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Preface
Three Maps of One Territory

Topos theory is often introduced through definitions. An elementary topos is described as a
category with finite limits, exponentials, and a subobject classifier. A Grothendieck topos is
described as a category equivalent to the category of sheaves on a site. An co-topos is described
through higher-categorical analogues of sheaf theory, descent, and localization. Each definition
is correct. None, by itself, explains why these structures belong together.

The problem is partly visual. Topos theory has several entrances, and each entrance presents
the subject differently. One route begins with the familiar category of sets and asks which
categorical properties make a category sufficiently set-like to support ordinary mathematical
construction. This is the axiomatic route to the elementary topos. Another begins with local
data on spaces or generalized sites and asks when compatible local pieces can be glued into
global objects. This is the sheaf-theoretic route to the Grothendieck topos. A third replaces sets
by homotopy types and ordinary categories by higher categories. This produces higher sheaves,
co-topoi, internal homotopy type theory, and univalent universes.

These routes can appear to lead to different subjects. They do not. They are different
projections of one mathematical landscape.

The three figures in this book are intended to make that unity visible. The first is structural. It
isolates the defining ingredients, principal constructions, and major passages between
elementary, Grothendieck, and higher topoi. The second is genealogical. It expands the territory
into a branching network of categorical, logical, geometric, and higher structures. The third
abandons the rigid verticality of a hierarchy and presents the subject as a landscape: plains of
foundational constructions, axiomatic plateaus, sheaf-theoretic ranges, inhabited belts of
examples, and higher univalent highlands.

No single figure is sufficient. A structural diagram clarifies dependence but suppresses
atmosphere. A branching diagram displays proliferation but may falsely suggest that every
arrow represents the same kind of inheritance. A landscape reveals coexistence and connection
but sacrifices some logical precision. Together, the three views show that topos theory is
simultaneously an axiomatic theory of set-like categories, a geometry of local information, a
semantics of logical theories, and a framework for higher identity.

The word topos comes from the Greek word for place. The name is appropriate. A topos is not
merely an object placed inside some larger mathematical environment. It is itself an
environment—a place in which objects exist, predicates are interpreted, functions are
constructed, and statements may be judged true or false. Different topoi may support different



internal logics and different notions of locality. Passing from one to another can therefore

resemble changing mathematical worlds.

The ultimate movement of the book is from collections to worlds. Sets collect elements.
Categories organize objects through morphisms. Topoi provide entire environments of
generalized sets. Higher topoi add paths, homotopies, and higher identifications. Univalence
finally aligns identity with equivalence, so that the world can recognize internally when two of
its structures are the same in the sense that mathematics actually uses.

The resulting picture is not a single ladder of increasing abstraction. It is a terrain of mutually
illuminating perspectives. The task of this book is to walk that terrain.



Introduction
What Kind of World Is a Topos?

The category of sets is so familiar that its special character is easy to overlook. Most elementary
mathematics takes place there without announcing the fact. Numbers are collected into sets.
Functions map elements of one set to elements of another. Relations are subsets of Cartesian
products. Equivalence relations produce quotient sets. Families are indexed by sets. Predicates
select subsets. A proposition about an element can often be translated into membership in a
suitable subset. Even when mathematicians study groups, rings, graphs, manifolds, or measure
spaces, the underlying objects are ordinarily presented as sets equipped with additional
structure.

Set theory therefore supplies more than a warehouse of mathematical objects. It supplies an
ambient world in which construction and reasoning occur. Products exist. Equalizers exist.
Function sets exist. Subsets can be gathered into power sets. Logical operations act on
predicates. Parameters can vary over indexing sets. Objects can be compared, combined,
restricted, and classified.

Topos theory begins when we ask a deceptively simple question:

How much of this world can survive when ordinary sets are replaced by something more
general?

The answer is not merely that certain familiar constructions can be copied elsewhere. A topos is
a category organized so that its objects behave, in important respects, like sets. Yet the
resemblance does not force every topos to reproduce the ordinary category of sets. Different
topoi may encode different notions of locality, continuity, variability, observability, and truth.
They may describe mathematical objects that exist only locally, vary across a base, carry
symmetries, or possess higher paths between identifications.

A topos is thus both set-like and world-like. It is set-like because it supports products, function
objects, subobjects, and internal reasoning. It is world-like because these structures are not
merely objects placed inside an external universe; together they determine an internal
environment in which mathematics can be conducted.

This shift from objects to environments is the conceptual threshold of the subject.
The Category of Sets Is Already a Topos

The ordinary category of sets, conventionally written Set, is the basic example of a topos. Its
objects are sets and its morphisms are functions. It has a terminal object, represented by any
one-element set. It has products, pullbacks, and equalizers. For sets A and B, there is a set B*A



whose elements are functions from A to B. It also possesses a subobject classifier, traditionally
written Q.

In Set, Q may be taken to be the two-element set:
QO = {false, true}.
Every subset S of a set X has a characteristic function
xS:X-Q,

defined by sending an element of S to true and an element outside S to false. The subset is
therefore represented by a map into the object of truth values.

This familiar construction contains one of the central ideas of topos theory. A predicate on X is
not merely an external sentence about elements of X. It can be represented internally by a
morphism from X into an object Q. Subobjects thereby acquire a logical interpretation.

In Set, the logic is classical. Every element either lies in S or does not. Every proposition is true
or false. The law of excluded middle holds. But the axioms defining an elementary topos do not
force Q to have exactly two global truth values, nor do they force the internal logic to be
classical. In many topoi, truth can be local, contextual, or only partially determined. The
resulting internal logic is generally intuitionistic.

This does not mean that logic has become arbitrary. It means that the logic reflects the
structure of the world in which it is interpreted.

Generalized Sets

To call the objects of a topos “generalized sets” is useful, but incomplete. It can suggest that a
topos is merely a peculiar collection of set-like containers. The deeper claim is that the entire
network of objects and morphisms behaves like a universe of sets.

Consider sheaves on a topological space X. A sheaf assigns data to each open region U of X.
Whenever V is contained in U, the data on U can be restricted to V. Data defined on overlapping
regions can be compared, and compatible local pieces can be glued into a unique global piece.

The objects of the resulting category are not ordinary sets in the simplest sense. Each sheaf is a
system of sets varying across regions of space. Yet the category of sheaves supports set-like
operations. Sheaves can be multiplied, mapped into one another, classified by subobjects, and
interpreted logically. The entire category behaves like a world of sets whose elements may vary
locally over X.

A continuously varying physical quantity provides an intuitive model. Temperature over a
landscape is not a single number but a value assigned at each point, subject to continuity. A



local measurement may exist over one region without extending globally. Several local
descriptions may agree on overlaps and therefore determine a larger description. Sheaf theory
abstracts this pattern.

The crucial change is that an “element” may no longer be globally available. It may exist only
over a local context. Instead of asking simply whether an object possesses an element, one may
ask whether it possesses a section over some region. Existence itself becomes relative to
context.

This is one reason topoi are naturally connected to logic. A proposition may hold locally without
having a global proof. Truth can vary over the regions of a space or the contexts of a site.

Two Classical Entrances
There are two principal classical entrances into topos theory.

The first is axiomatic. It asks which categorical structures are sufficient to make a category
behave like a universe of sets. An elementary topos is a category with finite limits, Cartesian
closed structure, and a subobject classifier.

These conditions are compact, but each carries substantial content.

Finite limits provide terminal objects, products, equalizers, and pullbacks. They allow objects to
be combined and equations to be imposed.

Cartesian closed structure provides exponentials. For objects A and B, an exponential B*A
behaves like an internal object of maps from A to B.

A subobject classifier Q represents subobjects through characteristic morphisms, allowing
predicates and truth values to be expressed inside the category.

The second entrance is geometric and sheaf-theoretic. It begins with a site, a category equipped
with a specification of which families of morphisms count as covers. One then considers sheaves
on that site. The resulting category is a Grothendieck topos.

Every Grothendieck topos is an elementary topos. The converse is not true. Elementary topoi
form the broader axiomatic class, while Grothendieck topoi are those admitting a presentation
as sheaves on a site under standard size conditions.

The relationship resembles the difference between defining a kind of structure by axioms and
producing it through a standard construction. The axiomatic route tells us what properties the
world possesses. The sheaf route tells us how many such worlds arise from local data and

gluing.

These are not rival definitions. They answer different questions.



A Topos as Generalized Space

Grothendieck introduced topoi as generalized spaces. The category of sheaves on a topological
space often preserves more useful information than the underlying set of points. Indeed, in
modern geometry, a space may be understood through the kinds of variable objects or local
data it supports.

This perspective suggests that the category of sheaves is not merely attached to a space. It may
serve as the more fundamental representation of that space.

Different spaces can sometimes yield equivalent categories of sheaves. Conversely, there are
topoi that do not arise from ordinary topological spaces, yet behave geometrically. Sites allow
one to define covers without first requiring a conventional collection of open subsets. The
resulting topoi extend geometric reasoning into algebraic geometry, arithmetic geometry, logic,
and other settings where ordinary points and open sets are inadequate.

The word “space” must therefore be handled carefully. A topos is not generally a space in the
classical point-set sense. Rather, it can function as a generalized spatial environment. It has local
behavior, gluing, subobjects resembling regions, and morphisms behaving like continuous maps
in a generalized categorical form.

A geometric morphism between topoi consists, in its standard form, of an adjoint pair of
functors

fA* 4 f %

where the inverse-image functor f* preserves finite limits. The direction of the geometric
morphism is conventionally written opposite to the direction of the inverse-image functor,
reflecting the familiar behavior of inverse images under continuous maps.

This is another indication that topoi are worlds rather than isolated structures. Their natural
morphisms preserve the geometry and logic of those worlds.

A Topos as Logical Universe

The same structure that makes a topos resemble a generalized space also gives it an internal
language.

Objects may be regarded as types. Morphisms may be regarded as functions or terms.
Subobjects may be regarded as predicates. Pullback expresses substitution. Products express
conjunction. Exponentials express function types and implication. The subobject classifier
provides truth values.
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From this perspective, an elementary topos is not merely a category in which logic can be
discussed externally. It supports logic internally.

The internal logic is usually intuitionistic. A proposition need not satisfy
Pv =P
without further assumptions. Nor must double negation collapse:
——P=>P

This can initially seem like a loss. From the internal perspective, however, it reflects the fact that
information may be local or incomplete. To assert P or not-P globally may require more than is
available in the current world.

Classical logic can be recovered in special topoi, called Boolean topoi, whose internal subobject
lattices behave as Boolean algebras. The category Set is the familiar example. But intuitionistic
logic is the natural default because it is stable under geometric constructions and local
reasoning.

A topos may therefore be read in two directions. Geometrically, it is a generalized space.
Logically, it is a model or universe of intuitionistic higher-order reasoning. These are not
separate interpretations artificially imposed on the same object. They arise from the same
categorical structure.

A Topos as a Classifier
Topoi can also classify mathematical theories.

Suppose a geometric theory T is expressed using a logical fragment preserved by inverse-image
functors of geometric morphisms. Under suitable conditions, there is a classifying topos B_T
such that models of T in a topos E correspond to geometric morphisms

E->B.T

The direction should be noticed. A model of the theory inside a world E is represented by a map
from that world into the classifying topos.

This is a powerful reversal of the ordinary viewpoint. Instead of thinking of a theory as a list of
sentences and a model as a separate object satisfying them, the classifying topos packages the
theory into a universal mathematical world. Models elsewhere arise by mapping other worlds
into it.

The classifying topos is therefore analogous to a moduli space, but categorical and logical. It
does not merely list models. It organizes their behavior under change of base.

11



This idea joins logic, geometry, and category theory. A theory acquires a space-like
representative. A geometric morphism acquires a model-theoretic meaning. Logical
interpretation becomes a form of generalized geometry.

Relative Worlds

The category of sets encourages an absolute viewpoint. An object is simply a set. A function is
simply a map. A proposition is simply true or false. Topos theory repeatedly replaces this
absoluteness with relativity.

Given an elementary topos E and an object X, the slice category E/X is again an elementary
topos. Its objects are morphisms

A-X

These may be interpreted as families of objects varying over X. In Set, an object over X is a
family of sets indexed by the elements of X. In geometry, an object over a space behaves like a
bundle or varying structure.

Passing from E to E/X means entering a world in which X has become the base context. What
appeared externally as variation over X becomes internally available as ordinary existence.

This principle is central to dependent mathematics. A type may depend on a parameter. A
proposition may depend on an object. A construction may vary over a base. Slice topoi turn
such dependence into the native geometry of a new world.

Topos theory therefore does not merely provide many mathematical universes. It provides
systematic ways for one universe to generate others relative to its own internal objects.

From Topoi to Higher Topoi

Classical topoi are fundamentally one-categorical. Their objects may have automorphisms, but
equality between morphisms is ordinarily treated as a proposition rather than as a structured
space of higher identifications.

Homotopy theory changes this setting. Spaces are not determined only by their points. Paths
between points matter. Homotopies between paths matter. Homotopies between homotopies
matter, continuing through all dimensions.

An oo-groupoid may be regarded informally as a structure containing objects, reversible
morphisms between objects, reversible morphisms between those morphisms, and so on
indefinitely. Homotopy types behave like e=-groupoids.

Higher topos theory replaces set-valued sheaves by space-valued or homotopy-type-valued
sheaves. Local data no longer consist merely of elements. They include paths, higher paths,

12



symmetries, and coherent identifications. Gluing must therefore preserve not just equality but
higher coherence.

An eo-topos is a higher-categorical analogue of a Grothendieck topos. It supports higher limits
and colimits, descent, internal homotopy theory, and generalized object classifiers. It behaves
like a universe of varying homotopy types.

The passage can be summarized schematically:
sets — sheaves of sets — sheaves of spaces.

At each stage, the notion of object becomes richer. A set has elements. A sheaf has locally
varying elements. A higher sheaf has locally varying elements together with structured spaces
of identifications.

HoTT and Univalence

Homotopy type theory offers a synthetic language for reasoning about this higher world. Types
behave like spaces. Terms behave like points. Identity proofs behave like paths. Repeated
identity types behave like higher homotopies.

In ordinary foundational practice, equality and isomorphism remain distinct. Two structures
may be isomorphic without being literally equal. Mathematicians routinely treat isomorphic
structures as interchangeable, but formal systems must keep track of the distinction.

Univalence addresses this tension at the level of types in a universe. For types A and B in a
univalent universe U, the identity type between A and B corresponds to the type of
equivalences between them:

Id_U(A, B) =~ Equiv(A, B).

This does not say merely that equivalent types are similar. It says that equivalence provides the
correct notion of identity for types in the universe.

The significance is both technical and philosophical. A mathematical world equipped with
univalence can recognize internally that structural equivalence is a path of identity. The habitual
mathematical practice of replacing an object by an equivalent one is no longer only an external
convention. It is reflected in the foundational structure itself.

Higher topoi provide natural semantic environments for forms of homotopy type theory and
univalent universes. The route from sets to topoi therefore culminates not simply in greater
abstraction, but in a transformed account of sameness.

13



Why a Landscape Rather Than a Ladder?
It is tempting to arrange these ideas in a single progression:
Set — Category — Topos — co-Topos — Univalence.

This sequence is memorable, but misleading. Category is not merely a more complicated set. A
Grothendieck topos is not simply an elementary topos with additional axioms. A site is not an
inferior preliminary form of a topos. HoTT is not simply an object produced at the end of a
categorical chain.

The subject contains many kinds of relation:
e axiomatic implication;
e construction;
e presentation;
e equivalence;
e interpretation;
¢ localization;
e passage to higher dimensions;
¢ change of foundational language.

A single vertical hierarchy obscures these distinctions. The better image is a landscape
containing regions, paths, bridges, and changes of altitude.

Elementary topoi form an axiomatic region. Grothendieck topoi inhabit the intersection of
category theory, geometry, and sheaf theory. Slice topoi, subtopoi, classifying topoi, and
equivariant topoi form a belt of constructions and examples. Higher topoi lift sheaf theory into
the homotopical realm. HoTT and univalence provide an internal language for portions of that
higher terrain.

The figures guiding this book should be read accordingly. Their arrows do not all represent the
same kind of evolution. Some indicate that axioms have been added. Some indicate that a new
world has been constructed. Some indicate that two descriptions present equivalent structures.
Some mark a semantic bridge between categorical and type-theoretic viewpoints.

The central unity lies not in one uniform chain, but in a repeated question:

What kind of mathematical world is capable of supporting the objects, transformations, logic,
locality, and equivalences we wish to study?

14



Topos theory answers this question at several levels. The elementary topos captures a
categorical universe of generalized sets. The Grothendieck topos captures a world assembled
from local data. The e=-topos captures a world of higher-identifiable objects. Univalence clarifies
when equivalence becomes identity within such a world.

The journey begins with ordinary sets, but it does not merely leave them behind. It uncovers
the hidden architecture that made the world of sets mathematically habitable in the first place.

15
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From Sets to Set-Like Worlds
Chapter 1

The Familiar World of Sets

Set theory is often presented as the beginning of mathematics because nearly every familiar
mathematical object can be encoded as a set. Natural numbers can be constructed from sets.
Ordered pairs can be represented by sets. Functions can be represented as sets of ordered
pairs. Relations, graphs, groups, rings, topological spaces, and manifolds can all be described as
sets equipped with additional data satisfying specified conditions.

