: equivariant ML, PDE design, pedagogy

References

Appendices

A. Proof that U(t) = exp(t J) yields rotations and U(pi) = -I

B. Circumference from U(C/r) = | without trig tables

C. Parity, Pi-eigenspaces, and antiperiodic boundary conditions
D. Notes on implementation (DFT, spherical harmonics)



1. Motivation and Thesis
1.1 What feels “mystical” about eM{ipi}+1=0

Euler’s identity is often presented as a numerical miracle: five symbols—e, i, pi, 1, 0—meet in a
single, perfectly balanced statement. The “mystical” feel comes from three collisions:

e Cross-domain fusion. e (growth/decay), i (90° rotation), and pi (circle geometry) belong
to different stories—calculus, algebra, and geometry—yet assemble into one exact
equality.

¢ From continuous flow to discrete negation. The exponential map encodes continuous
rotation, but at the “half-turn time” it snaps to a discrete symmetry: multiplication by
-1. A smooth process yields an abrupt, exact flip.

o Dimension drop. A 2D rotation (on the plane) is encoded by a 1D parameter (angle),
then collapses to a scalar equation e”{i pi} = -1. Rich geometry seems to vanish into a
tiny string of symbols.

This invites a misleading reading: that a deep unity is being hinted at but not explained. Our aim
is to remove the aura by making the unity explicit: Euler’s identity is the most compact way to
say “a half-turn rotation equals negation” once angles are measured in radians.

1.2 From constants to actions: J (quarter-turn), U(t) = exp(t J), Pi = U(tau)
Instead of treating i and pi as mere numbers, we treat them as actions:

e J: the quarter-turn (complex structure). On the real plane V = R*2, let J be the linear
operator

J(x, y) = (-, X). Then JA2 = -I. Interpreting “multiply by i” means “apply J".

¢ U(t): the rotation flow generated by J. Define U(t) = exp(tJ) =cost * | + sint * J. This is
the 1-parameter unitary group of rotations by angle t; it satisfies U(0) =l and U(t + s) =
U(t) U(s).

e Pias a half-turn action. Let Pi := U(tau) be the operator that represents a half-turn. By
design Pi*2 = | (two half-turns return you), and Pi is a specific point on the rotation flow.

This shift from constants to actions has two payoffs. First, it makes the geometry explicit: J is a
90° turn, U(t) is “walk along the circle by angle t,” and Pi is “jump to the antipode.” Second, it
relocates the role of pi: rather than a prefabricated magnitude, pi becomes the least positive
time tau at which the flow reaches the antipode.



1.3 Claim: Pi + | = 0 is Euler’s identity in operator form
The thesis is a two-line equivalence:

¢ Operator statement (geometry first): a half-turn equals negation,
Pi + 1 =0 (equivalently, Pi=-l),
with Pi lying on the rotation flow: Pi = U(tau) = exp(tau * J), JA2 = -I.

e Scalar statement (classical form): identify V with C so that J acts as multiplication by i.
Then U(t) acts as multiplication by e”{i t}. The operator equality exp(tau * J) = -I
becomes
eMitau}=-1,
whose least positive solution is tau = pi. Adding 1 to both sides yields
eMipi}+1=0.

Thus the “mystery” reduces to a structural fact: the exponential of the rotation generator
evaluated at the half-turn time is the negative identity. In this framing, pi is recovered—not
assumed—as the minimal positive tau for which the rotation flow hits the antipode. The
identity’s power is no longer an accident of constants but the compact record of a symmetry:
continuous rotation (U) meeting discrete parity (-I) at the half-turn (Pi).

2. Formal Setup
2.1 Real 2-space with JA2 = -] (complex structure)
Let V = RA2 with the standard inner product. Define the linear operator
J=[0 -1
1 0]
so that for v = (x,y)*T we have J v = (-y, x)*T. Then
2=, IMTI=],
hence J is an orthogonal complex structure on V. Two immediate consequences:

¢ Complex identification: declare i*v := J v. Then (V,]) is canonically isomorphic to C by (x,y)
<->x+iy,and J acts as multiplication by i.

e Lie algebra generator: J spans so(2) (the Lie algebra of planar rotations). Any rotation
matrix is exp(t J) for a unique real t (angle in radians).



Useful facts:
e The eigenvalues of J over C are +/- i with eigenvectors (1, i)AT and (1, -i)"T.

e The minimal polynomial is m_J(lambda) = lambda”2 + 1, so any analytic function f(J)
reduces to a | + b J with real a,b.

2.2 Rotation flow U(t) = exp(t J); spectrum on Fourier modes
Define the one-parameter unitary (orthogonal) group
U(t) :=exp(t))=1*cost+] *sint
=[cost -sint
sint cost].

Properties:

e Group law: U(0) =1, U(t+s) = U(t) U(s), U(t)*{-1} = U(-t).

e Unit speed: d/dt U(t) =J U(t) = U(t) J; hence the generator is J.

e Periodicity: U(t + 2pi) = U(t). The kernel of t -> U(t) is 2pi*Z.
Spectrum viewpoints:

(a) Finite-dimensional (vectors in RA2). Over C, U(t) has eigenvalues e {+i t} and e”{-i t} with
eigenvectors of J. Thus exp(t J) is a pure phase rotation in the complexified basis.

(b) Function space on the circle SA1. Consider LA2(S”1) with variable theta and define the shift
action

(U(t) f)(theta) := f(theta + t).