This flexibility makes sets appear neutral. A set seems to be nothing more than a collection of
elements. Yet the mathematical world of sets is not neutral at all. It supports a rich architecture
of constructions whose familiarity can disguise their importance. The possibility of taking
products, forming subsets, building function sets, imposing equivalence relations, passing to
guotients, and indexing families is not merely incidental. Together these operations create the
environment within which ordinary mathematics is possible.

Topos theory begins by isolating that environment.

The aim is not to discard sets. It is to understand what makes the category of sets such a
powerful mathematical world, and then to ask where else the same structural capacities may be
found.

Sets and Membership

A set is ordinarily described through its elements. If xis an element of a set 4, one writes
X EA.

If it is not an element, one writes
X & A.

The notation directs attention toward membership as the primitive relation. Yet from a
categorical perspective, membership is not the first thing one sees. A category does not inspect
the internal contents of an object directly. It studies the morphisms into and out of that object.

For a set 4, an individual element a € A can be represented by a function from a one-element
set:

a:1-A.

16



Here 1 denotes any singleton set. A function from 1 to 4 has only one possible input, so it
selects exactly one element of A. Elements can therefore be reinterpreted as morphisms.

This simple observation already changes the viewpoint. Instead of defining a set only through
the elements lying inside it, one may study the ways other objects map into it. The object
remains the same, but its mathematical identity is increasingly expressed through relationships.

The distinction becomes important in generalized settings. In an arbitrary category, an object
need not possess enough global elements 1 — A to reveal its structure. A sheaf, for example,
may have no global section even though it has many local sections. To understand such objects,
one must allow elements to be relative to a context:

U - A.

The familiar element of set theory is then recognized as the special case in which the context is
the terminal object.

Functions as Structure-Preserving Passage
Given sets A and B, a function
fA—-B

assigns to every element of 4 exactly one element of B. Functions compose. If

f:A-B
and
g:B-C(,
then their composite is
gofiA->C.
Every set A also has an identity function
id A:A- A

These operations satisfy associativity and unit laws:
ho(gef)=(hog)ofidBof=ffoid A=f.

These laws form the minimal architecture of a category. The category of sets is obtained when
sets are taken as objects and functions as morphisms.

17



From this perspective, sets do not stand alone. They inhabit a network of possible
transformations. The structure of a set is revealed not only by what it contains, but by how it
receives functions and sends functions.

Two sets 4 and Bare isomorphic if there are functions
ffA->B,gB-A
such that
gof=1id A
and
fog=1id_B.

For sets, this means that A and Bare in bijection. They may contain different objects and
possess different literal identities, but structurally they have the same cardinality.

This distinction between literal equality and structural sameness will eventually become central.
Set theory permits bijective objects to remain unequal. Category theory treats isomorphism as a
privileged form of structural identity. Homotopy type theory and univalence go further by
integrating equivalence into the formal account of identity itself.

The Empty Set and the One-Element Set
Two especially simple sets play foundational roles.
The empty set
1)
has no elements. For every set 4, there is exactly one function
? - A
This makes the empty set an initial object in the category of sets.
A singleton set 1 has exactly one element. For every set A4, there is exactly one function
A-1.
This makes 1 a terminal object.

The initial and terminal objects are defined not by their contents but by universal mapping
properties. The empty set is characterized by the uniqueness of maps from it. The singleton is
characterized by the uniqueness of maps into it.

18



Universal properties are among the most important transitions from set-theoretic to categorical
thought. They identify an object through its place in the network of morphisms rather than
through a particular internal construction.

Any two terminal objects are uniquely isomorphic. There may be many singleton sets, but
categorically they perform the same role. What matters is not which element the singleton
contains. What matters is the pattern of maps it supports.

Products
Given sets 4 and B, their Cartesian product is
AxB={(ab)|a€A beB}
The product comes with projection functions
m1:AXB—->A m2:AXB—-B.

Its essential property is not merely that its elements are ordered pairs. The product is
characterized by the following universal condition.

For any set Xequipped with functions
f:X—>A gX-B,
there exists a unique function
(fg): X—>AXB
such that
nle({fg)=fm2(fg)=g
The function is explicitly given by
(f, 8)(x) = (f(x), g(x)).

But the categorical definition does not depend on ordered pairs. Any object satisfying this
universal mapping property counts as a product.

This matters because generalized categories may possess products even when their objects are
not collections of elements in the ordinary sense. The universal property survives after the set-
theoretic implementation has been left behind.

Products are the categorical form of conjunction. To specify a map into A X B is to specify both
a map into Aand a map into B. This logical reading will later reappear in the internal language
of a topos.

19



Equalizers and Equations
Suppose two functions are given:

f,g: A— B.
Their equalizer is the subset

E={a€A[f(a) =g(a)}
It comes with an inclusion
e:E->A

such that

foe=goe.

The equalizer is universal among maps into 4 on which fand gagree. If

h:X—- A
satisfies
foh=goh,
then there is a unique map
wX—-E
such that
eou=h.

Equalizers express the imposition of equations. They isolate the part of an object where two
descriptions coincide.

Many mathematical structures are built this way. The solution set of an equation can be
represented as an equalizer. A subset defined by conditions can often be expressed as a limit.
The categorical capacity to form equalizers is therefore part of the ability to define objects by
equations.

Products and equalizers together generate all finite limits. A category with finite limits can form
terminal objects, products, pullbacks, and equalizers. These provide much of the basic
machinery needed to talk about simultaneous conditions and compatible data.

Pullbacks and Relative Compatibility

Given functions

20



f:A-CgB-C,
their pullback is the set
Ax_CB={(a,b)e AxB]|f(a) =g(b)}.
It fits into a commutative square:
[AXx CB—-B;llg A--f->C]
The pullback selects pairs whose images agree in the common base C.

Pullbacks are ubiquitous. Intersections of subsets are pullbacks. Fibers of functions are
pullbacks. Restrictions of families are pullbacks. Substitution in logic is modeled by pullback.
Base change in geometry is expressed by pullback.

The operation is intrinsically relative. Ordinary products combine arbitrary elements of 4 and 5.
Pullbacks combine only those elements compatible over C.

This relative form of compatibility becomes essential in sheaf theory and topos theory. Local
data are glued only when their restrictions agree on overlaps. Objects vary over bases.
Predicates are substituted along morphisms. The pullback provides the common mechanism
underlying these apparently different operations.

Coproducts

Sets also possess coproducts. Given 4 and B, their coproduct may be represented by a disjoint
union:

AU B.
There are inclusion functions
iA:A-AUB,iB:B->AUB.

For every pair of functions

ffA->X gB->X
there is a unique function

[fg]l:AuB-X

whose restrictions to the two components are fand g

Products combine simultaneous data. Coproducts combine alternatives. In logical language, the
product resembles conjunction, while the coproduct resembles disjunction.
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The distinction between ordinary union and coproduct is important. If 4 and Boverlap as sets,
their union does not preserve the information of which component an element came from. A
disjoint union tags the elements so that the two sources remain distinguishable.

This tagged construction is another example of how categorical structure depends on universal
behavior rather than only on naive set membership.

Quotients
Let ~ be an equivalence relation on a set A. The quotient set
A/~

consists of equivalence classes. There is a canonical projection
qQA-A/~

sending each element to its class.

The quotient is characterized by the fact that every function

fA-X

that is constant on equivalence classes factors uniquely through g:
f=bar(f) o q

for a unique map

bar(f): A/ ~-> X

Quotients identify elements according to a specified notion of sameness. They are among the
most consequential constructions in mathematics. Integers may be built as equivalence classes
of pairs of natural numbers. Rational numbers may be built as equivalence classes of pairs of
integers. Orbit spaces identify points related by symmetries. Projective spaces identify nonzero
vectors differing by scalar multiplication.

Yet quotients can behave badly in geometric settings. Identifying points may destroy separation
properties or produce pathological spaces. Sheaf theory and topos theory offer ways to encode
equivalence more flexibly. Higher mathematics goes further by preserving the paths or
identifications themselves rather than collapsing them into featureless equivalence classes.

The ordinary quotient forgets how two elements became equivalent. It remembers only that
they belong to the same class. Homotopical methods seek to retain the structure of
identification.
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Power Sets and Predicates
For a set 4, the power set
P(A)
is the set of all subsets of 4.
Every predicate Pon A determines a subset:
{faeA|P(a)}.
Conversely, every subset determines a predicate through membership.

The power set therefore gathers all predicates on 4, at least extensionally. Two predicates
determine the same subset when they hold for exactly the same elements.

There is also a relation between power sets and functions into the truth-value set (2
P(A) = Q"A.
A subset of A corresponds to its characteristic function
x: A - Q.

This equivalence is one of the central structural features generalized by a topos. The subobject
classifier £2plays the role of an object of truth values, and subobjects of A correspond to
suitable morphisms

A - Q.

In Set, predicates are binary in the familiar classical sense. In another topos, the internal truth-
value object may have richer structure. The collection of subobjects of an object generally forms
a Heyting algebra rather than necessarily a Boolean algebra.

The power set operation is thus not merely combinatorial. It is inseparable from logic.
Function Sets and Exponentials
Given sets Aand B, let
B*"A

denote the set of all functions from Ato B.
There is an evaluation function

ev: BMAXA—-B
defined by
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ev(f, a) = f(a).
The function set satisfies a universal property. For every function
h: XX A—- B,
there is a unique function
Ah: X - BMA
such that
evo (Ah xid_A) =h.

This is the categorical form of currying. A function of two variables can be reinterpreted as a
function assigning to each first argument a function of the second argument.

Symbolically,
Hom(X X A, B) = Hom(X, BMA).
A category with finite products and such exponential objects is called Cartesian closed.

Cartesian closure is important because it allows functions themselves to exist as internal
objects. The category can speak not only about individual maps from 4 to B, but about an
object containing or representing all such maps.

This internalization of function spaces is essential for higher-order reasoning and typed
computation. It is one of the defining ingredients of an elementary topos.

Indexed Families
A family of sets indexed by a set /may be written

(ALD)_(ieD).
Such a family can be combined into a single set

[ILGeD A
equipped with a projection

p:llLGeDAL-L
The fiber over 7recovers A_r:
p"-1(i) = A

Conversely, every function
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p:E—1
determines a family of fibers
(E_D)_(i€D.
Thus an indexed family of sets is equivalent to an object in the slice category
Set/L.

This equivalence is fundamental. It says that dependent data can be represented geometrically
as objects over a base.

A family does not need to be viewed as an external list indexed by /. It can be viewed as a single
object varying over /. The transition from indexed families to slice categories is one of the
conceptual bridges from ordinary set theory to dependent type theory and topos theory.

The dependent product and dependent sum generalize ordinary products and coproducts. For a
family (A_i)_(i € I), the dependent product is

[ILGeD) A,

whose elements are choices of one element from every 4_i. The dependent sum is
Y (el Al

whose elements are pairs (i, a) with a € A_i.

These constructions later become central in categorical logic. Dependent sums and products
correspond to adjoints associated with reindexing along a map.

The Hidden Absoluteness of Set

The ordinary world of sets encourages a sense that mathematical existence is absolute. A set
either has an element or it does not. A proposition is either true or false. A function either exists
or does not. A subset is globally specified.

But even in familiar mathematics, this absoluteness is often artificial.

A continuous function may exist locally but not globally. A differential equation may have local
solutions that cannot be extended. A geometric object may be trivial on every sufficiently small
region but nontrivial globally. A choice may be possible on each part of a cover without
admitting one coherent global choice.

Set-theoretic language can encode such phenomena, but the encoding usually occurs externally.
One begins with a global set of points and then attaches local data to its subsets.
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Topos theory reverses the emphasis. Local variation is built into the objects. Context is built into
the notion of element. Gluing is built into the category. Truth may be interpreted internally
rather than imposed from outside.

The world of sets then appears not as the only possible mathematical universe, but as one
exceptionally important example among many.

Set as a Special Topos

The category Set has finite limits. It is Cartesian closed. It has a subobject classifier. Therefore it
is an elementary topos.

It is also a Grothendieck topos. One may regard Set as sheaves on the terminal category
equipped with the trivial topology:

Set = Sh(1).
It may also be regarded as the category of sheaves on a one-point topological space.

This dual status is revealing. Set satisfies the abstract axioms of an elementary topos, and it
arises concretely as a category of sheaves. It stands at the intersection of the axiomatic and
geometric routes.

But Set also has additional properties not shared by every topos. Its internal logic is classical. It
is well-pointed: global elements distinguish maps. It has enough points in the strongest possible
sense. The terminal object behaves as a generator. Choice principles may be imposed. Many
arguments that feel automatic in Set depend on these special features rather than on the
elementary-topos axioms alone.

To generalize set-like mathematics responsibly, one must separate the essential structure from
the accidental conveniences of the familiar example.

What Must Be Preserved?

The transition from Set to an arbitrary topos asks what is truly needed for a mathematical world
to support familiar constructions.

The emerging answer includes at least the following capacities:
A terminal object is needed to represent global elements and truth without free variables.
Finite products are needed to combine variables and simultaneous data.

Equalizers and pullbacks are needed to impose equations, substitute parameters, and express
compatibility.
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Exponentials are needed to internalize function spaces.
A subobiject classifier is needed to represent predicates and truth values.

Together these structures produce a category with enough internal organization to resemble a
universe of sets.

What is not automatically preserved is equally important. Classical logic need not survive.
Global points need not determine objects. Every epimorphism need not split. Every proposition
need not be decidable. Objects may exist locally without global sections.

The generalized world remains mathematical, but its logic and geometry may differ from those
of Set.

From Collection to Environment
The elementary idea of a set is a collection. The categorical idea of Set is an environment.

This environment has objects, morphisms, universal constructions, function objects, predicates,
quotients, families, and logical operations. It allows mathematics to happen internally.

Once that architecture has been made visible, the next step is natural. We must move from the
particular environment Set to the general idea of a category. Only then can we ask which
categories support enough of the same architecture to count as worlds of generalized sets.

The passage is not from simple objects to complicated objects. It is from membership to
morphism, from internal composition to universal relation, and from collections to
environments.

The category of sets is the familiar world. Category theory teaches us how to recognize the
shape of a world even when its inhabitants are no longer ordinary sets.
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Chapter 2
Categories as Environments of Structure

The category of sets teaches an important lesson: mathematical objects do not acquire their full
meaning in isolation. A set participates in functions, products, subsets, quotients, families, and
universal constructions. Its mathematical role is determined not merely by its elements but by
the network of transformations connecting it to other sets.

Category theory abstracts this network.

A category does not begin by asking what an object is made of. It asks how objects are related
by morphisms, how those morphisms compose, and which patterns of morphisms characterize
important constructions. The resulting language is broad enough to describe sets and functions,
groups and homomorphisms, spaces and continuous maps, rings and ring homomorphisms,
logical theories and interpretations, types and functions, or topoi and geometric morphisms.

This breadth is sometimes mistaken for vagueness. Category theory does not erase structure. It
identifies which structure is visible through admissible transformations. A group considered in
the category of groups is seen through group homomorphisms. A topological space considered
in the category of topological spaces is seen through continuous maps. The choice of
morphisms determines what counts as structurally meaningful.

A category is therefore not just a collection of objects accompanied by arrows. It is an
environment that specifies how its inhabitants may interact.

Objects and Morphisms

A category Cconsists of objects and morphisms. For objects 4 and B, a morphism from Ato Bis
written

f: A - B.

The category does not require every pair of objects to be connected by a morphism. Nor does it
require morphisms to be functions between underlying sets, although they often are.

Whenever morphisms

f:A-B
and

g:B—-C

are given, they have a composite
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gofiA->C.
Every object 4 has an identity morphism
id A:A- A
Composition is associative:
ho(gof)=(hog)of.
Identity morphisms act as left and right units:
idBof=ffoid A=f
These axioms are minimal. They say only that morphisms can be linked coherently into paths.

Yet from this sparse beginning, a large portion of mathematics can be reconstructed. Products,
kernels, quotients, limits, adjunctions, sheaves, and topoi are all defined through patterns of
morphisms satisfying universal conditions.

The power of category theory lies not in the complexity of its initial axioms but in the discipline
with which it studies the consequences of composition.

The Category of Sets
The fundamental example is the category Set:
e oObjects are sets;
e morphisms are functions;
e composition is ordinary function composition;
e identity morphisms are identity functions.

The same underlying sets can participate in other categories with different choices of
morphism. One might consider finite sets and functions, pointed sets and basepoint-preserving
functions, ordered sets and monotone maps, or measurable spaces and measurable functions.

Changing the morphisms changes the environment. A bijection is important in Set because it
expresses structural sameness of sets. A continuous bijection need not express structural
sameness of topological spaces, because its inverse may fail to be continuous. In topology, the
relevant reversible morphisms are homeomorphisms.

Thus the question “Are these two objects the same?” cannot be answered solely by inspecting
their carriers. It depends on the category in which they are considered.
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Algebraic Categories

Groups form a category Grp. Its objects are groups, and its morphisms are group
homomorphisms. A morphism

f:G->H
must satisfy
f(xy) = f(x) f(y)
and consequently preserve identities and inverses.

Rings form categories whose exact definition depends on convention. Morphisms may or may
not be required to preserve multiplicative identities. Modules over a ring form a category whose
morphisms are linear maps. Vector spaces over a field form another category.

These examples reveal that a morphism is not merely any function. It is a transformation
preserving the structure regarded as significant.

A category therefore encodes a theory of admissible change. Objects describe states of
structure. Morphisms describe transformations that respect that structure.

Topos theory will later treat entire mathematical worlds as objects and geometric morphisms as
structure-preserving passages between them. The same categorical idea remains in force, but at
a larger scale.

Topological and Geometric Categories

Topological spaces and continuous maps form the category Top. Smooth manifolds and smooth
maps form a category. Schemes and scheme morphisms form a category. In each case,
morphisms preserve the relevant geometric structure.

The direction of a morphism can encode a familiar direction of transformation, but it may also
hide a contravariant relationship. A continuous map

i X->Y
induces an inverse-image operation on open sets:
f2-1: 0(Y) = 0(X).

It also induces pullback operations on functions, bundles, and sheaves. Thus a geometric map
often produces algebraic or logical transformations in the opposite direction.

This reversal becomes central in topos theory. A geometric morphism

f:E->F
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is described through an inverse-image functor

fr*: F—>E
together with a right adjoint

f*E-F

The geometric arrow and the inverse-image functor point in opposite directions. This is not a
defect of notation. It reflects the contravariant behavior of pulling information back along a
map.

Diagrams

A diagram is a collection of objects and morphisms arranged according to a specified pattern.
For example,

A--f->B--g->C
is a simple diagram. A commutative square has the form
[A--f- B; lh lk; C--g— D]
and is said to commute when
kof=goh.
Commutativity means that two routes through the diagram produce the same morphism.

Much of category theory consists of recognizing mathematical constructions as universal
solutions to diagrammatic problems. The specific nature of the objects may vary, but the
diagram remains the same.

An intersection of subsets, a fiber product of schemes, a pullback of bundles, and substitution
of predicates all instantiate a common pullback diagram. The categorical pattern identifies a
structural unity beneath several mathematical interpretations.

Diagrams are therefore not merely pictures. They are compressed equations of composition.
Isomorphism
A morphism
f:A—->B
is an isomorphism if there exists a morphism

gB-A
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such that
gof=1id_A
and
fog=1id_B.
The morphism gis uniquely determined and is called the inverse of £
If an isomorphism exists, one writes
A=B.

Isomorphic objects may be literally different. Two sets with different elements may be bijective.
Two groups with different presentations may be isomorphic. Two spaces built from different
point sets may be homeomorphic.

Category theory treats isomorphic objects as structurally interchangeable. Any construction
defined purely in categorical terms must respect isomorphism.

This principle is so basic that mathematicians often suppress the distinction in practice. One
speaks of “the” product A X B, even though any object satisfying the product’s universal
property is equally valid. The product is determined only up to unique isomorphism.

The movement toward univalent foundations begins here. Ordinary category theory
acknowledges that isomorphic objects should be interchangeable but retains a formal
distinction between equality and isomorphism. Univalence seeks a setting in which the relevant
structural equivalence is reflected directly in identity.

Monomorphisms and Subobjects

A morphism
m:S—>A
is a monomorphism if, for all morphisms
uv:X-S§,
the equality
mou=movV
implies
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In Set, monomorphisms are precisely injective functions. In other categories, the concept may
not reduce to ordinary injectivity, but it continues to express a form of left-cancellability.

A subobject of Ais not simply an object S. It is an equivalence class of monomorphisms into A.
Two monomorphisms

m:S—- A
and
nT-A
represent the same subobject when there is an isomorphism
:S->T
such that
nei=m.

This definition emphasizes placement rather than internal composition. A subobject is a way of
sitting inside A.

In Set, subobjects correspond to subsets. In a category of groups, subobjects correspond to
subgroups. In a category of topological spaces, subobjects require more care because
categorical monomorphisms do not by themselves encode every intended notion of subspace
embedding.

The category determines what kind of inclusion is visible.

For an object A in a topos, the collection of its subobjects will function as an algebra of
predicates on A. Subobject theory is therefore the bridge between categorical structure and
internal logic.

Epimorphisms and Quotient-Like Maps

Dually, a morphism

e:A-Q
is an epimorphism if, for all morphisms
uv:Q-X
the equality
uoce=voe
implies
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u=w

In Set, epimorphisms are surjective functions. In other categories, epimorphisms need not be
surjective on underlying sets.

Monomorphisms resemble inclusions. Epimorphisms resemble quotients or coverings. But
these interpretations are category-dependent.

Topos theory gives especially good behavior to many monomorphisms and epimorphisms.
Subobjects can be classified by maps into 2. Certain epimorphisms express local surjectivity and
participate in descent. The relation between equivalence relations and quotient objects is
governed by exactness properties.

These refinements will matter when we compare elementary topoi, pretopoi, and Grothendieck
topoi.

Universal Properties

A universal property identifies an object by describing all morphisms of a certain form involving
it.

The terminal object 1 is characterized by the existence of exactly one morphism
A-1
for every object A.
A product A X B is characterized by projections
m1:AXB->A mT2:AXB—-B

such that every pair

f:X>A gX->B
factors uniquely through a map

(f,g): X—> AXB.
An equalizer of

f,geA—B

is universal among morphisms into A on which fand gagree.

The word “universal” does not mean large or metaphysically absolute. It means optimal relative
to a specified mapping problem. A universal object receives or emits uniqgue morphisms that
mediate all competing solutions.
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Universal properties are stable under isomorphism. They therefore describe structures without
dependence on an arbitrary implementation.

This is essential for the idea of a mathematical world. If a topos is to generalize Set, its set-like
operations cannot depend on the objects being literal collections. They must be identified by
universal behavior.

Limits

A limit is a universal object associated with a diagram. It represents a coherent way of mapping
into every object of the diagram while respecting its morphisms.

Products, equalizers, pullbacks, and terminal objects are all examples of limits.

A category has finite limits when every finite diagram has a limit. It is enough, under standard
conditions, to have a terminal object and pullbacks, or equivalently a terminal object, binary
products, and equalizers.

Finite limits express several basic mathematical operations:
e conjunction of conditions;
e simultaneous specification;
e substitution;
o fibers;
e intersections;

e systems of compatible equations.

Suppose
f:A-C
and
g:B-C
Their pullback
AX_CB
is a limit of the diagram
A - C<B.

It represents pairs of data from 4 and Bthat agree when compared in C.
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In logic, pullback models substitution. In geometry, it models base change. In families, it models
reindexing. In sheaf theory, it expresses restriction and compatibility.

Finite limits form one of the three defining components of an elementary topos.
Colimits

Colimits are dual to limits. They provide universal ways of mapping out of a diagram.
Initial objects, coproducts, coequalizers, and pushouts are examples.

A coequalizer of morphisms

fg:A—>B
is @ morphism
Q:B-Q
such that
qef=qeg

and universal with this property.

In Set, coequalizers generate quotient sets. If an equivalence relation is specified, the quotient
identifies related elements.

Pushouts glue objects together along a common part. Given
C—->A C-B,
the pushout combines 4 and B while identifying the images of C.

Topological spaces can be built by gluing. Algebraic structures can be amalgamated. Logical
theories can be combined. Higher spaces can be generated by attaching cells. Colimits provide a
common language for these constructions.

An elementary topos is guaranteed to have finite colimits, although they are not part of the
shortest standard definition. A Grothendieck topos has all small limits and colimits under
appropriate size conventions.

Exponentials

A category with finite products is Cartesian closed when, for every pair of objects 4 and B, there
is an exponential object

B*"A
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together with an evaluation morphism
ev:B*AXA—-B
satisfying the natural bijection
Hom(X X A, B) = Hom(X, BMA).
The exponential internalizes the collection of maps from Ato B.

In Set, B”Ais the set of all functions from Ato 5. In a category of sheaves, the exponential is a
sheaf representing locally varying morphisms. Its sections over a region need not be merely
global functions between underlying collections. They encode morphisms relative to that
region.

This is one of the first places where the generalized-set viewpoint becomes substantial. A topos
does not merely have external hom-sets. It contains internal function objects.

Cartesian closure supports higher-order reasoning. Functions may be inputs and outputs of
other functions. In typed language, if Aand Bare types, then B4 s a function type.

The distinction between external morphisms and internal maps will remain important. The set
Hom_C(A, B)

belongs to the ambient foundational universe. The exponential 8”4, when it exists, is an object
inside C.

A topos can therefore reason internally about functions among its own objects.
Functors
A functor

F:C-D

maps objects of C'to objects of Dand morphisms of C'to morphisms of D. It preserves identities
and composition:

F(id_A) = id_(F(A)), F(g o f) = F(g) o F(f).
A functor is a structure-preserving map between categories.
Examples are abundant. A group may be sent to its underlying set:
U: Grp — Set.

A topological space may be sent to its set of points:
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U: Top — Set.
A space X'may be sent to its set of continuous real-valued functions:
C(X, R).

Depending on the direction of induced maps, such an assignment may be covariant or
contravariant.

A continuous map
:X->Y
induces a pullback map
fA*: C(Y,R) » C(X,R)
by composition:
f*(@)=¢@-of

The direction reverses. This produces a contravariant functor, or equivalently a covariant functor
from the opposite category.

Opposite Categories
For every category (, its opposite category
C"op

has the same objects but reverses every morphism.
A morphism

f:A-B
in Cbecomes a morphism

frop:B—- A

in C"op.

The operation formalizes duality. Statements about limits have dual statements about colimits.
Monomorphisms are dual to epimorphisms. Initial objects are dual to terminal objects. Products
are dual to coproducts.

Presheaves on a category Care functors

F: C*op — Set.
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The reversal expresses restriction. If a morphism
V-U

represents the inclusion of a smaller region into a larger one, a presheaf sends it to a restriction
map

F(U) - F(V).
Data move contravariantly from larger contexts to smaller ones.

The opposite category is therefore not merely a formal trick. It records a pervasive reversal
between spaces and the information defined on them.

Natural Transformations
Suppose
FG:C->D
are functors. A natural transformation
n:F=G
assigns to every object A of Ca morphism
N_A:F(A) - G(A)

such that, for every morphism

f: A - B,
the square
[F(A) -m_A- G(A); LF(f) 1G(); F(B) -n_B— G(B)]
commutes.
Thus

G(f) en_A=n_BF(f).

Naturality means that the transformation is compatible with every morphism of the source
category. It is not an arbitrary family of component maps.

Natural transformations are morphisms between functors. Categories therefore generate a
higher layer:

e oObjects;
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e morphisms between objects;
o functors between categories;
e natural transformations between functors.
This hierarchy points toward 2-categories and higher categories.

Sheaf theory is saturated with natural transformations. Restriction systems, units and counits of
adjunctions, sheafification maps, and logical interpretations are all expressed naturally.

Representable Functors
Every object 4 of a locally small category C determines a functor
Hom_C(-, A): C*op — Set.
This functor assigns to an object Xthe set of morphisms
Hom_C(X, A).
It records every way that A can be observed from another object.
Similarly,
Hom_C(A, -): C - Set
records every way that A maps outward.
A functor naturally isomorphic to one of these hom-functors is called representable.

Representability is a categorical form of embodiment. An assignment that initially appears
external is represented by an internal object.

Products, exponentials, subobject classifiers, moduli spaces, and classifying objects can all be
understood through representability. For example, an exponential B4 represents the functor

X = Hom(X X A, B).

A subobiject classifier represents the assignment of subobjects. A classifying topos represents
models of a theory across varying base topoi.

Representability is one of the recurring patterns that unifies the subject.
The Yoneda Perspective

The Yoneda lemma formalizes the idea that an object is determined by its relationships with all
other objects.

For a presheaf
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F: C*op — Set
and an object 4, the Yoneda lemma gives a natural bijection
Nat(Hom_C(-, A), F) = F(A).

An element of F(A) corresponds to a natural transformation from the representable presheaf of
Ainto F.

When Fis itself representable, the result implies that objects are recoverable, up to
isomorphism, from their hom-functors. The Yoneda embedding

y: C = Set”(C"op)
sends
A~ Hom_C(-, A)
and is fully faithful.
The category Ccan therefore be embedded into a presheaf category.

This is a major conceptual step toward topoi. Presheaf categories are among the basic examples
of Grothendieck topoi. Yoneda places an arbitrary small category inside a set-like universe of
variable sets.

The object A is replaced by its complete profile of appearances across all contexts X. Rather
than losing the object, this relational representation captures it exactly up to isomorphism.

The principle is profound:
To know an object is to know how it participates in every possible morphism.
Adjunctions
Two functors
F:C-D,G:D-C
form an adjunction
F4G
when there is a natural bijection
Hom_D(F(A), B) = Hom_C(A, G(B)).

The functor F'is left adjoint to G, and Gis right adjoint to F.

41



Adjunctions express optimal approximation. A left adjoint frequently constructs a freely
generated object. A right adjoint often forgets or extracts structure.

For example, the free-group functor

F: Set — Grp
is left adjoint to the underlying-set functor

U: Grp — Set.

The adjunction says that a function from a set Xinto the underlying set of a group ¢
corresponds uniquely to a group homomorphism from the free group F(X) into G

Hom_Grp(F(X), G) = Hom_Set(X, U(Q)).

Exponentials also arise from adjunctions. In a Cartesian closed category, for each object 4, the

functor
-xXA
has right adjoint
(-)"A.
Thus
-X A4 (-)"A

Geometric morphisms between topoi are defined by adjunctions whose inverse-image part
preserves finite limits. Slice categories, dependent sums, dependent products, sheafification,
and inclusion of subtopoi are also organized by adjoint functors.

Adjunction is one of the main structural engines of category theory.
Equivalence of Categories

An isomorphism of categories is often too strict. It requires exact inverse functors. More
commonly, two categories are related by functors

F:C-D,G:D-C
such that
GoF=Id_C
and

FoG=I1d_D
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through natural isomorphisms.
Then Cand Dare equivalent:
C=D.

Equivalent categories may have different objects and different literal morphism sets, yet express
the same categorical structure.

This is essential in topos theory. A Grothendieck topos is commonly defined as a category
equivalent to a category of sheaves:

E =~ Sh(C, ).
The site (C, ]) is not uniquely determined. Different sites can present equivalent topoi.

Thus a topos is not identified with one chosen site or one particular construction. The
presentation is not the world itself. It is a coordinate system for the world.

This distinction between presentation and invariant structure is one of the main themes of the
book.

Categories as Worlds
A category becomes increasingly world-like as it acquires internal constructions.

A bare category supplies objects and composable morphisms. Finite limits allow equations,
fibers, and substitution. Exponentials internalize functions. A subobject classifier internalizes
predicates and truth values. Colimits permit gluing and quotient-like formation. Exactness
controls internal equivalence relations. Local cartesian closure supports dependent function
types.

At some point, the category ceases to look like a mere catalog of objects. It becomes an
environment in which mathematics can be performed.

This is the conceptual destination of the elementary-topos axioms. They do not merely certify
that several convenient constructions happen to exist. They establish enough architecture for
the category to possess an internal language resembling higher-order intuitionistic
mathematics.

One can then reason about its objects as though they were sets, provided one respects the logic
of the environment.
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External and Internal Viewpoints

Every category can be studied externally. From outside, one speaks about its objects,
morphisms, hom-sets, functors, and universal properties.

A sufficiently structured category can also be interpreted internally. From inside, its objects
behave like types or generalized sets, and its morphisms behave like functions. One can
formulate propositions and reason using the category’s internal logic.

These viewpoints are related but not identical.
Externally, we may say that an object 4 has no global elements because
Hom(1,A) = 0.

Internally, it does not necessarily follow that 4 is empty. The object may possess local or
generalized elements visible only after changing context.

Externally, a morphism may be an epimorphism. Internally, it may express local surjectivity.
Whether a section exists globally can be a separate issue.

This distinction is one of the most difficult adjustments for readers trained exclusively in Set. In
Set, global elements usually reveal the entire object. In a general topos, the terminal object may
not be a sufficiently powerful observer.

The world must be understood through all contexts, not only from the global viewpoint.
The Threshold of Topos Theory

We are now prepared to identify the structures that convert a category into an elementary
topos.

The first requirement is finite limits. These provide products, pullbacks, terminal objects, and
the capacity to express compatible systems and substitutions.

The second is Cartesian closed structure. This gives internal function objects and supports
higher-order reasoning.

The third is a subobject classifier. This provides an internal object of truth values and represents
predicates by characteristic morphisms.

Together they yield a category in which objects behave like generalized sets and morphisms
behave like functions. Yet the resulting world may differ sharply from Set. Its truth values may
form a richer Heyting structure. Its elements may be local. Its logic may be intuitionistic. Its
objects may carry geometry, variation, or contextual dependence.
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The elementary topos is the first fully developed answer to the question posed in the
Introduction:

What categorical architecture is sufficient to constitute a mathematical world?
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Chapter 3
The Elementary Topos

The category of sets is not merely a category possessing objects and morphisms. It is an
environment in which one can form products, solve equations, build function spaces, describe
subsets, and reason about truth. The concept of an elementary topos isolates a compact set of
categorical conditions sufficient to reproduce much of that architecture.

An elementary topos is a category £ with three principal features:
finite limits, Cartesian closed structure, a subobject classifier.

These conditions are short enough to fit on a single line, but their consequences are extensive.
They allow objects of £'to behave like generalized sets, morphisms to behave like functions,
subobjects to behave like predicates, and exponentials to behave like internal function spaces.
The category acquires an internal language in which substantial mathematics can be expressed.