(This U is unitarily equivalent to the matrix U above via the map theta -> (cos theta, sin theta).)
The Fourier characters

e_n(theta) := exp(i n theta), ninZ,
form an orthonormal basis and diagonalize U(t):
U(t)e_n=exp(int)e_n.

So the spectrum of U(t) on LA2(S*1) is { exp(int) : nin Z }, and the generator is G = -i d/dtheta
with U(t) = exp(i t G). On the n-th Fourier mode, G acts by multiplication n, and J corresponds to
i on the 2D geometric realization.



Summary: whether on vectors (R*2) or on functions (LA2(S*1)), U(t) is the rotation/shift by
angle t; its eigenstructure is pure phases, making all subsequent identities immediate.

2.3 Defining Pi := U(tau), Pi*2 = |; solving U(tau) = -1 -> tau = pi
Define the half-turn operator
Pi := U(tau) = exp(tau J)

for some unknown positive parameter tau (the “half-turn time” in radians). Two constraints
encode what “half-turn” means:

1. Two half-turns return you:
Pif2 =1 <=> exp(2*tau*J)) = L.
Since the kernel of t -> U(t) is 2piZ, this implies 2tau is an integer multiple of 2pi; i.e.,
2*tau = 2*pi*k for some kinZ => tau = pi*k.
2. Asingle half-turn equals negation (the parity flip):
Pi=-1 <=> exp(taul) =-I.
Over C, this demands e”{+i tau} = e*{-i tau} = -1, hence
tau = pi (mod 2*pi).
Combining (1) and (2) and selecting the least positive solution yields
tau = pi.
Therefore
Pi = U(pi) = exp(piJ) =-I,
and the scalar Euler identity is recovered by identifying J with multiplication by i:
exp(taulJ)=-1 ==> exp(i*tau)=-1 ==> exp(i*pi)+1=0.
Remarks:

¢ Minimality: tau = pi is minimal positive because U(t) has period 2*pi and exp(t J) hits -
exactly at odd multiples of pi.

e Coordinate-free phrasing: JA2 = -I, U(t) = exp(t J), and “half-turn equals negation” (Pi + | =
0) together determine the numerical constant pi as the smallest positive tau solving
exp(tau J) = -I.



3. Geometry from Symmetry
3.1 Full turn as identity: U(2*pi) = |
We fixed the rotation flow by
e JA2 =-| (quarter-turn operator),
o U(t) = exp(tJ) (unit-speed rotations).
Because exp is 2*pi—periodic on SO(2), a full turn brings every vector back:
e U(0)=1I,
o U(t+s) = U(t)U(s),
o U(2*pi) =1,
e kernel{t->U(t) } =2piZ.

Equivalently: for any vin R*2, the curve v(t) = U(t)v is a circle of radius | |v]| | traversed at unit
angular speed, and t = 2*pi returns to the start.

3.2 Circumference law: U(C/r) = | implies C = 2pir
Take a geometric circle of radius r centered at the origin. Its natural parameterization by angle is

o z(t)=r*U(t) z(0), tin [0, 2*pi],
so the point moves with speed r (since d/dt U(t) =J U(t) and | |J U(t) z(0)| | = | |U(t)
z(0)|| =1 timesr).

Arc length over a time window [0, T] is
e L(T)=J_O"T speed dt=[ O T rdt=r*T.

A full traversal of the circle is exactly the time T for which the rotation is the identity on
positions:

e U(T) =1 (same angle as start) <=> T is a multiple of 2*pi.
Pick the minimal positive such T; by 3.1 it is T = 2*pi. Hence the circumference C satisfies
e C=1L(2pi)=r*(2pi) =>C=2pir.

Equivalently: assert the abstract identity “one full lap returns you,” i.e. U(C/r) = | (time = arc
length / radius), then by minimality of the period we get C/r = 2pi, hence C = 2pi*r. No
trigonometric tables are required; only (i) unit-speed rotation flow and (ii) arc-length = speed x
time.



3.3 Covering R -> S*1 and kernel 2piZ as the source of “2*pi”
Let p: R -> S*1 be the universal covering map

o p(t)=erit}(orp(t) =(cost, sin t)).
Key facts:

1. Kernel / deck group.
The set of shifts that leave p unchanged is the integer lattice 2piZ:

o pl(t+2pik) = p(t) forall kin Z,

o thereis no smaller positive period.
These shifts are the deck transformations; they act freely and transitively on each
fiber p~{-1}(z2).

2. Why constants like 2*pi appear.
Any construction that factors through p (angles, Fourier phases, rotation operators)
inherits this kernel. Thus:

o U(t) acting on S*1 satisfies U(t + 2*pi) = U(t),

o Fourier characters are n -> e{i n t} with integer n because they are the
characters of the compact group S*1 whose dual is Z,

“half-turn” is exactly the coset t = pi (mod 2*pi).

3. Circumference again, via the cover.
The arc-length map s: R -> R_+ for a circle of radius r is s(t) = rt (unit angular speed,
linear in t). One full wrap corresponds to advancing t by 2pi; therefore the physical
length advanced is s(2pi) = r(2pi) = 2pi*r.

In short: the constant 2pi is not a stray coefficient—it is the period of the universal cover R ->
S71. Once symmetry (the rotation action U) and unit-speed normalization are fixed, 2pi is the
unique positive generator of the kernel, and all classical “2*pi” appearances (circumference,
Fourier normalization, parity at pi) follow formally from that kernel.



4. Analysis Unification
4.1 Parity and antiperiodic boundary conditions: Pi f = -f

Let U(t) be the unit-speed rotation action on S*1 and define the half-turn operator Pi := U(pi).
Then Pi*2 =1 and, on functions f: SA1 -> C,

e periodic (even under a full turn): U(2pi) f =,
e half-turn parity: Pi f = f (Pi-even), Pi f = -f (Pi-odd).
“Antiperiodic boundary conditions” on an interval [0,2pi) mean

o f(theta + pi) = - f(theta), equivalently Pi f = -f.
This collapses many boundary-value problems to eigenvalue selection: the Pi-odd
subspace carries antiperiodic data; the Pi-even subspace carries pi-periodic (axial) data.
On Fourier modes e”{i n theta}, Pi acts by

e PieArintheta} = ein pi} erin theta} = (-1)2n e/i n theta}.
Hence:

e Pi-even <=>niseven,

e Pi-odd <=>nis odd.
Imposing “antiperiodic” becomes: keep only odd Fourier modes. This is the same trick
used in separating Dirichlet/Neumann-type subspaces, but encoded by the single
operator Pi.

4.2 Fourier diagonalization: U(t) e/ i n theta} = eM{i n t} en{i n theta}
The rotation action U(t) is diagonal in the Fourier basis e_n(theta) := e”{i n theta}, nin Z:

e U(t)e.n=erint}le n.

Consequences:

1. Spectral calculus is phase calculus. Any operator commuting with U(t) for all t (i.e.,
rotation-equivariant) must be a Fourier multiplier:

e (Te_n)=m(n)e_n for some scalar symbol m:Z ->C.
2. Time-shift and frequency are dual. The generator G := -i d/dtheta satisfies

e U(t)=enNitG},Ge_n=ne_n.
Every appearance of “2pi” is the deck size of the cover R -> S*1; characters are indexed
by nin Z, and phases are e”{i n t}.

3. Parity is a 1-bit phase. The half-turn Pi = U(pi) acts as the parity operator
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Pie n=(-1)*ne_n.
Thus “even/odd,” “periodic/antiperiodic,” and “pi-phase flip” are the same spectral tag.

4. PDE boundary conditions become filters. For linear, rotation-equivariant PDEs on S*1

(heat, wave, Schrodinger with periodic coefficients), selecting periodic vs antiperiodic
solutions reduces to keeping even vs odd n.

4.3 Convolution algebras on S*1 and “mod pi” spaces

Let S*1 be the compact abelian group of angles modulo 2pi with Haar measure dtheta/(2pi).

Convolution algebra on SM1:

For f,gin LA1(SM1),

(f * g)(theta) := (1/(2pi)) [_0~{2pi} f(theta - phi) g(phi) dphi.

This is a commutative Banach algebra; U(t) acts by translation:
(U(t)f)(theta) = f(theta + t) = delta_t * f, where delta_t is the point mass at t.
Fourier diagonalization:

Let F(n) be the n-th Fourier coefficient of f and G(n) that of g, with

F(n) = (1/2n) [oM2m} f(B) e”{-i n 6} d6.

Then the n-th coefficient of the convolution satisfies

(f * g)(n) = F(n) G(n).

“Mod pi” (axial) spaces:

Identify angles modulo pi by forming A := R / (pi Z). Functions on A are exactly the pi-
periodic functions on R. Equivalently, they are the Pi-even functions on SA1:

f(theta + pi) = f(theta) <=> Pi f = f <=> only even n survive.

Two useful algebras:

1. Pointwise algebra C(A): continuous pi-periodic functions with pointwise + and x.

2. Convolution algebra on A: define convolution with respect to the Haar measure
on A (total length pi). In Fourier, the character set is 2Z (even integers), and
convolution still multiplies Fourier coefficients.

Antiperiodic (Pi-odd) slice:

The Pi-odd subspace is not an algebra under pointwise product (oddxodd=even), but it is
an invariant subspace for any operator commuting with U(t). In Fourier, it is the span of
modes with n odd. Many linear boundary problems on [0,pi] with antiperiodic endpoints
factor through this subspace.

11



Unifying view.
All these cases—periodic, antiperiodic, “mod pi,” convolution, Fourier multipliers—are
corollaries of a single symmetry:

choose U(t) (unit-speed rotation),

read structure off its spectrum (n in Z),

realize parity/periodicity with Pi = U(pi) (phase (-1)"n),

choose the quotient (mod 2pi or mod pi) to select the relevant harmonic lattice.

5. Computational and PDE Payoffs
5.1 Shift/rotation equivarianceas [ L,U(t) | = 0

Let U(t)be the unit-speed rotation/shift on S(or translation on a periodic grid). A linear
operator Lis equivariant iff

LU(t) = U(t)Lforallt € R.

Equivalently, [ £, U(t) ] = 0. Consequences:
« Fourier multiplier form. In the Fourier basis e, (6) = e,

Le, =m(n) e,

for some symbol m: Z — C. All such Lare diagonal in this basis (heat: m(n) = —vn?; wave:
m(n) = tic | n |; Schrédinger: m(n) = —ian?).

e Spectral calculus by inspection. Evolution problems u; = Lusolve modewise:

i(n,t) = e™Mt 4(n, 0).

e Boundary conditions via II. Since U(rr) = Iland Ile,, = (—1)"e,, parity constraints
commute with L. Thus BCs are enforced by selecting eigenlattices, not by modifying L.