The definition does not require the objects of £to possess underlying sets. It does not require
the logic of E'to be classical. It does not require global elements to determine objects. It does
not even require the category to resemble a conventional space of points.

An elementary topos is set-like because of what can be constructed and represented inside it,
not because its objects secretly are ordinary sets.

The Three Structural Requirements
The three defining requirements divide naturally into three kinds of mathematical capacity.

Finite limits provide the ability to combine objects, impose equations, form fibers, and change
base. They support conjunction and substitution in the internal logic.

Cartesian closure provides internal objects of morphisms. It allows the category to contain
function spaces and therefore to support higher-order reasoning.

The subobject classifier provides an internal object of truth values. It allows subobjects to be
represented by characteristic morphisms and predicates to be treated as maps.

These roles can be summarized as follows:

Finite limits — compatibility and substitution Exponentials — internal functions Subobject
classifier — predicates and truth

The elementary topos is the point at which these capacities coexist in one category.

46



Finite Limits

A category £ has finite limits when every finite diagram in £'has a limit. For practical purposes, it
is enough to require a terminal object and pullbacks. Equivalently, one may require a terminal
object, binary products, and equalizers.

The terminal object is written
1.
For every object 4, there is exactly one morphism
A-1.
A global element of A is a morphism
1-A

This generalizes the familiar representation of an element of a set by a function from a
singleton.

The phrase “global element” is important. In a general topos, the morphisms from 1 to 4 may
not reveal all of 4. The object may have elements only relative to another context U:

U - A.

Such a morphism is a generalized element of 4 with stage of definition U. The object Uspecifies
the context in which the element exists.

This relativization of elements is one of the first indications that an elementary topos need not
behave like Set in every respect.

Products and Contexts
For objects A and B, their product is an object
AXB
with projections
m1:AXB—->A m2:AXB—-B.
For any object Xwith morphisms
f:X—>A gX->B,
there is a unique morphism

(fgy: X—>AXB
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such that
mlo(f,gy=fm2o(fg)=g

In the internal language, a product behaves like a pair type. An element of A X B consists of an
element of A together with an element of 5.

Products also represent contexts containing several variables. If xranges over 4 and yranges
over B, then the combined context may be represented by A X B.

The categorical product is therefore simultaneously a construction on objects and a logical
operation on variables.

Equalizers and Definable Conditions
Suppose

f,geA—>B
are parallel morphisms. Their equalizer is a monomorphism

e:E_(fg) A

such that

foe=goe
and universal with this property.
In Set, the equalizer is the subset

{a€A|f(a) =g(a)}

In an arbitrary elementary topos, the equalizer continues to represent the part of 4 on which
the two morphisms agree. It gives categorical meaning to the equation

() = g().

Equalizers show how equations define subobjects. More general finite limits allow systems of
equations and compatibility conditions to be represented internally.

This is one reason finite limits are foundational to categorical logic. They allow the formation of
objects specified by finite conjunctions of equations.

Pullbacks
Given morphisms

f:A->CgB-C,
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their pullback is an object
AX_CB
fitting into a commutative square
[AX CB—-B;llg A--f>C]
The pullback is universal among objects mapping to both Aand B compatibly over C.
In Set, its elements are pairs (a, b) satisfying
f(a) = g(b).

Within a topos, pullbacks perform several roles at once. They form fibers, intersections, and
inverse images of subobjects. They reindex families. They implement substitution in predicates.
They express the compatibility of local data.

Suppose a subobject

m:S — B
represents a predicate on 5, and suppose

f:A-B

is a morphism. Pulling Sback along fproduces a subobject of A. Internally, this is the predicate
obtained by substituting f(x) into the original predicate.

Thus the diagrammatic operation of pullback corresponds to the logical operation of
substitution.

Cartesian Closure

Finite limits provide much of the first-order structure of a world. Cartesian closure adds internal
functions.

For any objects 4 and B, an exponential object
B*A
represents morphisms from Ato B. It comes with an evaluation morphism
ev:B*"AXA—-B
and satisfies the natural correspondence
Hom_E(X X A, B) = Hom_E(X, B*A).
A morphism
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h:XxXA-B
can therefore be transformed into a morphism
Ah: X - BA.
Conversely, a morphism X — B*A can be evaluated to produce a morphism X X A — B.

In the internal language, B”A4 s a function type. Its generalized elements over Xare families of
maps from Ato Bvarying over X.

The phrase “varying over X” matters. In Set, a global element of 5”4 is simply a function from
Ato B. In a sheaf topos, a section of B4 over a region may be a function defined only in that
local context. The exponential internalizes not merely global functions but context-dependent
families of functions.

Evaluation and Currying
The evaluation morphism expresses application:
ev(f,a) =f(a)
in the familiar set-theoretic case.
The correspondence
Hom_E(X X A, B) = Hom_E(X, B*A)

expresses currying. A map depending jointly on x € X and a € A is equivalent to a map assigning
to each xa function of a.

This relationship is central to typed logic and computation. It underlies the passage between a
function of two arguments and a function returning another function.

Categorically, it says that the product functor

-XA
has a right adjoint
(-)"A.
Thus
-xX A4 (-)"A.

Cartesian closure is therefore an adjoint structure internal to the category.
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The Subobject Classifier
The most distinctive ingredient of an elementary topos is the subobject classifier.

A subobiject classifier consists of an object

Q
and a distinguished morphism
true: 1 — ()
such that every monomorphism
m:S—>A

is obtained as a pullback of true along a unique characteristic morphism
x_m: A - Q.
The defining pullback square is
[S— 1; lm ltrue; A --x_m— Q.]
In Set, 2 may be taken to be the two-element set
{false, true}.
The characteristic morphism sends an element of A4 to true precisely when it belongs to S.

In a general topos, {2 may possess a much richer internal structure. It is still the object
classifying subobjects, but it need not behave as a simple two-valued Boolean set.

The subobject classifier converts the external notion of a subobject into an internal morphism.
Predicates become maps.

Subobjects as Predicates
A monomorphism
m:S—A

may be interpreted as a predicate on A. The subobject consists of those generalized elements of
A satisfying the predicate.

The characteristic morphism
x.m:A-Q

is then the truth value of that predicate as a function of the variable in A.

51



In internal notation one may think schematically:
x_m(a) = true
exactly when abelongs to the subobject represented by m.

This language must be used carefully because generalized elements may exist only relative to
contexts. Nevertheless, the interpretation is robust: subobjects are predicates, and
characteristic morphisms assign truth values.

The collection of subobjects of 4, written
Sub(A),

inherits logical operations. It forms a Heyting algebra. There are categorical counterparts of
conjunction, disjunction, implication, truth, and falsity.

Negation is defined through implication into falsity:

-P=(P=1).
The logic is therefore intuitionistic unless additional conditions force it to be Boolean.
Why (2 Need Not Be Two-Valued

In Set, a proposition has one of two global truth values. A subset either contains an element or
does not.

In a sheaf topos, a proposition may hold over one region, fail over another, and become
undecidable globally. Truth is connected to the regions over which evidence is available.

For sheaves on a topological space X, the subobject classifier can be described through open
subsets. Over an open region U, the truth values are related to open subsets of U. A proposition
may therefore be true on a smaller open region without being true throughout U.

This is not an arbitrary multiplication of truth values. It encodes locality.

A statement may be verified wherever certain local data exist. The region on which it is true is
itself part of the mathematical information.

The internal logic of a topos is consequently shaped by its geometry.
Power Objects
In Set, the power set P(A) can be identified with the function set
QA
The same pattern appears in an elementary topos. The power object of A is
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P(A) = Q"A.
It classifies subobjects of products with A. More precisely, subobjects of
XxXA

correspond naturally to morphisms

X - P(A).
Thus P(A) behaves as an object of subobjects of 4 varying over X.
A global element

1-P(A)
corresponds to a subobject of A. A generalized element

X-P(A)
corresponds to an X-indexed family of subobjects of A.

This is more subtle than simply gathering all subsets into an external collection. The power
object exists inside the topos and can vary relative to contexts.

Power objects make it possible to formulate substantial higher-order logic internally.
Internal Relations
A binary relation between objects 4 and B can be represented by a subobject
R— A X B.
A relation on Ais a subobject
R—->AXA.

Reflexivity, symmetry, and transitivity can be expressed through categorical diagrams and
internal formulas. An internal equivalence relation is therefore a relation object satisfying the
familiar laws within the internal logic of £.

This allows algebraic and logical structures to be defined internally. One can speak of internal
groups, internal rings, internal categories, and internal logical theories inside a topos.

An internal group in £ consists of an object G'together with morphisms
mGexG-Gel-Gi:G-G

satisfying the group laws as commutative diagrams.
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In Set, this is an ordinary group. In a sheaf topos, it may be a sheaf of groups. In another topos,
it is a group object native to that world.

The topos therefore supports not only generalized sets but generalized algebra performed
internally.

Finite Colimits

Although finite colimits are not listed separately in the standard compact definition, an
elementary topos has them.

In particular, there is an initial object

binary coproducts
A+B,
and coequalizers of suitable finite diagrams.

These colimits have good behavior. Finite coproducts are disjoint and stable under pullback. This
resembles the behavior of disjoint unions in Set.

The initial object represents falsity. The coproduct represents disjunction or sum types.
Coequalizers allow quotient-like constructions.

The existence and stability of finite colimits contribute to the interpretation of an elementary
topos as a logical universe rather than merely a category with products and functions.

Exactness

Elementary topoi also satisfy a strong exactness property. Every internal equivalence relation is
effective: it arises as the kernel pair of its quotient.

Suppose Ris an internal equivalence relation on A. Under the exactness conditions available in
a topos, there is a quotient

qQ:A—Q
such that Rdescribes precisely when two elements of A have the same image in Q.
This generalizes the familiar relation between equivalence relations and quotient sets.

Exactness ensures that internal identifications can be implemented by actual quotient objects. It
helps the category behave like a well-formed world of generalized sets.
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Nevertheless, higher mathematics will eventually reveal a limitation. Taking an ordinary
guotient can erase the structure of the identifications. Higher quotients retain paths,
automorphisms, and coherence information. The elementary topos lies on the set-like side of
this transition.

Natural Numbers Objects

Many developments of elementary topos theory add a natural numbers object. This is not part
of the bare definition of an elementary topos, but it is required for internal arithmetic and
recursion.

A natural numbers object consists of an object Ntogether with morphisms
0:1->N,s:N—-N,
satisfying a universal recursion property.

For any object 4, a chosen element

aal—-A
and an endomorphism

f:A—> A,
there is a unique morphism

h:N->A
such that

hoO0=a
and

hos=foh.

This is the categorical form of defining a function by specifying its value at zero and its behavior
under successor.

An elementary topos with a natural numbers object supports a substantial portion of
constructive mathematics internally. Such a structure is sometimes called an elementary topos
with natural numbers, or appears as part of the definition of an elementary theory of the
category of sets.

The distinction matters. The basic topos axioms provide set-like logic and function spaces, but
they do not by themselves guarantee an internal object of natural numbers.
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Well-Pointedness

The category Set is well-pointed in a strong sense. Global elements distinguish morphisms. If

fg:A—>B
satisfy
foa=goa
for every global element
a:1-A,
then
f=g.

In a general topos, this need not hold. The terminal object may not be a generator.

Two morphisms may agree on every global element and still differ. An object may have no global
elements without being initial. Local behavior may be invisible from the global point of view.

This is one of the sharpest differences between generalized sets and ordinary sets.

A reader accustomed to element-based proofs may continue to reason with generalized
elements, but the stage of definition must be allowed to vary. Instead of testing only morphisms
from 1, one tests morphisms from arbitrary objects U.

This is the generalized-element method. It recovers much of the intuitive style of elementwise
reasoning while remaining valid categorically.

Generalized Elements
A generalized element of 4 at stage Uis a morphism
a:U- A

If f: A = B, then applying fto a means composition:

foa:U—B.
An equation

f(a) = g(a)
at stage Umeans

foa=goa.
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Generalized elements can be restricted along a morphism
v:V->U
by composition:
aov:V-A
Thus an element visible in context Ugives an element in every more refined context V — U.

This pattern anticipates presheaf and sheaf semantics. Data defined on a region restrict to
smaller regions. Truth valid in a context remains valid after refinement.

Generalized elements provide the local language of a categorical world.
Internal and External Truth

From outside the topos, a subobject S — A is a categorical object. Internally, it is a predicate
S(xX) on elements x: A.

From outside, the truth of a closed proposition corresponds to a subobject of the terminal
object:

P-1.

In Set, there are only two subobjects of 1: the empty subset and the whole singleton. In a
general topos, there may be many subterminal objects and therefore many generalized truth
values.

A proposition may be globally true when its classifying morphism is true. It may also hold only
locally, after pulling back along a covering family or refining the context.

This distinction between external truth and internal truth is not a contradiction. It reflects two
different levels of description.

The external mathematician studies the category as an object in a surrounding foundational
universe. The internal mathematician reasons as an inhabitant of the topos.

Classical and Intuitionistic Logic

The internal logic of an arbitrary elementary topos is intuitionistic. The law of excluded middle,
Pv =P,

does not hold automatically.

Neither does double-negation elimination:

-—-P=>P
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A topos is Boolean when its internal logic satisfies classical propositional reasoning.
Categorically, this can be expressed through the behavior of subobject lattices or the negation
operation on (2.

Set is Boolean. Many sheaf topoi are not.

The failure of excluded middle should not be interpreted as a defect. It means that truth must
be supported by construction or local evidence. In a geometric setting, there may be no global
way to decide between a proposition and its negation even though each becomes decidable
after suitable localization.

The internal logic records the epistemic and geometric structure of the world.
Choice
The axiom of choice also behaves differently in a general topos.

In Set, the axiom of choice says that every surjective function has a section, subject to the
chosen foundational system. Categorically, one may express a related principle by requiring
every epimorphism to split.

In an elementary topos, this condition is strong. It may force aspects of classical logic and
substantially restrict the available worlds.

Many sheaf topoi do not satisfy global choice. A family may have local selections without
admitting a coherent global selection.

This is exactly what one should expect in a theory designed to represent local variation. Choice
can fail because local solutions cannot be glued consistently, not because the category is
malformed.

The absence of global choice is often geometric information.
Examples of Elementary Topoi
The primary example is
Set.
Every presheaf category
Set”(C"op)
on a small category C'is an elementary topos. It is also a Grothendieck topos.

For a topological space X, the category of sheaves
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Sh(X)
is an elementary topos and a Grothendieck topos.
More generally, sheaves on a site (C, J) form a Grothendieck topos:
Sh(C, ]).

There are also elementary topoi that are not Grothendieck topoi. The elementary notion is
axiomatic and broader. Grothendieck topoi satisfy additional completeness, cocompleteness,
size, and generation conditions associated with sheaf presentations.

The distinction between these two levels is central. An elementary topos is defined internally by
structural capacities. A Grothendieck topos is characterized by its relation to sheaves and sites.

What the Definition Does Not Say

The definition of an elementary topos does not say that every object is a set. It says that the
category supports a particular pattern of set-like constructions.

It does not say that (2 has two elements. It says that (2 classifies subobjects.

It does not say that every object is determined by global points. It says that generalized
elements can be handled through morphisms.

It does not say that logic is classical. It provides an internal intuitionistic logic, which may
become classical under additional conditions.

It does not say that the category is a sheaf category. That stronger presentation belongs to
Grothendieck topos theory.

These distinctions protect the concept from being reduced to a disguised form of Set.
The Topos as a Mathematical World

The phrase “mathematical world” can now be made more precise.

An elementary topos has inhabitants: its objects.

It has transformations: its morphisms.

It has contexts: products, slices, and generalized stages.

It has internal functions: exponentials.

It has predicates and truth values: subobjects and (2.

It has conjunction, disjunction, implication, and quantificational structure.
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It has families, quotients, and finite constructions.
With a natural numbers object, it has arithmetic and recursion.

The world is not self-contained in an absolute metaphysical sense. It is still studied from an
external metatheory. But internally it supports a coherent mathematical language.

A topos is therefore not just a location where selected structures happen to live. It is an
organized environment capable of interpreting structure and reasoning.
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The Structural Phylogeny of Topoi

From sets and sites to Grothendieck, elementary, and higher topoi

‘ ———» Solid arrows = standard construction or core structure

semantic correspondence

AtApor S Dashed arrows = examples, special cases, equivalence, or

—_—
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Figure 1. The Structural Phylogeny of Topoi. The principal routes into topos theory are shown
as a structural network rather than a single ladder. Finite limits, Cartesian closed structure, and
a subobject classifier define the axiomatic route to an elementary topos. Sites and sheaves
provide the geometric route to Grothendieck topoi. Slice topoi, subtopoi, classifying topoi, and
related examples form a belt of constructions, while higher sheaves and univalent universes
extend the landscape into higher-dimensional mathematics.

The First Threshold

The elementary-topos axioms tell us when a category is structurally capable of behaving like a
world of generalized sets. They do not yet explain how such a world reasons internally.

That requires a closer examination of subobjects, truth values, quantifiers, implication, and
contextual existence.

The next chapter turns from the architecture of the world to the logic spoken by its inhabitants.
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Chapter 4
Internal Logic

An elementary topos is not merely a category in which objects resembling sets can be
constructed. Its structure also supports a language in which those objects can be discussed from
within the category itself. Subobjects behave like predicates. Products behave like conjunctions
of variables. Exponentials behave like function types and implications. Pullbacks perform
substitution. Adjoints to reindexing provide existential and universal quantification.