12



5.2 Fast solvers via circulant/DFT diagonalization

On a uniform grid 8, = 2wk /N, rotation by one step is U(2m/N), a circulant shift matrix. Any
discrete operator Lcommuting with the shift (periodic stencils, FFT-based convolutions) is
circulant:

o DFT diagonalization. Let Fbe the DFT matrix. Then

L = F* diag(Ag, ..., Ay_1) F,

where Ay, is the discrete symbol (e.g., for the second-difference Laplacian

A = = 5gzsin 2(mtk /N)).

e O(NlogN) solves. Linear solves and exponentials reduce to elementwise operations in
the Fourier domain:

e (8) = e ™ 1y, (0).

Inverse DFT returns to physical space.

o Convolution is multiplication. For kernels gon the circle,
(f * 9)(n) = f(n)§(n). Discretely, this is pointwise multiply in the FFT domain—no
Toeplitz assembling, no boundary hacks.

e Antiperiodic grids. Enforce [ITu = —uby using only odd Fourier indices (or equivalently,
by staggering grids / using “twisted” DFT with phase (—1)"). This preserves circulancy in
the appropriate parity subspace.

5.3 Periodic vs antiperiodic eigenproblems as II-eigenspaces
Consider eigenproblems on S*(or [0,27)) for an equivariant L:

Lu = Au, with a parity constraint.

13



Because Land II commute, we can simultaneously diagonalize. Hence:

* Periodic (even) sector: ITu = +u < u(@ + 7) = u(f). Fourier support on even n.

ind \ith n = 2k, eigenvalues —v/(2k)>.

Example: Heat eigenpairs u, = €
* Antiperiodic (odd) sector: ITu = —u < (6 + m) = —u(#). Fourier support on odd n.
Example: Schrodinger eigenpairs u,, = €™ with n = 2k + 1, eigenvalues —ic(2k + 1)
* Mixed BCs become filters. For problems on [0, ], extend to S and pick the II-eigenspace matching
the endpoint conditions:
* Dirichlet-at-ends often maps to II-odd sine-like modes (odd n);
e Neumann-at-ends to II-even cosine-like modes (even n).
* Block-diagonal numerics. After reordering basis as {n even} U {n odd}, matrices split into two
independent blocks. You solve two smaller systems (often halving cost) and gain clarity on mode

selection.

Bottom line. With Ufixed, “equivariance” turns PDEs into diagonal (or block-diagonal) algebra in
Fourier space; “Il parity” turns boundary conditions into eigenspace selection. This symmetry-
first view delivers both conceptual simplicity and fast, stable solvers.

6. Generalization Beyond the Circle
6.1 S%as SO(3)/S0(2); rotations U(R)and Wigner Dblocks
The 2-sphere is a homogeneous space:

S2 = 50(3)/50(2),

where SO(2) stabilizes the north pole. Rotations act by

(UR)f)(x) = f(R 'z), ReSOM), zecs,

giving a unitary representation U: SO (3) = U(L*(5?%)). By the Peter—Weyl theorem, L?(S?)
decomposes into finite-dimensional irreducibles indexed by £ = 0,1,2, .... On each degree-¢
subspace H, = span{Yp,,}5.__,,

UR) Iy, = DY),

the (2¢ + 1) x (2€ + 1) Wigner D-matrix. Thus any SO(3)-equivariant operator is block-
diagonal with one scalar (or matrix) per £, exactly mirroring “Fourier diagonalization” on S?.
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Half-turns. A 180° rotation about a unit axis 7is Ry () = exp(w 7l - J) (with J the angular-
momentum generators). Then

URa(m) l3c, = DU (Ra(m)).

Unlike S1, there isn’t a single global IT; there is a family IT; = U(Rﬁ(n)) indexed by axes. Each
is order-2 and unitary.

6.2 Spherical harmonics and parity under m-rotations about an axis

Spherical harmonics Y;,, form an orthonormal basis of L?(5?) and diagonalize the Laplace—
Beltrami operator:

—ASZng = ‘g(‘g + 1)Y€m

They transform under rotations via Wigner D-matrices:

£
£
URYm= ) DS (R) Yy

m'=—+¢

Axis Z. For a half-turn about z(rotation by maround the vertical axis),

UR; () Yo = e~ imm Yom = (_1)mY£’m-

So the eigenvalue is parity in m. More geometrically: points on each parallel are flipped 180°in
longitude, yielding a sign (—1)™on the m-th azimuthal mode.

Central inversion vs. axial half-turn. The point inversion x = —x(not a rotation in SO(3), but
an 0(3) isometry) acts by

Yom(=x) = (- 1)fYt’m(x);

giving the familiar £-parity. In contrast, the axial half-turn R; (1) depends on the chosen axis
and mixes or sighs modes according to D) (R, (m)). For A = 2, it’s diagonal with (—1)™; for a
general 71, it is a similarity transform of that diagonal action:

DO (Ra(m)) = DO(Q) diag((-1D) 7", ..., (1)) DO,

15



where Q rotates 7 to 7.

BCs and symmetry slices. PDEs on S2commuting with all rotations (e.g., heat/wave with
isotropic coefficients) decompose into independent £-blocks. If a problem enforces
symmetry/antisymmetry under a chosen half-turn I1;, you restrict to the corresponding

+1 eigenspaces of D@ (R, (m)). This is the sphere analogue of “periodic vs. antiperiodic” on S*.

6.3 Higher-dimensional and nonabelian groups (brief pointers)

Higher spheres S¢.

S$% = S0(d + 1)/5S0(d). Harmonic analysis uses hyperspherical harmonics (eigenspaces of
—Aqa) with irreps indexed by degree £. Rotations act via the corresponding irreducible
representations of SO(d + 1). Half-turns about a 2-plane are order-2 elements; they act by
signature patterns analogous to (—1)™ on suitable separated variables.

Tori T".
T™ = R™/Z™(compact abelian). Characters are e?™** with k € Z"; convolution and

equivariance reduce to multipliers m(k). “m as action” becomes choosing units so that

. 1
coordinate half-turns are x — x + L

Hyperbolic spaces H".

H" = S0(1,n)/S0(n). Representations are continuous series; harmonic analysis uses
Helgason/Fourier—Helgason transforms. There is no global period, but one-parameter
subgroups still exponentiate Lie algebra generators; symmetry-first PDE design mirrors the
compact case with noncompact spectral measures.

Compact groups G (nonabelian).
By Peter—Weyl, L?(G) decomposes into a Hilbert direct sum of matrix irreps . Convolution
diagonalizes at the representation level:

— ~

fxg(m) = f(m) §(x).

Order-2 elements g2 = eact by m(g) with eigenvalues in {+1} (or phases on complex reps).
Boundary/symmetry constraints are implemented by selecting +1 eigenspaces of m(g) within
each block—exactly the “II-eigenspace” logic.
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Homogeneous spaces G /H.
Analysis on G /H uses induced representations. Zonal kernels (bi-H-invariant) yield scalar
multipliers per irrep, producing fast solvers (e.g., isotropic smoothing on spheres).

Clifford/Geometric algebra view.

In any even dimension, a unit bivector Iwith I> = —1 generates rotations: R(8) = e?'. “mr as
action” generalizes as “half-turn rotor equals —1 on the rotated plane,” paralleling e™ = —I on
St

Takeaway.

Beyond the circle, the symmetry-first program stays the same:
1. pick the group action U (e.g., SO(3) on S?);
2. block-diagonalize by irreps (spherical harmonics/Wigner D);

3. encode “half-turn” or discrete symmetries as order-2 group elements and select
eigenspaces;

4. design PDEs/solvers as multipliers within each block.
The constants and “parity” phenomena you meet on S* reappear as spectral data of
group elements on G /H.

7. Pedagogical Implications
7.1 Teaching constants as spectral data of generators
Principle. Treat famous “constants” (m, e, i) as spectral features of canonical operators.
o 1= the least positive time tfor which the rotation flow U(t) = e hits —I: e¥ = —I.

e i=the complex-structure operator Jwith /> = —I, i.e., the quarter-turn generator.
. ) d
e e=the value that normalizes the exponential so that = et |,_o,= Afor any operator A.

Payoff.
Students see constants emerge from symmetry + normalization, not as mysterious numbers.

This reframes:
e Euler’s identity as “half-turn equals negation.”
o {(2k) ~ m?* as spectral artifacts of the circle/torus.

« Fourier phases as eigenvalues of U(t)on e™.

17



Assessment idea. Ask: “What operator is this constant measuring?” rather than “Memorize this
value.”

7.2 Rethinking radians, angles, and the role of 271t

Radians as a normalization choice.
Choose U(t) = e to have unit speed: || U(0)v lI=Il v |l. Then:

e Fullturn= U(2m) = 1.

e Half-turn= U(n) = —I.
Thus 27 is not a stray constant; it is the generator of the kernel of the covering R — S*.

Angle pedagogy.
e Define angle by action: “6 means apply U(8).”

¢ Define arc length by speed x time: s = rf because the speed is r under unit
normalization.

e Recover C = 2mtr from “full turn = identity,” not from memorized formulas.

Where 21 keeps appearing.
Fourier series, orthogonality constants, Poisson summation, and residues all surface the same
deck period. Present them as one fact (period 2m) in many costumes.

7.3 From formulas to symmetries: a curriculum sketch
Module A — Symmetry-first Precalculus (2—-3 weeks)

1. Actions before numbers: Introduce U(t) on the circle; define angle by action.

2. Quarter/half turns: Define Jwith /2 = —I; set U(t) = e%/; show U(n) = —I.

3. Arclength and circumference: Derive s = 0 and C = 2mnr from unit-speed flow.
Module B — Trig via Exponentials (2—-3 weeks)

1. Define cos,sin: cost and sint as matrix entries of U(t).

2. ldentities from group law: cos(a + b), sin(a + b) via U(a)U(b) = U(a + b).

3. Parity and II: Periodic vs antiperiodic data as [1-eigenspaces; even/odd as (—1)™.
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Module C — Fourier & Linear Systems (3—4 weeks)
1. Diagonalizing symmetry: U(t) diagonal on e™?; operators commuting with U are
multipliers m(n).
2. PDE toy models: Heat/wave/Schrédinger on S?; solve by modewise evolution.
3. Computing with FFT: Circulant matrices; fast convolution; parity filters.
Module D — Geometry & Topology Highlights (1-2 weeks)

1. Covering spaces: R — S1, kernel 2rZ; why 21 is universal.

2. Spheres and rotations: S? = S0(3)/S0(2); idea of Wigner D blocks; half-turns about
an axis.

Module E — Bridges & Applications (1-2 weeks)
1. Complex numbers as structure: Real plane +] = C; Euler identity from I = —1I.