This internal language is one of the deepest features of topos theory. It allows categorical
diagrams to be read as logical statements and logical statements to be interpreted as categorical
constructions. Geometry and logic become two descriptions of the same structure.

The internal logic of a general elementary topos is intuitionistic rather than automatically
classical. This does not mean that ordinary logical rules have been discarded. Conjunction,
disjunction, implication, equality, quantification, truth, and falsity remain available. What is
absent in general is the unrestricted assumption that every proposition is decidably true or
false.

The logic of a topos reflects the world in which it is interpreted. In the category of sets, truth is
global and classical. In a sheaf topos, truth may depend on a region or context. A proposition
may be verified locally, may become true after refinement, or may fail to possess a global
decision even when it is locally decidable.

The internal language therefore reveals why a topos deserves to be called a mathematical
world. It does not merely contain objects. It determines how statements about those objects
may be formed, interpreted, and proved.

From Subsets to Predicates

In ordinary set theory, a predicate P(x) on a set 4 determines a subset
S={x€eA|PX)}

Conversely, a subset S € A determines a predicate:
P(x) means x € S.

In an elementary topos £, a predicate on an object A is represented by a subobject

m: S - A.
The subobject classifier supplies a characteristic morphism

x_m: A - Q.
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The morphism y_m assigns to each generalized element of A4 the truth value of the predicate
represented by S.

The defining pullback square is
[S— 1; lm ltrue; A --x_m— Q.]
This means that Sis precisely the part of Aon which y_m takes the value true.

In Set, this reproduces the ordinary characteristic function of a subset. In a general topos, the
same diagram works without requiring 4 to be a conventional set or f2to contain exactly two
global elements.

A predicate is therefore not added externally to the category. It is represented by a morphism
already living inside the category.

Contexts and Variables
The internal language is interpreted relative to contexts.

A variable declaration

means that xranges over the object A.
Two variables
x:Ay:B
are represented together by the product context
A X B.
A term tof type Cdepending on xand yis represented by a morphism
ttAXB-C.

A predicate P(x, y) is represented by a subobject of A X B, or equivalently by a characteristic
morphism

Y. P:AXB - Q.

Thus the ordinary logical distinction between variables, terms, and formulas has a categorical
interpretation:

Logical expression < categorical interpretation: type < object; term & morphism; context
© finite product; predicate < subobject; truth value < morphism into (.
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This correspondence is not merely suggestive. It can be developed into a precise semantics.
Substitution as Pullback
Suppose Pis a predicate on B, represented by a subobject
S—- B,

and suppose

f:A-B
is a term or function.
The substituted predicate P(f(x)) on A is represented by the pullback

[fA*S—>S;1l;A--f>B.]

The new subobject fA* S — A consists of those generalized elements of A whose image under
satisfies P.

This is the categorical meaning of substitution.
The operation is functorial. If
A--f->B--g-(
then substituting first along gand then along fagrees with substituting along the composite:
fA*(gh* S) = (g o f)7*S,
The logic respects composition because pullback respects composition.

This is one of the central reasons finite limits matter. Without pullbacks, predicates could not be
transported coherently along terms.

Equality
For an object A4, equality of two variables is represented by the diagonal morphism
AA:A—->AXA,
defined in Set by
aw~ (a, a).

The diagonal is a monomorphism and therefore a subobject of A X A. It represents the
predicate
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If two terms
s, t:X—->A

are given, the predicate asserting their equality is obtained by pulling back the diagonal along
the pairing

(s, t): X> A XA.
The resulting subobject of Xis the context in which
s=t

In Set, this is the subset of elements x € X satisfying s(x) = t(x). In a general topos, it is the
corresponding internal equality predicate.

Equality in an elementary topos is still set-like. It is a proposition represented by a subobject.
Higher mathematics will eventually replace this propositional equality with structured spaces of
identifications, but the diagonal already supplies the categorical seed of identity.

Truth and Falsity
The proposition true is represented by the maximal subobject
1-1.
Its characteristic morphism is
true: 1 — Q.
The proposition false is represented by the initial subobject
0—-1.
The corresponding truth value is a morphism
false: 1 - Q.
In Set, these are the two familiar truth values.

In another topos, (2 may possess many global elements or may fail to be fully described by
global elements at all. Nevertheless, true and false remain distinguished.

For each object A4, the maximal subobject
A-A

represents the predicate that is always true, while the initial subobject
0—-A
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represents the predicate that is always false.
Truth and falsity are therefore not imported as external labels. They are categorical subobjects.
Conjunction
Suppose Pand Qare predicates on 4, represented by subobjects
S—>AT-A
Their conjunction
PAQ

is represented by the intersection of the two subobjects. Categorically, this intersection is their
pullback over A4:

[SX AT-T;l!;S—>A]
A generalized element satisfies P A Q precisely when it satisfies both predicates.
At the level of truth values, conjunction is represented by a morphism
AQXQ-Q.
Thus the truth-value object carries internal logical operations.

The relation between pullback and conjunction explains why finite limits are logically significant.
Pullbacks do not merely form geometric intersections. They implement the simultaneous
satisfaction of conditions.

Disjunction
Disjunction requires finite colimits and images.
Given subobjects
S—>AT-oA,
their disjunction
PvQ
is represented by the union of the two subobjects. One may begin with the coproduct
S+T

and map it into 4. The image of that morphism represents the union.
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In Set, this is the ordinary subset union. In a topos, the construction is stable under pullback and
behaves coherently under change of context.

There is an internal operation
V:QX Q-0

The presence of disjunction is one reason an elementary topos supports more than merely
cartesian logic. It possesses a full intuitionistic propositional structure.

Disjunction has a constructive reading. To establish

PVQ

one ordinarily needs evidence for one side or the other. The mere impossibility that both fail
does not automatically supply such evidence.

This distinction becomes visible in the failure of classical principles such as excluded middle.
Implication
For predicates Pand Qon A, the implication
P=Q
is the largest predicate Rsuch that
RAPZQ.
Here the ordering means inclusion of subobjects.

The subobject lattice Sub(A) is therefore not merely a lattice. It is a Heyting algebra. For every P
and @ there is an implication operation satisfying

R<(P=0Q)
exactly when
RAP<Q.
This adjoint relationship is the algebraic heart of intuitionistic implication.
In a Boolean algebra, implication can be written as
-PVvQ.

In a general Heyting algebra, that expression need not capture all the relevant structure unless
negation behaves classically.

Internally, the truth-value object has an implication morphism
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=>: 00X Q-

The internal logic can therefore express conditional statements without assuming Boolean truth
values.

Negation
Negation is defined by implication into falsity:
-P=(P=1).
A proof of =P is a method that transforms any hypothetical proof of Pinto a contradiction.

This constructive interpretation differs subtly from the classical idea that =P simply means that
Pis false in a predetermined two-valued universe.

The law

PA=-P=1
holds intuitionistically.
The implication

P= ——P
also holds.
What may fail is the converse:

—-—P=>P

The failure of double-negation elimination expresses the possibility that one can rule out the
impossibility of Pwithout possessing direct evidence for P.

In a sheaf-theoretic setting, this often has a spatial meaning. A proposition may hold densely or
locally without having a global witness.

The Heyting Algebra of Subobjects

For every object A in an elementary topos, the ordered collection
Sub(A)

forms a Heyting algebra.

Its elements are subobjects of 4. The ordering is inclusion. The top element is A itself. The
bottom element is the initial subobject. Meet is intersection. Join is union. Implication is the
right adjoint to meet.
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This structure generalizes a Boolean algebra. Every Boolean algebra is a Heyting algebra, but not
every Heyting algebra is Boolean.

A Heyting algebra is Boolean precisely when every element Psatisfies
Pv—aP=T.

Thus the internal logic of a topos is classical exactly when the relevant Heyting algebras collapse
to Boolean algebras.

The category Set has this property. Many sheaf topoi do not.
The algebra of predicates therefore records the logical character of the world.
Quantification

Logical formulas often contain variables that are bound by quantifiers. Categorically,
guantification is connected to changing contexts.

Suppose
f:A—- B.
Pullback along fgives a reindexing operation
fA*: Sub(B) — Sub(A).
A predicate on Bcan be viewed as a predicate on A4 by substitution along £
In a topos, this reindexing operation has both left and right adjoints:
A f4fr*4V_f

The left adjoint 3_f represents existential quantification along £ The right adjoint V_f represents
universal quantification.

These adjunctions say:

3 f(P)<Q
exactly when

P <f**(Q),
and

f**(Q <P

exactly when
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Q < V_f(P).
The equations may look abstract, but they are direct categorical versions of familiar logical rules.
Existential Quantification
Consider the projection
m:AXB—-B.
A predicate P(a, b) is represented by a subobject of A X B.

Applying the left adjoint

produces a predicate on B, interpreted as
Ja: AP(a, b).
In Set, the resulting subset of B consists of those b for which at least one a satisfies P(a, b).

Categorically, existential quantification is related to image formation. The predicate Zmaps into
B, and its image consists of those parameters for which a witness exists.

The witness need not be unique. Nor does the existential statement necessarily provide a global
choice of witness varying over B.

This distinction is essential. A family may be locally inhabited without possessing a global
section.

Universal Quantification
Using the same projection

mAXB—-B,
the right adjoint

V. 1

transforms a predicate P(a, b) into the predicate

Va: AP(a, b).
In Set, this selects those b for which P(a, b) holds for every a € A.

The existence of universal quantification is related to the cartesian closed and locally cartesian
closed structure of a topos. Dependent products provide the object-level analogue.
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Universal quantification must remain stable under substitution. The Beck—Chevalley conditions
express the compatibility of quantification with pullback in appropriate diagrams.

This stability is one of the reasons categorical logic is more than a loose metaphor. Logical
operations obey precise coherence laws derived from categorical structure.

Quantifiers and Dependent Types
The relation between quantification and dependent types becomes clearer in slice categories.
Given an object B, the slice category
E/B
contains objects varying over B. A morphism
f:A-B

induces a pullback functor between slices. Under suitable conditions it has left and right
adjoints:

S A A TIL
The functor 2’ fis a dependent sum. The functor /7 fis a dependent product.

At the level of propositions, these become existential and universal quantification. At the level
of general objects or types, they form dependent pairs and dependent function spaces.

Thus the familiar logical expressions
Ix: AP(x)
and
vx: A P(x)
are the propositional shadows of more general dependent constructions.
Topos theory thereby connects categorical logic to type theory.
Intuitionistic Logic
The logic internal to an elementary topos validates intuitionistic higher-order logic.

Intuitionistic logic retains the usual constructive rules for conjunction, disjunction, implication,
guantification, and equality. What it does not accept automatically are principles requiring
nonconstructive decisions.

The law of excluded middle,
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PVv =P,
is not universally valid.
Double-negation elimination,
—-——P=>P
is not universally valid.
The assertion that every proposition is decidable,
VP: Q, PV =P,

is therefore an additional property of the topos, not a theorem of the basic axioms.

The absence of excluded middle does not imply that no proposition is decidable. Many

particular propositions may satisfy

PV —P.
What fails is the unrestricted universal principle.
Constructive Meaning

The constructive reading of logic emphasizes evidence.

To prove

PAQ
one supplies evidence for both Pand Q.
To prove

PVvQ

one supplies evidence for one side together with an indication of which side holds.
To prove
P=Q,
one gives a method transforming evidence for Pinto evidence for Q.
To prove
Ix: AP(x),

one supplies an element xtogether with evidence that P(x).
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To prove
vx: A P(X),
one supplies a construction producing evidence for P(x) from any x.

This proof-relevant reading points toward type theory, where propositions are treated as types
and proofs as terms. In an elementary topos, however, propositions remain subobjects and are
generally proof-irrelevant at the internal logical level. Higher type theory will enrich this
situation.

Sheaf-Theoretic Truth

The meaning of intuitionistic logic becomes especially concrete in a sheaf topos.

Let Xbe a topological space, and consider the topos
Sh(X).

A proposition may be interpreted over an open region U € X. One writes informally
UI-P

to mean that Pis true over U.

Truth is local in several senses.

If Pis true over U, then it remains true over every smaller open subset V € U.

If the opens U _icover Uand Pis true over every U i, then Pis true over U.

These conditions resemble the restriction and gluing laws of sheaves. Logical truth itself
behaves sheaf-theoretically.

A proposition can therefore possess a region of validity. It may be true on one open set and not
globally true on all of X.

Local Existence
The existential statement

Ix: AP(x)
has a local interpretation in a sheaf topos.

To say that the existential is true over an open set Uneed not mean that there is one witness
defined throughout U. It can mean that Jadmits an open cover

U=U_iU.
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such that on each U ithere is a local witness x_7satisfying P(x_i).

The local witnesses need not glue into a single global witness unless they are compatible on
overlaps.

Thus internal existence may mean local existence.

This feature explains why the internal logic of a sheaf topos can validate an existential
proposition even when no global element is available.

The statement is true from within the world because every point is locally covered by a context
in which a witness exists.

Disjunction Is Also Local
A disjunction
PvQ

may be true over Uwhen Ucan be covered by opens on each of which one of the disjuncts
holds.

One region may support £, while another supports Q. There need not be one global decision
selecting the same disjunct everywhere.

This provides a geometric explanation for the constructive behavior of disjunction. A global
proof of P V Q may encode a local decomposition of the context rather than a universal choice
of one alternative.

The logic is not weaker because it lacks information. It is accurately recording how information
is distributed across the space.

Why Excluded Middle Can Fail
Suppose a proposition Pcorresponds to an open subset Vof a space X.

The negation —P is not generally represented by the ordinary set-theoretic complement X\V,
because that complement need not be open. Instead, intuitionistic negation corresponds to the
largest open set disjoint from I, namely the interior of the complement.

Thus
—-P
corresponds to

int(X\V).
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Then
Pv <P
corresponds to
VU int(X\V),
which may fail to cover X Boundary points can lie in neither region.

The failure of excluded middle therefore has a visible geometric form: the boundary between a
region and its exterior may not be decidable by open information.

This is one of the clearest demonstrations that intuitionistic logic is naturally suited to topology
and locality.

Double Negation and Density
Applying negation twice to an open set yields
-V = int(bar(V)),
under the usual topological interpretation.
The proposition =—P can therefore hold on a region larger than the region where Pitself holds.
If Vis dense, then =—P may be globally true even when Pis not globally true.

This gives a geometric meaning to the distinction between Pand ——P. Double negation sees
dense validity, while direct truth demands actual local evidence.

Classical logic collapses this distinction. Intuitionistic logic preserves it.
Boolean Topoi
An elementary topos is Boolean when its internal logic satisfies excluded middle.

Equivalent characterizations include the requirement that every subobject have a complement
or that every subobject lattice be a Boolean algebra.

In a Boolean topos,
Pv—-P=T
for every predicate P.

The category Set is Boolean.
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A sheaf topos on a topological space is Boolean only under restrictive conditions. The topology
must make the relevant frame of opens Boolean, as occurs in special situations such as
complete Boolean locales.

Booleanity is therefore not synonymous with being a topos. It is an additional logical property.

The distinction allows topos theory to compare mathematical worlds with different internal
logics while retaining a common categorical architecture.

Two-Valuedness
Booleanity should not be confused with two-valuedness.

A topos is two-valued when the terminal object has only the two subobjects corresponding to
true and false. In other words, its closed propositions have only two global truth values.

A Boolean topos can fail to be two-valued. Conversely, logical properties concerning closed truth
values do not necessarily determine the behavior of predicates in arbitrary contexts.

Set is both Boolean and two-valued.

The distinction illustrates again why global truth does not exhaust internal logic. A topos may
have a simple collection of global truth values while still possessing rich local predicate
structure.

Well-Pointedness and Internal Reasoning

In Set, global elements often allow one to test statements element by element. If two functions
agree on every element, they are equal.

In a general topos, this is unsafe. An object may have too few global elements. Therefore
internal reasoning must be understood through generalized elements at arbitrary stages.

A statement involving x: A is not tested only on maps
1-A.

It is tested on all maps

The stage Uis part of the evidence.

This is closely related to the Yoneda perspective. An object is known through all maps into it,
not merely through its global points.
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Internal language provides a disciplined shorthand for generalized-element reasoning. It allows
proofs to look familiar while categorical semantics guarantees their validity.

Soundness of the Internal Language

A proof carried out in the internal intuitionistic language of an elementary topos corresponds to
a valid categorical construction.

For example, an internally defined function
f:A—-B
corresponds to an actual morphism in the category.
An internally proved inclusion of predicates corresponds to a factorization between subobjects.

An internally proved universally quantified statement corresponds to a categorical relation
involving the relevant right adjoint.

This soundness allows category theorists to move between diagrams and logical expressions.
One can choose the representation best suited to the problem.

A diagram may expose naturality and universal properties. Internal language may make a
calculation intelligible. The two are not competing methods. They are translations of one
another.

The Danger of Over-Literal Reading

Although internal language resembles ordinary set-theoretic notation, it must not be
interpreted too literally.

An expression such as
XEA
is shorthand for a variable of type A, not necessarily membership in an underlying set.

A function type B"4is an object of the topos, not necessarily an externally given collection of
all functions.

An existential statement may hold locally without a global witness.

Equality is internal equality in the category, not necessarily literal equality in the external
metatheory.