2. Signal processing: Hilbert transform as “i-operator,” analytic signal, phase shifts as
actions.

3. Equivariance in ML/physics: Constrained models with F(U(g)x) = U(g)F (x).
Assessment & Projects

e Prove C = 2ntr from U, no trig tables.

¢ Implement a fast solver for a periodic PDE using FFT and Il-eigenspace selection.

e Mini-exposition: show how a stray 2m in a favorite theorem is just the covering period.

Outcome.

Students learn to derive formulas from symmetries, recognize constants as spectral data, and
carry a portable toolkit (actions, generators, spectra) that scales from circles to spheres, PDEs,
and modern applications.

8. Related Work and Provenance
8.1 Lie groups, Stone’s theorem, geometric/Clifford algebra

Lie groups and algebras. The operator picture U(t) = e! is the textbook exponential map from
the Lie algebra s0(2) = (J) (with J2 = —I) to the Lie group SO(2). The general paradigm—
“continuous symmetries are one-parameter groups generated by skew operators”—runs
through standard references on Lie groups/representation theory. For compact groups, the
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Peter—Weyl theorem gives the harmonic analysis backbone we use: L? decomposes into
irreducible blocks (characters on S; Wigner D-matrices on SO(3)).

Stone’s theorem. In functional analysis, Stone’s theorem identifies strongly continuous one-

parameter unitary groups U (t)with exponentials e'tG of self-adjoint generators G. Our U(t) =

e% is the finite-dimensional, real form of this: on S%, the generator is G = —i dg, and on R? one
may view J as the complex structure that integrates to rotations.

Geometric/Clifford algebra. In the plane’s geometric algebra G, the unit bivector I =

4
e, e, satisfies I> = —1. Rotations are rotors R(8) = ez acting by conjugation v » RvR ™. This
is the same mechanism: the bivector I is the “J” generator; a half-turn is e™ = —1. Clifford
algebra thus provides a coordinate-free, operatorial rendering of our claims.

8.2 Covering spaces and the exponential map to S!

Universal cover. The map €XP * R — 8%, t = €, is the universal covering of the circle,
with deck group 2rZ. This topological fact is the source of every “2m” in the circle’s analysis: full
turns compose additively in R, but collapse to the identity in Stexactly when the increment lies
in the kernel 21tZ.

Fourier duality. Pontryagin duality for compact abelian groups identifies the dual of S with Z;
characters are t — e™. Our diagonalization U(t)e™® = e™ei"® js an immediate corollary.

. ) R . . . o
Passing to the quotient — corresponds to restricting to the even lattice 27, which explains “mod

" phenomena (axial data, antiperiodicity) as subgroup selections in the dual.

Arc length and circumference. The kinematic identity s = r t (unit-speed rotation) plus the
deck period 27 yields C = s(2m) = 2mr without trigonometric preliminaries. This is the
method-of-exhaustion spirit recast through modern topology.

8.3 What is classical vs what is new in this framing
Classical (established).

o The operator identities U(t) = e%/, J2 = —I, and e™ = —]I are standard facts about
rotations in R? and the representation theory of S*.

e Euler’sidentity e/™ = —1 is equivalent to e™ = —I under the identification of
(R?,]) with C.

 Fourier diagonalization of shifts/rotations on S, parity as (—1)", and antiperiodic
conditions as odd-mode selections are routine in harmonic analysis and PDEs.
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On S2, the SO(3) action, spherical harmonics, and Wigner D blocks are the standard
toolkit; “half-turns about an axis” are familiar order-2 rotations within SO(3).

The covering-space origin of 27 and the ubiquity of that period in normalization
constants are classical topology/analysis.

What’s new (framing/pedagogy).

Branding rras an action: elevating “half-turn” to a primary operator Il and writing Euler’s
identity as [1 + I = 0 makes the geometry (parity) the headline, with the scalar
7 recovered as the minimal time 7 solving e”/ = —1.

Symmetry-first unification: circumference, Fourier phases, parity, and boundary
conditions are presented as one consequence of the unit-speed rotation flow and its
kernel—rather than as separate topics linked after the fact.

Curricular integration: treating constants as spectral data of generators (Section 7) and
building early trigonometry/PDE content around U, I1, and their eigenspaces offers a
coherent pathway seldom made explicit in standard syllabi.

. .. R . . )
Mod 1 as a native space: emphasizing — and the associated convolution/function

algebras as first-class citizens for axial data streamlines treatments that are often
handled by casework.

In short, the mathematics is canonical; the contribution is a compact operator-centric story that

collapses multiple identities into one symmetry statement and suggests a symmetry-first

pedagogy and computational workflow.

9. Discussion and Limits

9.1 Benefits (unification, clarity) vs costs (overloading symbols)

Benefits

One symmetry, many consequences. A single operator U(t) = e*/ explains
circumference, Fourier phases, parity, and boundary conditions. Proofs shrink to
statements about kernels, spectra, and commuting operators.

Conceptual clarity. “Half-turn equals negation” (I = —I) is more transparent than
memorizing ™ + 1 = 0. Constants become spectral data (“least positive time”) rather
than ad-hoc numbers.
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Clean pipelines for computation. Equivariance [ £, U(t) ] = 0 begets diagonalization;
parity via Il begets subspace selection. This yields faster solvers, simpler code, and fewer
boundary hacks.

Pedagogical coherence. Radians, 2m factors, and Fourier orthogonality come from the
universal cover’s period, not scattered conventions.

Costs / Risks

Symbol overloading. Writing “r” for the half-turn operator Il can confuse with the
scalar m. We mitigate by reserving Il for the operator, m for the number.

Prerequisite bump. Students must be comfortable with linear operators, spectra, and
exponentials of matrices earlier than usual.

Limited immediate payoff in elementary tasks. For area/circumference plug-and-chug
or decimal computation of 7, the operator lens adds overhead.

Notation drag across domains. In higher dimensions, “half-turn” is axis-dependent;
careless reuse of Il hides this choice.

9.2 Ambiguity off S* (choice of axis on S?)

On S1, there is a unique nontrivial half-turn: U(m) = —I. On S2, “half-turn” means rotate by

7T about an axis 71:

My = URa(m),NZ =1, i € S2.

Implications:

No single I1. There is a family {I1;}. Statements about parity/eigenspaces must specify

A~

n.

Different spectral signatures. In the Y;,,, basis, R; () acts by (—1)™; for a general axis
fi, the action is D@ (Q) diag((—1)™) D®(Q)~*with Q2 = 7. Thus “odd vs even”
depends on the chosen axis.

Problem-dependent axis. Physical/geometric context usually selects 7: gravity (vertical),
boundary geometry (surface normal), or symmetry of coefficients. Without such
structure, “II-odd” is underdetermined.

Computational choice. In numerics, picking fialigns block structure (e.g., banded
D®blocks). A poor choice complicates sparsity or boundary representation.
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Takeaway: the operator method generalizes, but you must pin the axis of the half-turn to avoid
ambiguity.

9.3 When scalar mis still the right tool

¢ Numerical evaluation and bounds. Computing digits of m, error-controlled
approximations (Machin, AGM, Borwein algorithms), and analytic inequalities (22/7,
355/113) are scalar tasks. The operator view doesn’t accelerate these.

¢ Elementary geometry and measurement. For applied work (surveying, machining), C =
2nr, A = mr? with a numeric 7 is the shortest path from data to numbers.

. . . 1 2
¢ Closed-form integrals/series. Formulas like fooo oy dx = %or ((2) = % are

communicated most cleanly with scalar 7, even if they admit symmetry interpretations.

¢ Cross-domain conventions. In engineering standards, control design, and many libraries,
21 conventions are frozen. For interoperability and readability, scalar  avoids friction.

o Pedagogical stepping stones. Early learners benefit from a concrete constant before
abstract operators; later, the symmetry view can replace a bag of ad-hoc facts.

Rule of thumb: Use the operator [1 when symmetry/equivariance, spectral reasoning, or PDE
structure is the goal; use the scalar m when you need a number. The two are the same
phenomenon seen through different lenses—pick the lens that minimizes cognitive and
computational load for the task at hand.

10. Conclusion
10.1 Euler’s identity as “half-turn equals negation”
Recasting e™ + 1 = 0 as

e™ = —Iwith J> = —]

reveals the statement’s geometric core: a half-turn equals negation. The exponential e’ is the
rotation flow; evaluating it at the first time that maps every vector to its antipode recovers the
scalar . This removes the aura of coincidence among e, i, m, 1, 0; it’s one symmetry fact about a
unit-speed rotation.
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10.2 Constants as actions; actions as geometry

The operator lens reframes “constants” as spectral data of canonical actions:

1 is the minimal positive period where the rotation flow hits —1I.

i is a complex-structure operator / (a quarter-turn) satisfying J2 = —I.

. i d
e normalizes the exponential so Ee“‘ lo=A.

Once actions are primary, geometry becomes the organizing language: circumference
from “full turn = identity,” Fourier phases as eigenvalues of shifts, parity and
antiperiodicity as [lI-eigenspaces. Constants stop being disconnected numbers and
become invariants of flows, covers, and group kernels.

10.3 Open directions: equivariant ML, PDE design, pedagogy

Equivariant ML. Bake U-equivariance (on S1,52,50(3)) into architectures; use II-
eigenspace splits to encode antiperiodic/axial symmetries; leverage block-diagonal
Wigner D layers for rotation-aware models.

PDE design & solvers. Specify physics by [ £, U(t) ] = 0; enforce boundary conditions
via Il rather than bespoke endpoints; exploit FFT/spherical-harmonic diagonalizations for
O(N log N) integrators and preconditioners.

Pedagogy. Teach angles as actions, not measurements; derive C = 2mr from unit-speed
rotation; present Euler’s identity as I1 = —I; organize trig/DFT/PDEs around generators,
spectra, and covers.

Bottom line: treating w and i as actions turns Euler’s identity into a single symmetry statement

that unifies geometry, analysis, and computation. The mathematics is classical; the gain is

coherence—one operator U, one half-turn I, many consequences.
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Notes:

Items 1-19 underpin the Lie/group/representation and spherical-harmonic aspects
(Sections 2, 6).

Iltems 20-29 cover analysis, PDEs, and Fourier tools (Sections 4-5).
Iltems 30-32 support computational aspects (FFT, circulant operators).

Items 33-35 provide historical/expository context for Euler’s identity and i.
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Appendices
A. Proof that U(t) = ex p(t]) yields rotations and U () = —1I

Setup. OnV = R?, let

Claim A1l (Exponential form). For any real t,

tkk

exp (t)) = z k_]' = [cos t + Jsin t.
k=0 '
Proof. Split the series into even/odd parts and use /2™ = (—=1)™], J2™t1 = (—1)™/.