A proposition may possess a contextual truth value rather than a globally decidable Boolean
value.
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The language is intentionally familiar, but its semantics are categorical.
Internal Algebra

Because the internal language supports finite products, functions, equality, and quantification,
algebraic structures can be defined inside a topos.

An internal monoid consists of an object M with multiplication
m:MxM->M

and identity

eel->M
satisfying associativity and unit laws internally.
An internal group adds an inverse morphism

iiM->M
satisfying the group equations.
An internal ring, module, category, or other algebraic structure is defined similarly.

In Set, these are ordinary algebraic structures. In a sheaf topos, they become sheaves of
algebraic structures. In an equivariant topos, they carry compatible symmetries. In a slice topos,
they vary over a base.

The same algebraic equations can therefore generate different mathematical species depending
on the ambient topos.

This is one way to relate the equational phylogeny of abstract algebra to the landscape of topoi.
Abstract algebra specifies operations and laws. A topos specifies the world in which those
operations and laws are interpreted.

Internal Geometry
The same principle applies to geometry.

An object may carry an internal topology, order, metric-like structure, or locale structure.
Families of geometric objects may vary internally. Bundles and local systems can be expressed
through slice categories and sheaves.

The ambient topos determines which local distinctions and truth conditions are meaningful.

Thus internal logic does not isolate topos theory from geometry. It is one of the mechanisms
through which geometry becomes expressible inside a categorical world.
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Internal Theories and Models
A logical theory may be interpreted inside any suitable topos.

A model consists of objects interpreting the sorts, morphisms interpreting the functions, and
subobjects interpreting the relations, all satisfying the axioms internally.

The same theory can therefore have models in many topoi.

A group in Set is an ordinary group.

A group in Sh(X) is a sheaf of groups.

A group in a category of group actions is an equivariant group object.

A group in a higher topos may carry homotopical structure.

The logical theory remains formally the same, but its models vary with the ambient world.

This relativity is not ambiguity. It is one of the strengths of categorical semantics. It reveals
which parts of a theory are structural and which depend on the chosen universe of
interpretation.

Geometric Logic
Not every logical formula is preserved equally well under passage between topoi.
Geometric logic is the fragment built from:

o finite conjunctions;

e arbitrary disjunctions;

e existential quantification;

e equality.

Implication, negation, and universal quantification are restricted or absent from the basic
geometric fragment.

The importance of geometric logic comes from its stability under inverse-image functors of
geometric morphisms. If a geometric statement holds in one topos, its interpretation behaves
well under change of base.

This preservation makes geometric logic appropriate for theories intended to vary across topoi.

A geometric theory can be classified by a topos. Models of the theory in another topos
correspond to geometric morphisms into the classifying topos.
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Thus the choice of logical fragment is connected directly to the geometry of maps between
worlds.

Why Arbitrary Disjunctions Appear

Geometric logic permits arbitrary disjunctions because sheaf-theoretic truth is local and cover-
based.

A family of alternatives may cover a context even when no single alternative holds globally. The
disjunction records that the context can be decomposed into regions on which different
alternatives hold.

Finite conjunctions remain stable because overlapping conditions can be combined by pullback.

Existential quantification remains stable because witnesses can exist locally and images behave
well under inverse image.

Universal quantification and implication are more delicate. They depend on global structure not
always preserved by inverse-image functors.

The logical syntax mirrors the geometry of locality.
Classifying Topoi
For a suitable geometric theory 7, a classifying topos B_Trepresents models of 7.

For any Grothendieck topos £, models of Tin £ correspond, up to the appropriate equivalence,
to geometric morphisms

E—-B_T

The classifying topos contains a generic model of 7. Every model in another topos is obtained by
pulling back the generic model along a geometric morphism.

This is a categorical form of universality. The classifying topos is not merely a collection of all
models. It is a world carrying the universal model from which all others arise by change of base.

The internal logic of topoi therefore leads naturally to a new relation between theory and space.
A theory can have a geometric embodiment.

Logic as Geometry

The connection between logic and geometry can now be summarized.

A predicate is a subobiject.

Substitution is pullback.
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Conjunction is intersection.

Disjunction is union.

Existential quantification is image formation.

Universal quantification is a right adjoint to substitution.

Implication is a right adjoint to conjunction.

Truth values form the subobiject classifier.

A logical theory can be represented by a classifying topos.

These are not poetic analogies. They are structural correspondences.

The same categorical operations can be read geometrically or logically. A pullback is both a
fibered construction and a substitution operation. A subobject is both a region and a predicate.
A sheaf is both local data and a varying type.

Topos theory is therefore a meeting point where geometry becomes logical and logic becomes
spatial.

The Internal View of the World
From outside, a topos is a category satisfying axioms.
From inside, it appears as a universe of types, functions, predicates, and truth values.

The internal inhabitants do not ordinarily see the external site presenting their topos. They
reason using the objects and logic available within it.

A sheaf topos may be externally constructed from open sets and restriction maps. Internally, it
behaves as a coherent universe in which objects simply exist, although their existence may be
local.

This difference between presentation and internal experience is important. A mathematical
world need not reveal the machinery by which it was constructed.

The next part of the book turns to that external machinery. We will begin with local data,
restrictions, compatibility, and gluing. These lead from ordinary spaces to presheaves, sheaves,
sites, and Grothendieck topoi.

The elementary-topos route tells us what structural capacities a world possesses. The sheaf-
theoretic route tells us how such worlds can be assembled from locality.

82



Part i

Local Data and the Sheaf-Theoretic Route
Chapter 5

From Global Objects to Local Information

The elementary-topos route begins with categorical structure. It asks which operations and
universal properties allow a category to behave like a world of generalized sets. The sheaf-
theoretic route begins elsewhere. It begins with a persistent mathematical problem:

How can information defined in small regions be assembled into a coherent global object?

This problem appears throughout mathematics. A function may be defined in local coordinate
neighborhoods. A geometric object may be described by compatible charts. Solutions of a
differential equation may exist on small intervals before they are known to exist globally. A
bundle may be trivial in each member of an open cover while remaining globally nontrivial.
Measurements may be available only in restricted observational contexts. Local symmetries may
agree where their regions overlap, yet fail to arise from one global symmetry.

In each case, the global object is not given all at once. It must be reconstructed from pieces.
Sheaf theory is the mathematics of this reconstruction. It formalizes three operations:

1. assigning information to each region or context;

2. restricting that information to smaller regions;

3. gluing compatible local information into global information.
The first operation produces a presheaf. The third distinguishes a sheaf.

This difference may initially seem modest. It is not. The sheaf condition encodes a precise
relationship between local existence and global coherence. It is the mechanism by which a
collection of local observations becomes a mathematical object rather than an unrelated
archive of fragments.

The Global View Is Often Too Rigid

Ordinary set theory naturally encourages global description. A function is specified on its entire
domain. A solution belongs to one global solution set. A structure is presented as a completed
object.

But many mathematical objects do not appear naturally in this form.
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Consider a function such as the complex logarithm. Locally, away from suitable cuts, one can
choose a branch of the logarithm. Globally on the punctured complex plane, no single
continuous branch exists. The obstruction is not that local logarithms are absent. They exist
abundantly. The obstruction is that they cannot be chosen compatibly around every loop.

Similarly, a tangent bundle may be trivial over each sufficiently small coordinate neighborhood
even when it is not globally trivial. Local frames exist, but there may be no global frame.

A system of local solutions can therefore contain more information than the set of global
solutions. If one records only the global objects, important geometry disappears.

Sheaf theory preserves the local data and the relations among their restrictions. It does not
force a global object to exist when compatibility fails.

This is the first major conceptual transition:
global object — system of local objects and restrictions.

The new system is not a temporary approximation to the global object. In many cases, it is the
correct object.

Regions and Inclusion
Let Xbe a topological space. Its open subsets serve as regions of observation.

If Vis contained in U, then information defined on U can often be restricted to V. A continuous
function on Urestricts to a continuous function on V. A differential form restricts. A section of a
bundle restricts. A solution of a differential equation restricts.

Thus every inclusion

gives a restriction operation

p_VAU: F(U) = F(V).
Here F(U) denotes the collection of data available on U.
The restriction maps must satisfy two elementary laws.
Restricting from a region to itself does nothing:

p_U”U =id_(F(U)).
Restricting in stages agrees with restricting directly. If

wevecl,
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then

p_ WAV o p VAU = p_W"U.
These laws say that restriction is coherent.
A presheaf is precisely such a system of data and restriction maps.
The Category of Open Sets
The open subsets of Xform a category, commonly written Open(X).
Its objects are the open subsets U € X.

There is a morphism

whenever
vcUu.

Because inclusion is transitive, morphisms compose. Every open set includes into itself, giving
identity morphisms.

This category is a partially ordered category: between two objects there is at most one
morphism.

A presheaf of sets on Xis a contravariant functor
F: Open(X)”op — Set.
The contravariance records the reversal of direction:
Vcu
produces
F(U) - F(V).
Larger regions have information that can be restricted to smaller regions.

The open-set category is the first example of a site-like base. Later, open subsets will be
replaced by the objects of a more general category, and ordinary open covers will be replaced
by abstract covering families.

Presheaves as Variable Sets

A presheaf may be understood as a set varying across regions.
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For every open set U, there is a set F(U).

For every inclusion V € U, there is a restriction function
F(U) = F(V).

The elements of F(U) are called sections of Fover U.

A section need not be a function in the usual sense. It may be a vector field, a local solution, a
geometric object, an algebraic expression, or any other kind of datum assigned to U.

The word “section” is intentionally broad. It means an element of the set assigned to a context.
A global section is an element of
F(X).
A local section is an element of F(U) for some smaller open set U.
The global sections may be few or nonexistent even when local sections exist everywhere.
This is the second major transition:
elements — sections over contexts.

An ordinary element can be regarded as a section over a terminal or global context. Sheaf
theory treats context as fundamental.

Example: Continuous Real-Valued Functions
For every openset U € X, let
CU)

be the set of continuous functions

f:U->R.
If VE U, a function on Urestricts to a function on 1%

ff|_V.
This defines a presheaf.
It is also a sheaf.
Suppose the open sets U/ icover U, and suppose continuous functions

fi:U_.i-»R

are given. If they agree on every overlap,
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fil_(U_.inUj)={fj|_(U.inU)),
then there is a unigue continuous function
f:U->R
whose restriction to each U iis £ 1.

The function is defined point by point using any local representative. Agreement on overlaps
guarantees that the definition is unambiguous. Continuity follows locally.

This example contains the full sheaf principle:
compatible local data = unique global data.

Locality and Gluing
The sheaf condition can be separated into two parts.
The first is locality. Suppose s, t € F(U), and suppose an open cover

U=U.U.l
is given. If

s|_(U_i) = t|_(U_i)
for every i, then
s=t.

A section is determined by its local restrictions.
The second is gluing. Suppose sections

s_ieF(U.i)
are given and agree on overlaps:

si|_(U_inU_j) =sj|_(U_inU_j).
Then there exists a section
s € F(U)
such that
s|_(U.) =s_i

for every 1.
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Locality gives uniqueness. Gluing gives existence.
Together they say that global information is exactly compatible local information.

This should not be interpreted as the claim that every collection of local data can be globalized.
Compatibility is essential. The overlaps carry the equations that permit gluing.

Why Overlaps Matter

Suppose two local functions are defined on overlapping regions. Agreement at isolated points is
generally insufficient. They must agree throughout the overlap.

The overlap is where two local descriptions can be compared. Without it, there is no test of
coherence.

For three regions, compatibility must also remain coherent across triple overlaps. In ordinary
sheaves of sets, pairwise agreement is sufficient because equality is transitive and carries no
higher structure. In higher sheaf theory, the situation becomes richer. Identifications on
pairwise overlaps must themselves satisfy coherence on triple overlaps, and further coherence
continues into higher dimensions.

Thus the ordinary sheaf condition is the one-dimensional shadow of a higher descent principle.

Even at the set-valued level, however, overlaps are conceptually decisive. They transform
locality from mere fragmentation into a structured network.

A cover does not simply partition a region into independent pieces. It presents the region
through pieces that remember how they meet.

A Presheaf That Is Not a Sheaf
Not every presheaf satisfies the gluing principle.

Consider the assignment that sends each open set Uto the set of bounded continuous real-
valued functions on U. Restriction preserves boundedness, so this forms a presheaf.

But it need not be a sheaf.

Let X =R, covered by bounded open intervals U_n = (-, nn). On each U_n, the function
fn(x)=x

is bounded. The functions agree on overlaps. Their unique glued continuous function on Ris
f(x) =x,

which is not bounded globally.
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The compatible local sections do not glue to an element of the assigned set F(R).

The failure reveals that “boundedness” is not a local property in this sense. A function can be
bounded on every member of a cover without being globally bounded.

Sheaf theory therefore distinguishes properties that can be checked locally from those that
require global control.

Another Failure: Constant Functions
Let F(U) be the set of constant real-valued functions on U.
Restriction preserves constancy, so this is a presheaf.

It can fail to be a sheaf when the region Uis disconnected. A locally constant function may take
one constant value on one component and another value on another component. It is constant
on the members of a suitable cover but not constant on all of U.

The sheafification of this presheaf is the sheaf of locally constant functions.
This distinction is instructive:
globally constant#locally constant.

A sheaf captures what can be recognized and assembled locally. The original presheaf may
impose a global condition that local data cannot detect.

Sheafification
Every presheaf of sets on a topological space has an associated sheaf, called its sheafification.
If Fis a presheaf, its sheafification is often written
aF.

There is a natural morphism

F — aF
that is universal among morphisms from Fto sheaves.
This means that for every sheaf G, every presheaf morphism

F-G
factors uniquely through aF:

F-aF - G
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Sheafification repairs the failure of locality and gluing while changing the presheaf no more than
necessary.

Conceptually, it replaces raw local assignments with their coherent local meaning.

For the presheaf of constant functions, sheafification produces locally constant functions. For
other presheaves, the construction may identify sections that agree locally and add sections
that are locally representable by compatible presheaf data.

Sheafification is therefore both a quotient-like and completion-like process.
Germs

A germ records the behavior of a section near a point without remembering how far the section
was originally defined.

Let x € X. Suppose
s € F(U),teF(V),
wherexeuUnV.

The sections sand thave the same germ at xif there is an open neighborhood Wof x,
contained in U NV, such that

s|_W=t|_W.
The equivalence class of sis written
[s]_x.
The set of all germs at xis the stalk of Fat x, written
F_x.

Stalks compress local behavior toward a point. They retain everything visible in some sufficiently
small neighborhood while forgetting the particular neighborhood.

For sheaves on ordinary topological spaces, stalks are powerful diagnostic tools. A morphism of
sheaves is an isomorphism when it induces an isomorphism on every stalk.

But stalks should not be mistaken for the whole sheaf. They record pointwise local behavior,
while the sheaf also contains the gluing relations among regions.

Etale Spaces
For sheaves of sets on a topological space, there is another geometric representation.

The stalks can be assembled into a space
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EF=]].(xeX)Fx
with a projection
p: E_.F->X
The topology on £ Fis defined so that local sections of p correspond to sections of the sheaf.

The resulting map is an étale space: locally, it resembles a projection from a collection of sheets
onto the base.

This establishes an equivalence between sheaves of sets on Xand suitable étale spaces over X.
The equivalence gives two views of the same object:

e the presheaf view records sections and restrictions;

o the étale-space view records a geometric object over the base.

This is an early example of the recurring principle that one mathematical world may admit
several presentations.

Local Systems
A locally constant sheaf is called a local system under common hypotheses.

Locally, it looks like a constant set. Globally, however, its values may be twisted by the topology
of the space.

On a circle, for example, local data can return to themselves after one circuit or return
transformed by an automorphism. This monodromy records how the local fibers are
transported around loops.

The object is locally simple but globally nontrivial.
This pattern is central in geometry:
local triviality + transition information = global structure.

Bundles, local systems, and sheaves all show that global complexity may arise not from
complicated local pieces but from the way simple pieces are attached.

Transition Functions

Suppose a geometric object is trivial on each member U/ 1 of an open cover. On overlaps U_i N
U_j, the two local trivializations are related by transition functions

gij:UinUj—-G
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for some symmetry group G.
The transition functions satisfy
glii=e gij=gji"-1,
and on triple overlaps,
gj g jk=g ik
The last equation is a cocycle condition.

The local pieces alone do not determine the global object. The transition functions and their
coherence do.

Sheaf theory generalizes this principle. Descent theory will later express it categorically: objects
defined on pieces can descend to an object on the whole when their identifications satisfy
suitable coherence conditions.

Ordinary gluing of sections is the simplest form of descent.

The Local-to-Global Problem

The phrase “local-to-global” can describe several different questions.

One may ask whether local sections glue.

One may ask whether a global object is determined by its local restrictions.
One may ask whether a property holding locally must hold globally.

One may ask whether local solutions imply a global solution.

One may ask whether global invariants can be calculated from local data.

Sheaf theory answers the first two directly through its axioms. It organizes the others but does
not automatically make every local statement global.

The distinction is essential. A sheaf guarantees that compatible local sections glue. It does not
guarantee that local sections are compatible. Nor does it guarantee that a global section exists.

The obstruction to global existence can itself carry important information.

Cohomology is one systematic method for measuring such obstructions. Although a full
treatment lies beyond the central scope of this book, the intuition should be retained: global
failure is not mere absence. It may have a structured cause detectable from the overlaps.
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Local Properties
A property is local when it can be checked on a cover.