Claim A2 (Group and generator). U(t): = exp(t/) is a one-parameter group with

Ut +s) = U)U(s),U(0) = I,%U(t) =JU@) =U()].

Proof. Standard properties of the matrix exponential; commutation holds because Jis constant.

Claim A3 (Rotation matrix). Using Claim A1,

cost -—sin't
sint cost

U = ( ),

which is the counterclockwise rotation by angle t. It is orthogonal with determinant 1.

Claim A4 (Half-turn is negation). U(t) = cos w [ + sin m] = —I. Hence U(mr) = —I and
U(2m) = 1.
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B. Circumference from U (g) = I without trig tables

Kinematics. Let a circle of radius rbe traced by z(t) = r U(t)z, with U(t) = exp(t]) as above.
Then

2) =1rJU®)zo 1 2(0) I=7 | Uz =T

So the speed is constant and equals .
Arc length. The length traveled in time T is

L(T) =f0

T T

lz(®) Il dt = f rdt =rT.
0
Full lap condition. A full traversal corresponds to returning to the starting angle, i.e.

U(T) =1.

The least positive such T is 2 (Appendix A). Therefore the circumference is

C =L(2n) =r (2m) = 2nr.

Equivalently, if one posits “one lap returns you”: U(C/r) = I, then minimality of the period
gives C/r = 2m = C = 2nr. No trigonometric tables are used—only unit-speed rotation and
the period of U.
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C. Parity, I1-eigenspaces, and antiperiodic boundary conditions

Let S be parameterized by 8 € [0,27). Define the shift/rotation action

U®FHO) = f(O + 1), 1: = U(m).

Fourier basis. e,,(8) = e for n € Z is an orthonormal basis of LZ(S') with

U(t)e, = e™e,, Te, = e™e, = (—1)"e,.

Parity decomposition. Decompose L?(S1) = Hyen D Hoqq Where

}[even = Sp—an{ezk}i }[odd = Sp—an{ezk+1}-

Then Il acts as +1 on He, and —1 on Hyq.
Antiperiodic boundary condition. On [0, ], “antiperiodic” means

f(6 +m) = —f(0) (for all admissible ).

This is equivalent to I1f = —f, i.e. f € Hq4q. Thus any linear operator Lcommuting with all
U(t) (hence with II) preserves these subspaces and eigenproblems split:

even sector: n € 27,

Lu= A, Iu=24u <
odd sector: n € 27 + 1.

For classical PDEs (heat, wave, Schrodinger), the spectrum is computed modewise with
n restricted to the chosen lattice.
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D. Notes on implementation (DFT, spherical harmonics)
D.1 Periodic computations on S (DFT/FFT)

Grid and DFT. On N equispaced points 8, = 2wk /N, define discrete Fourier coefficients

1 N-1 N-1
o= f@) TN f(g) = Y f emimin,
k=0 m=0

Circulant operators. Any linear operator L that commutes with the one-step circular shift is
circulant and diagonalized by the DFT:

L= F* diag(/’{o, ""AN—I) F.

Examples: discrete derivatives, Laplacian (A,, = —4sin ?(mm/N)/A6?), convolution with a
periodic kernel.

Evolution/solves. For u; = Lu, advance in Fourier:

Tl (t + At) = e*mBt 4 (1).

For (al + L)u = f, solve @, = fon/(a + A,).
Enforcing parity.
e Periodic (IT = +1): keep even indices m € 2Z (on an N-grid, select even m).

e Antiperiodic (IT = —1): keep odd indicesm € 2Z + 1.

Equivalently, use a “twisted” DFT with an extra phase (—1)* on samples, or staggered

grids.
D.2 Axial “mod m” spaces

Work on the quotient A = R/(xrZ). Numerically, you can keep the same N-point grid but

discard odd modes to enforce m-periodicity. Convolutions and multipliers carry over with period

1; the character set is 2Z.
D.3 Rotations on S? (spherical harmonics)

Transforms. Expand f € L?(S?) as

0o £

FO.6)=) D amYm® ).

£=0 m=—+
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Fast spherical harmonic transforms (SHTs) compute a,,, and reconstruct f in O(L?*log L)-0(L?)
time for bandlimit L.

Rotations. For R € SO(3),

URm= ) Do (R) .

m/=—+¢

Half-turn about z-axis: R, () yields a diagonal block with entries (—1)™. General axes are
implemented by Euler angles: R = R, (a)R,,(B)R,(y) and using Wigner DO (a,B,7).

Equivariant operators. Any SO(3)-equivariant L is block-diagonal:

(Lf)em = Ue Qpm-

Evolution and solves are scalar per £. Symmetry or antisymmetry under a chosen half-turn I1; is
enforced by projecting onto the +1 eigenspaces of D® (Rﬁ_(ﬂ:)) within each block.

Boundary-like constraints on S2. For problems with preferred directions (e.g., zonal symmetry),
choose the axis iaccordingly to maximize sparsity (often 2), reducing D® to simple signatures

D™

Implementation takeaway.
e On S': design with circulant matrices and FFT; impose II-parity by mode selection.

e On S?: use SHTs; apply rotations via Wigner D blocks; impose “half-turn” symmetries as
blockwise sign/mixture constraints determined by D (R4 (m)).
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