Continuity is local. A function is continuous when it is continuous on the members of an open
cover.

Smoothness is local. Holomorphicity is local. Being a solution of many differential equations is
local.

Boundedness over an arbitrary noncompact region is not local in the same way. Compactness is
not generally local. Global connectedness is not local.

The distinction determines which assignments form sheaves.

If the data are defined by a genuinely local condition, compatible local instances usually glue
into an instance of the same kind.

Sheaf theory therefore encodes a philosophy:

A mathematical structure is local when its validity survives restriction and can be reconstructed
from compatible pieces.

This philosophy extends far beyond topology.
From Spaces to Contexts

Open subsets of a topological space are concrete contexts. But the sheaf idea does not
fundamentally depend on points or conventional open regions.

What is needed is:
e acollection of contexts;
e morphisms representing refinement or passage between contexts;
e anotion of which families jointly cover a context.

A category equipped with such a covering structure is called a site.

The objects of a site may be open subsets, affine schemes, manifolds, test objects, algebraic
extensions, logical contexts, or other mathematical entities. The covering families need not be
literal unions.

This abstraction is one of Grothendieck’s central innovations. It separates the concept of locality
from ordinary topology.
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A cover becomes a structural relation among morphisms rather than a family of subsets whose
union is the whole.

Generalized Elements Revisited
In an elementary topos, a generalized element of A at stage Uis a morphism

U- A
In sheaf theory, a section over Uplays a closely related role.
The context Uis not a dispensable index. It specifies where the element is defined.
Restriction along

V-U
produces the same element viewed in the smaller context V.
This is precisely the behavior of a presheaf represented by A:

Hom(-, A).

The Yoneda perspective and the sheaf perspective meet here. An object is understood through
its families of generalized elements across all contexts.

The local language of sections is not foreign to category theory. It is one of its most natural
expressions.

Representable Presheaves
Let Cbe a category. Every object 4 of Cdetermines a presheaf
yA = Hom_C(-, A).
For each object U, the set
yA(U) = Hom_C(U, A)
consists of generalized elements of A4 at stage U.
For a morphism
V-0,
restriction is given by composition:
Hom_C(U, A) - Hom_C(V, A).

The Yoneda embedding places Cinside its presheaf category:

94



y: C = Set”(C"op).

Representable presheaves are therefore the original objects of C, reexpressed through their
behavior across all contexts.

When a topology is placed on C, one can ask whether representable presheaves satisfy the
sheaf condition. A topology for which they all do is called subcanonical.

Many important sites are subcanonical. In them, the original objects already obey the intended
descent relation.

The Sheaf Condition as an Equalizer

The sheaf condition can be expressed categorically.

Let (U_i) be an open cover of U. A sheaf Fsatisfies an equalizer condition of the form
F(U) - [ F(UlD) 3 TG, j) F(ULin U)).

The first map restricts a global section to every U 7. The two parallel maps restrict a family of
local sections to the overlaps in the two possible ways.

The sheaf condition says that F(U) is the equalizer of these maps.
Thus a section over Uis exactly a family

(s_i)_i
such that the two restrictions agree on every overlap.

This formulation reveals that sheaf theory is built from limits. Compatible local families form a
limit of a diagram of restrictions.

In higher settings, the ordinary equalizer must be replaced by a homotopy-coherent limit. This is
the beginning of higher descent.

Cech Nerves
An open cover can be organized into a simplicial diagram called its Cech nerve.
The first level consists of the covering pieces:
[1.iU_i.
The next consists of pairwise overlaps:
[11.G,j) ULinUj.

The next consists of triple overlaps:
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[L.G,j, k) ULinU_jn UK,
and so on.
The face maps forget one index. The degeneracy maps repeat an index.

For sheaves of sets, the essential compatibility can be expressed using the first few levels
because equality carries no higher ambiguity. For sheaves of spaces, every level becomes
significant because compatibility data have higher coherence.

The Cech nerve converts a cover into a resolution of the region by its pieces and all their
intersections.

This is a major step toward viewing locality as a higher-dimensional combinatorial object rather
than a simple family of subsets.

Descent

The word descent refers to reconstructing global objects from local objects equipped with
coherent compatibility data.

For sections of a sheaf of sets, descent reduces to ordinary gluing.

For bundles, categories, stacks, or higher objects, the local data include not only sections but
isomorphisms between local objects on overlaps. Those isomorphisms must satisfy cocycle
conditions on triple overlaps.

In still higher settings, the cocycle conditions may hold only up to specified higher equivalences,
which must themselves satisfy coherence laws.

Thus there is an ascending sequence:
equality-based gluing, isomorphism-based descent, equivalence-based higher descent.
Sheaves, stacks, and higher stacks occupy successive levels of this progression.

Topos theory provides the categorical environment in which these forms of locality can be
studied systematically.

Sheaves as Generalized Objects

A sheaf should not be thought of merely as data attached to a preexisting space. The category
of all sheaves on a space forms a mathematical world of its own.

Its objects are sheaves.

Its morphisms are natural transformations compatible with restriction.

96



It has limits, colimits, exponentials, and a subobject classifier.
It supports internal logic.
It is therefore a topos.

The shift is decisive. Sheaf theory begins with local data on a space, but it culminates in a
category that behaves as a universe of generalized sets.

The original space is not discarded. Its topology is encoded into the logical and categorical
behavior of the sheaf topos.

A region of the space becomes a subterminal object. Covering becomes epimorphic behavior.
Local truth becomes internal truth. Geometric maps become geometric morphismes.

The category of sheaves is the space transformed into a world.
Locality as a Foundation

Ordinary foundations begin with membership. Sheaf-theoretic foundations begin with
restriction and gluing.

A set is described by its elements.

A sheaf is described by its sections in every context and by the way those sections restrict and
recombine.

This does not abolish elements. It relocates them. An element becomes local, staged, and
relational.

The foundational question changes from

What belongs to this collection?

to

What data exist in this context, how do they restrict, and when do they glue?

That change is one of the reasons topoi are natural environments for geometry, logic, and
contextual mathematics.

The Road to Sites

For topological spaces, open covers provide the notion of locality. But many mathematical
settings possess useful covers without possessing a suitable underlying topological space.
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An algebraic variety may be covered by affine pieces. A scheme may be studied through étale
maps. A logical theory may be covered by families of contexts. A category may carry several
possible notions of covering, each revealing a different geometry.

Grothendieck’s insight was to axiomatize covering itself.

The next chapter replaces the lattice of open subsets by an arbitrary category C, and replaces
ordinary unions by a Grothendieck topology /.

The result is a site:

G D.

A site is not yet a topos. It is a presentation of locality. Sheaves on the site form the associated
Grothendieck topos.

The passage can be written schematically as
contexts+covers+descent — a world of sheaves.

This is the geometric route into the landscape of topoi.
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Chapter 6
Sites and Grothendieck Topologies

Sheaf theory begins naturally with open subsets of a topological space. Each open region
supports local data, inclusions produce restriction maps, and open covers specify when
compatible pieces should glue. But ordinary open sets are only one realization of locality.

In algebraic geometry, the most useful local probes may be affine schemes mapping into a
space. In arithmetic geometry, étale morphisms may provide a more revealing notion of locality
than ordinary open inclusions. In logic, contexts and interpretations may function as regions. In
category theory, objects need not be subsets of anything, yet families of morphisms can still
behave like covers.

Grothendieck’s decisive insight was that locality does not require a preexisting point-set space.
It requires a category of contexts together with a rule specifying which families of morphisms
count as coverings.

A category equipped with such a rule is called a site.

A site is not itself generally a topos. It is a presentation of local structure. The sheaves on that
site form a Grothendieck topos.

The passage is:

category of contexts+covering structure — sheaves — Grothendieck topos.
This construction transforms locality into a mathematical world.
From Open Sets to Abstract Contexts

For a topological space X, the category Open(X) has open subsets as objects and inclusions as
morphisms. An open cover of Uis a family

(ULi-U)_(i€el
whose union is U.

A sheaf assigns a set F(U) to every open U, together with restriction maps, and requires that
compatible sections over a cover glue uniquely.

To generalize this situation, replace Open(X) by an arbitrary category C.

The objects of Care interpreted as contexts, regions, test objects, or stages of observation. A
morphism

V->U
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indicates that Vcan probe, refine, or map into U.

Unlike inclusions of open subsets, such morphisms need not be monomorphisms. Several
different maps from the same object may probe Uin different ways. Covering families may
overlap without being literal subsets.

This added flexibility is one of the main strengths of the theory. Locality is no longer tied to
containment.

Covering Families

A covering family of an object Uis a family of morphisms
{ULi-U}_(ie]

declared to cover U.

The declaration is not arbitrary. Coverings must behave like genuine local descriptions. At
minimum, they should remain covers after refinement and should compose coherently.

The expected principles are modeled on ordinary open covers.
An isomorphism should cover its target.
If a family covers U, then pulling the family back along a morphism
V-U
should produce a covering of I, whenever the relevant pullbacks exist.
If {U_i — U} covers U, and each U _iis covered by a family {V_ij = U_i}, then the composites
Vij-Ui-U
should cover U.
These principles express identity, stability under change of context, and transitivity of locality.
A formal structure satisfying suitable versions of these rules is called a Grothendieck topology.
Why the Word “Topology” Is Used

A Grothendieck topology does not assign open subsets to an underlying set of points. It assigns
covering behavior to the objects of a category.

The term topology is justified because the structure plays the same role that open covers play in
ordinary topology. It determines which information is local, how local pieces overlap, and when
descent should occur.
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Different Grothendieck topologies can be placed on the same category. The underlying contexts
remain fixed, but the notion of cover changes.

This resembles changing the resolution of observation.

A coarse topology declares few families to be covers. Sheaves then satisfy relatively weak gluing
conditions.

A finer topology declares more families to be covers. Sheaves must satisfy more descent
conditions.

Thus the Grothendieck topology determines what counts as sufficiently local evidence.
Two Ways to Describe a Grothendieck Topology

There are two common approaches.

The first uses covering families. It is intuitive and often convenient in applications.

The second uses sieves. This formulation is more intrinsic and behaves better categorically.

A covering family generates a sieve, and a Grothendieck topology can be defined by specifying
which sieves are covering.

The two viewpoints are closely related, but the sieve formulation reveals something important:
a cover should include not only its originally listed morphisms, but every further refinement
passing through them.

Sieves

A sieve Son an object Uis a collection of morphisms with codomain Uthat is closed under
precomposition.

If
f:V->U
belongs to S, and
gW-V
is any morphism, then the composite
fogW—-U

must also belong to S.

The intuition is that if V — U is admitted as a local probe, then every refinement of I/should also
be admitted.
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A sieve therefore contains all contexts that enter Uthrough its accepted local pieces.

The maximal sieve on Ucontains every morphism with codomain U. It is represented by the
entire presheaf

Hom_C(-, U).
A family
{U_i - U}
generates the smallest sieve containing those morphisms. It consists of every map
V-U
that factors through at least one U_i - U.

In an ordinary topological space, a sieve generated by an open cover consists of all open subsets
whose inclusions factor through one of the covering opens.

Pulling Back a Sieve
Given a sieve Son Uand a morphism

f:Vv-U,
the pullback sieve f** S on V'consists of all morphisms

gW-V
such that

fog

belongs to S.
This construction expresses restriction of a covering condition to a smaller or changed context.

If Srepresents ways of locally entering U, then f** S represents the induced ways of locally
entering V.

The operation is the sieve-theoretic counterpart of intersecting an open cover with a smaller
open set.

The Axioms of a Grothendieck Topology

A Grothendieck topology /on a category Cassigns to every object Ua collection J(U) of
covering sieves on U.

The assignment satisfies three axioms.
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First, the maximal sieve covers:
Hom_C(-, U) € J(U).
This says that U covers itself.

Second, covers are stable under pullback. If

S€J(U)
and
f:Vv-U,
then
fA*S e V).

Locality survives change of context.

Third, covering is transitive. Suppose S'is a covering sieve on U, and Ris another sieve on U. If
for every morphism

f:v->U
belonging to S, the pullback sieve
fA*R
covers V, then R covers U.
The third axiom says that something locally covering over a covering family is globally covering.

These axioms abstract the behavior of open covers without mentioning points, unions, or
subsets.

A Site
A site is a pair
G,

where Cis a category and /is a Grothendieck topology on C.
The category provides the possible contexts.
The topology provides the coverings.
A presheaf on the site is still a functor

F: C"op — Set.
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The topology determines which presheaves qualify as sheaves.
Thus the same presheaf category can support several different sheaf theories, depending on /.

The site is not a space in the ordinary sense. Nevertheless, it behaves as a coordinate
presentation of a generalized space.

Its sheaf category is the associated mathematical world.
The Sheaf Condition on a Site
Let Fbe a presheaf on C. Let Sbe a covering sieve on U.
A matching family for Sassigns to every morphism
f:v-U
in San element
x_feF(V)
such that the assignments are compatible with refinement.
If
gW-YV
then
F@) () =x_(feg).
A sheaf requires that every matching family arise from a unique section
x € F(U)
whose restriction along each fis x_£.
The global section xis called an amalgamation of the matching family.
This is the sieve form of the ordinary gluing condition.

In more compact categorical language, Fis a sheaf when, for every covering sieve S — yU, the
canonical map

F(U) — Nat(S, F)
is a bijection.
Here yU is the representable presheaf
yU = Hom_C(-, U).
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The set Nat(S, F) consists of matching families.

The sheaf condition says that maps from the representable context /into Fare exactly
compatible maps from any covering sieve into F.

The Yoneda Interpretation
By the Yoneda lemma,
F(U) = Nat(yU, F).

A section over Uis therefore a natural transformation from the representable presheaf yU into
F.

A covering sieve Sis a subpresheaf of yU. It represents a collection of local probes into U.
The sheaf condition says that every compatible map
S—>F
extends uniquely to
yU—>FE
In words:

Data specified coherently on a covering collection of probes extend uniquely to the entire
represented context.

This formulation links sheaf theory directly to representability and Yoneda. It no longer depends
on imagining elements living on literal open subsets.

Ordinary Topological Spaces as Sites
Let X'be a topological space.
Take C = Open(X). Declare a family
{U_i - U}

to cover Uwhen

U=U_U..
This defines a Grothendieck topology.
The resulting sheaves are exactly the ordinary sheaves on X.

Thus classical sheaf theory is recovered as a special case:
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Sh(X) = Sh(Open(X), ]_X).

The general theory does not replace the topological case. It reveals which parts of that case are
essential and transportable.

The Trivial Topology

The coarsest Grothendieck topology on a category Cis often called the trivial or indiscrete
topology.

Only the maximal sieve covers each object.

Because the sheaf condition for a maximal sieve is automatically satisfied by every presheaf,
every presheaf is a sheaf.

Therefore
Sh(C, J_triv) = Set*(C"op).
Presheaf categories are thus sheaf categories for the weakest possible topology.

This is one reason presheaf topoi are fundamental. They are the unrestricted worlds of variable
sets before additional descent conditions are imposed.

The Chaotic Topology

Terminology varies, so care is required. In some sources, “chaotic” refers to the topology in
which every sieve covers. In others, related words are used differently.

If every sieve is declared covering, the sheaf condition becomes extremely restrictive. In
particular, the empty sieve may cover when permitted, forcing severe conditions on sheaves.

The important conceptual point is not the terminology but the order relation among topologies.
More covering sieves mean stronger sheaf conditions and generally fewer sheaves.

Fewer covering sieves mean weaker sheaf conditions and generally more sheaves.

The topology controls the degree of locality imposed on presheaves.

The Canonical Topology

Every sufficiently well-behaved category Ccarries a canonical Grothendieck topology.

It is the finest topology for which every representable presheaf is a sheaf.

A site whose topology has this property is called subcanonical.
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The canonical topology is defined intrinsically from the category. Its covering families are,
roughly, those that are universally effective for descent as detected by representable objects.

The precise definition requires care, but the guiding idea is clear: a covering should be accepted
when the original objects of Calready regard it as a genuine local presentation.

The canonical topology provides a bridge between abstract categorical structure and sheaf-
theoretic locality.

Subcanonical Sites
A site (C,]) is subcanonical when every representable presheaf
yU = Hom_C(-, U)
is a sheaf.
Then the Yoneda embedding factors through the category of sheaves:
C - Sh(G,]).
The original contexts appear inside the topos as actual sheaves.

Many important geometric sites are subcanonical. Their objects already satisfy descent with
respect to the chosen covers.

This does not mean that every sheaf is representable. Most are not. Representable sheaves are
the original geometric pieces; general sheaves are variable sets or structures assembled over
those pieces.

The topos enlarges the site into a richer world.
Different Topologies on the Same Category

One category can carry several Grothendieck topologies, each expressing a different notion of
locality.

In algebraic geometry, a category of schemes may support the Zariski, étale, smooth, fppf, fpgc,
or other topologies. The objects can remain schemes, but the covering families change.

A Zariski cover uses open immersions whose images cover.
An étale cover uses étale morphisms satisfying an appropriate joint-surjectivity condition.
An fppf cover permits faithfully flat morphisms of finite presentation.

An fpqgc cover permits still broader faithfully flat quasi-compact families.
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Each topology sees a different class of phenomena as locally trivial or locally solvable.

A property may fail to become visible in the Zariski topology but become locally simple in the
étale topology.

Changing the topology therefore changes the geometry of the associated world.

Finer and Coarser Topologies

Suppose Jand Kare Grothendieck topologies on the same category C.

If every J-cover is also a K-cover, then Kis finer than /. It imposes more sheaf conditions.

The inclusion of covering structures usually leads to a relation between the corresponding sheaf
categories.

A presheaf that satisfies descent for the finer topology automatically satisfies descent for the
coarser one. Thus

Sh(C, K)
sits inside
Sh(G,J)
as a full subcategory under the usual hypotheses.
The finer topology produces fewer admissible sheaves but enforces stronger locality.

This relation foreshadows Lawvere—Tierney topologies and subtopoi. A stronger internal notion
of covering can carve out a new topos inside an existing one.

Bases for a Topology

In ordinary topology, one need not list every open set independently. A basis can generate the
topology.

Similarly, a Grothendieck topology may be described by a pretopology or coverage: a chosen
class of covering families satisfying suitable axioms.

From these generating covers one forms all covering sieves.

This family-based description is often easier in applications. For example, one can specify that
étale morphisms jointly covering a scheme form covering families.

The sieve formulation remains the intrinsic definition, while the pretopology supplies practical
generators.
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One must distinguish carefully between a Grothendieck topology and a particular presentation
of it. Different coverages can generate the same topology.

Again, presentation is not invariant structure.
The Big and Small Sites
In geometry, one often distinguishes small and big sites.

For a space or scheme X, a small site may use objects closely attached to X, such as open
subsets or étale maps into X.

A big site may use a much larger category of objects mapping to X, often allowing broad classes
of test spaces or schemes.

The associated topoi can encode different kinds of information.
A small site emphasizes local geometry internal to X.

A big site permits variation across a wider family of probes and may support more flexible
moduli interpretations.

The choice of site is therefore partly a choice of observational scale.

Two sites can sometimes present equivalent topoi, but this is not automatic. One must
distinguish harmless changes of coordinates from genuinely different worlds.

Comparison of Sites
A single Grothendieck topos can admit many site presentations.
Suppose

Sh(C,]) = Sh(D, K).

The categories Cand D may look very different. Their objects, morphisms, and covering families
may differ substantially. Yet the resulting sheaf categories can be equivalent.

This is analogous to describing the same geometric object in different coordinate systems,
though the analogy is imperfect because sites can differ more radically than coordinate charts.

Comparison lemmas provide conditions under which a suitable subcategory of a site presents
the same topos. Dense subcategories, bases, and generating families can often replace larger
sites.

The invariant object is the topos, not the chosen site.

109



This principle is central to the landscape viewpoint. A site is one route into a region, not the
region itself.

Sheafification on a Site
The inclusion

i: Sh(C,]) - Set”*(C"op)
has a left adjoint

a: Set”(C"op) = Sh(C, ]),
called sheafification.
Thus

a-i
For a presheaf F, the unit of the adjunction is a morphism
F - i(aF).

The sheaf aF is the best approximation to F'satisfying descent for /.

Sheafification preserves finite limits. This property is crucial. It means that the inclusion of
sheaves into presheaves forms a left exact reflective localization.

The phrase “left exact” means finite-limit preserving.

The phrase “reflective localization” means that the larger presheaf world is collapsed along a
systematic notion of local equivalence to produce the sheaf world.

This construction is one of the standard characterizations of a Grothendieck topos.
Local Equivalence
A morphism of presheaves
F-G
may fail to be an isomorphism object by object but become an isomorphism after sheafification.
Such a morphism is locally an equivalence with respect to the topology.
Sheafification identifies presheaves that have the same local content.

This is comparable to localization elsewhere in mathematics. Fractions identify maps that
become invertible after denominators are admitted. Homotopy localization identifies maps
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regarded as equivalences from a homotopical viewpoint. Sheafification identifies maps whose
failures disappear under local descent.

The topology determines which distinctions are globally meaningful and which should be erased
as locally irrelevant.

Covering as Epimorphic Behavior
Within the associated sheaf topos, a covering family
{U_.i-> U}
often corresponds to an epimorphic family of representable sheaves.
The induced map
[LLiyU_i->yU
becomes an epimorphism after sheafification.

This gives a categorical interpretation of covering: the pieces jointly reach all of the target, at
least locally.

The relation between covers and epimorphisms helps translate site language into intrinsic topos
language.

It also explains why geometric logic is preserved under inverse-image functors. Covers and local
surjectivity are encoded categorically rather than tied to literal points.

Points of a Site and Points of a Topos
A point of a topological space determines a stalk functor on sheaves.

For a general site, points are more subtle. A point of the associated topos is a geometric
morphism

Set - Sh(C, J).

Its inverse-image functor behaves like taking a stalk or evaluating the world from one
generalized location.

Some topoi have enough points: morphisms of sheaves can be tested on all points.
Other topoi do not have enough points.
Some may have no points at all in the ordinary set-valued sense.

This does not make them empty or meaningless. Their structure is encoded by local contexts
and geometric morphisms rather than by a sufficient population of classical points.
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Topos theory therefore generalizes geometry beyond point-determined spaces.
Locales

A locale is a generalized space described by its lattice of open regions rather than by a set of
points.

The open regions form a frame: a complete lattice in which finite meets distribute over arbitrary
joins.

Every topological space determines a locale through its lattice of open sets. But not every locale
is determined by its points.

Sheaves can be defined on locales, and the resulting topos depends on the frame of opens.

Locales illustrate how topology can survive after points cease to be primary.

The site viewpoint extends this further. Even a lattice of opens is not essential; an arbitrary
category with coverings may present a generalized space.

The sequence is:
point-set space — locale — site — topos.

Each step weakens dependence on underlying points while preserving locality and sheaf
behavior.

Sites as Coordinate Systems

A site may be compared to a coordinate system for a generalized space.
Its objects are local charts or probes.

Its morphisms describe changes of context.

Its coverings specify which charts jointly describe a region.

Its sheaves are the variable objects living on the space.

The analogy must not be pressed too literally. Sites need not consist of embedded
neighborhoods, and their morphisms need not be inclusions. Nevertheless, the coordinate idea
captures the distinction between presentation and invariant world.

A topos can have many sites just as a manifold can have many atlases.

But unlike an ordinary atlas, a site can contain probes of many shapes, and different sites
presenting the same topos may not share an obvious common underlying set.
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Logical Sites
Sites arise not only from geometry but also from logic.

Given a logical theory, one can form a syntactic category whose objects represent formulas in
context and whose morphisms represent provably functional relations or substitutions.

Covering families may encode provable disjunctions or existential witnesses.

Sheaves on the resulting site can form a classifying topos for the theory.

In this setting, the objects of the site are not spatial regions. They are logical contexts.
A cover expresses that a context is jointly described by a family of cases.

The resulting topos is both a semantic universe and a generalized space.

This is one of the clearest demonstrations that geometric and logical locality share a common
categorical form.

The Site Is Not the Topos

Because topoi are often introduced as categories of sheaves on sites, it is easy to identify the
site with the resulting topos.

That is a mistake.

The site (C, ]) is generally small or controlled in size. Its objects serve as generators or probes.
The topos Sh(C, ]) is a much larger category containing all sheaves on the site.

The site may have few limits or colimits. The topos has a rich set-like architecture.

The site presents the world. It is not itself usually the whole world.

Different presentations may expose different features. One site may make geometry visible.
Another may make logic visible. Another may make computation or symmetry visible.

The topos gathers the invariant content.

Why Sites Matter

If a Grothendieck topos is the true mathematical world, why retain sites at all?
Sites matter because they provide concrete access.

They give generators for the topos.

They make covers explicit.
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They permit calculations with local data.
They connect the abstract topos to geometry, algebra, logic, or arithmetic.
They provide manageable presentations of otherwise very large categories.

A topos without a chosen site may be conceptually invariant but computationally opaque. A site
supplies coordinates.

The relationship resembles the one between an abstract algebraic object and a chosen
presentation by generators and relations. The presentation is not the invariant, but it can make
the invariant usable.

From Locality to a World
A category C'alone supplies contexts and transitions.
A Grothendieck topology /declares which transitions jointly cover.
A presheaf assigns variable data to those contexts.
The sheaf condition enforces descent.
The category of all resulting sheaves is
Sh(C, ]).

This category is not merely a collection of solutions to a gluing problem. It has finite limits,
exponentials, a subobject classifier, all small colimits under standard size assumptions, and a
generating family.

It is a Grothendieck topos.

The next chapter examines presheaves and sheaves more closely as categorical objects. We will
see how the presheaf category forms a universal world of variable sets, how sheafification
localizes that world, and how a sheaf category acquires the architecture of an elementary topos.

The site supplies the geography.
The sheaves become the inhabitants.

The resulting topos is the world.

114



Chapter 7
Presheaves and Sheaves

A site provides contexts and covers. A presheaf assigns data to those contexts. A sheaf is a
presheaf whose data satisfy the chosen notion of locality.

The distinction is simple to state but fundamental in effect.

A presheaf records how information varies and restricts. A sheaf adds the principle that
compatible local information determines unique global information. Presheaves therefore
describe possible systems of local data, while sheaves describe those systems whose local
behavior is coherent enough to constitute objects in a generalized mathematical world.

The category of all presheaves on a small category is already a topos. It is the most unrestricted
form of a world of variable sets. Imposing a Grothendieck topology and passing to sheaves
produces a more selective world in which local equivalence and descent have been built into
the structure.

The passage
presheaves — sheaves

is therefore not merely a restriction to better-behaved functors. It is a localization of one
mathematical universe into another.

Presheaves as Functors
Let Cbe a small category. A presheaf of sets on Cis a functor
F: C*op — Set.
For every object Uof C, the presheaf supplies a set
F(U).

For every morphism

f:Vv-U,
it supplies a restriction function

F(f): F(U) - F(V).
Because Fis contravariant, the direction is reversed.
The functor laws require
F(id_U) =id_(F(U))
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and, for composable morphisms
W --g— V--f> U, F(fe g) = F(g) o F(f).
The second equation says that restriction in stages agrees with direct restriction.
The elements of F(U) are sections over U. A section is therefore always relative to a context.
Variable Sets
The phrase variable set is one of the most useful interpretations of a presheaf.

An ordinary set has a fixed collection of elements. A presheaf has a set of elements at each
stage U, together with systematic rules for transporting those elements to refined stages.

The word “variable” does not mean that the data change unpredictably. The variation is tightly
organized by the morphisms of C.

If a section

s € F(U)
is viewed from a context

:Vv-1U,
it becomes

F(f)(s) € F(V).
One may write this restriction informally as
s|_V

when the morphism behaves like an inclusion.
The same section can therefore have many appearances, one in every accessible context.

This is a categorical version of contextual observation. The object is not exhausted by what
appears globally. It is distributed across all stages.

Morphisms of Presheaves
Let

E, G: C*op — Set
be presheaves. A morphism of presheaves

n:F->G
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is a natural transformation.
For every object U, there is a function
n_U: F(U) = G(U).
These functions must commute with restriction. For every morphism
f:Vv-U,
the square
[F(U) --n_U~ G(U); {F(H) 1G(E); F(V) -n_V— G(V)]
must commute.
Thus
G() en_U=n_VeF(f).

A presheaf morphism acts uniformly in every context. It cannot transform data one way globally
and another way locally unless those transformations are compatible under restriction.

This naturality condition is the correct notion of a function between variable sets.
The Presheaf Category
The category of presheaves on Cis written

C = Set*(C"op).

Its objects are presheaves. Its morphisms are natural transformations.

This category is remarkably rich. It has all small limits and colimits. These are calculated
pointwise.

If (F_i) is a diagram of presheaves, then for every object U,
(lim_i F_i)(U) = lim_i F_i(U),
and similarly,
(colim_i F_i)(U) = colim_i F_i(U).

Thus products, equalizers, coproducts, and other constructions can be formed context by
context.

Pointwise construction is possible because functor categories inherit much of their structure
from the target category Set.
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The presheaf category is also Cartesian closed and has a subobject classifier. Therefore it is an
elementary topos. Under standard size assumptions, it is a Grothendieck topos.

The Universal World of Variable Sets
Why are presheaf categories so fundamental?
They are free or universal completions of small categories into cocomplete set-like worlds.
The Yoneda embedding
y:C—>C

places every object 4 into the presheaf category as

yA = Hom_C(-, A).
The embedding is fully faithful. Nothing about the original morphism structure is lost.

But C contains far more than the representable presheaves. It includes arbitrary systems of
variable sets on C, built from representables using colimits and other constructions.

In a precise sense, every presheaf can be assembled from representables. The category C is
generated by the image of Cunder Yoneda.

Thus the presheaf world enlarges the original category without erasing it.

The objects of Cbecome the elementary probes or coordinates. General presheaves become
the generalized objects visible through those probes.

Representables as Generalized Points of View

For an object A of C, the representable presheaf yA assigns to each Uthe set
yA(U) = Hom_C(U, A).

A section of yA over Uis therefore a generalized element of A4 at stage U.

The representable presheaf does not describe A by listing its internal constituents. It describes
every way that each context {/can map into A.

This is a complete description up to isomorphism.
The Yoneda lemma says
Nat(yA, F) = F(A).
A section of Fover Ais equivalent to a morphism from the representable yA into F.

Thus representables play the role of probes. To know Fis to know how every yA maps into it.
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This relational view will later help explain why points are not always sufficient. A topos may
require an entire family of categorical probes rather than only maps from Set.

The Category of Elements

Every presheaf Fhas a category of elements, often written

[_CF
Its objects are pairs
(U, s)
where Uis an object of Cand
s € F(U).
A morphism
V.9 - (Us)
is @ morphism
f:v->U
such that
F(f)(s) =t

The category of elements records every section together with its stage and all of its restrictions.
There is a natural projection

[ CF>C.
This construction turns the contravariant functor Finto a category lying over C.

For set-valued presheaves, this is closely related to the Grothendieck construction. It provides
another view of a variable set: not as a separate set at each stage, but as one total category of
staged elements.

The presheaf can be recovered from this projection under the appropriate discrete-fibration
condition.

Presheaves Built from Representables

A presheaf Fcan be expressed canonically as a colimit of representables indexed by its category
of elements:

F = colim_((U, s) € [_CF) yU.
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This formula says that every presheaf is assembled from the contexts in which its sections
appear.

For every section s € F(U), one takes a copy of the representable yU. The morphisms in the
category of elements identify these pieces according to restriction. The colimit glues all the
representables into F.

This is an important structural fact.

Representables are not merely examples inside the presheaf category. They are its basic
building blocks.

The site or category Ctherefore provides a genetic alphabet from which every variable set in C
can be formed.

Subobjects of a Presheaf
A subobject of a presheaf Fis represented by a natural transformation
S—>F
whose component
S(U) » F(U)

is injective for every U.
Thus S(U) is a subset of F(U) at every stage, and these subsets are preserved by restriction.
If

s € S(U)
and

f:Vv-U,
then the restriction of slies in S(V).
A subpresheaf is therefore a property of sections that remains true after refinement.

This persistence under restriction is the first sign of a Kripke-like or intuitionistic semantics.
Once a predicate holds in a context, it continues to hold in every smaller context.

The logic of presheaf and sheaf topoi is built from this monotonicity.
The Subobject Classifier in a Presheaf Topos

The subobject classifier in a presheaf category has a concrete description.
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For each object Uof C, define

QU)
to be the set of sieves on U.
If

f:Vv-U,
the restriction map
Q0) - V)

sends a sieve Son Uto its pullback sieve

fA*S

on V.
Thus the truth values at stage U/are sieves on U.
The maximal sieve represents truth. The empty sieve represents falsity.
Given a subpresheaf
S—F
the characteristic morphism
x: F—=Q
assigns to a section x € F(U) the sieve consisting of all morphisms
f:v->U
for which the restricted section
F(Hx)
belongs to S(V).

The truth value of “ xbelongs to S” is therefore the collection of refinements on which the
statement becomes true.

This is a vivid internalization of contextual truth.
Truth as a Sieve

In Set, a proposition is true or false.
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In a presheaf topos, the truth value of a proposition at stage U can be a sieve.

A sieve records all refinements of /where the proposition holds.

If the sieve is maximal, the proposition already holds throughout U.

If the sieve is empty, it holds in no refinement.

Intermediate sieves express partial or contextual validity.

Truth is no longer merely a label. It is a geometric pattern of persistence under refinement.

This interpretation explains why intuitionistic logic arises naturally. A proposition can fail to be
true without its negation being true. There may be refinements where it becomes true and
other refinements where its status remains unresolved.

The logic reflects the structure of observation.
Imposing a Topology

A presheaf category treats every compatible restriction system as legitimate. No covering
families are privileged.

A Grothendieck topology /changes this. It specifies which families or sieves count as sufficiently
complete local descriptions.

A J-sheaf is a presheaf satisfying unique gluing for every J/cover.
The category of sheaves is written
Sh(C, ]).
There is a full inclusion
i: Sh(C,]) - C.

The inclusion is full because a natural transformation between sheaves is simply a natural
transformation of their underlying presheaves.

What changes is not the notion of morphism but the class of admissible objects.
Sheaves are presheaves whose variable data respect the selected notion of locality.
Matching Families
Let

{Ui-U} (€l
be a covering family.
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A matching family for a presheaf F consists of sections
s_ieF(U.i)

that agree after restriction to every common refinement.

When pullbacks exist, this can be written using pairwise overlaps:

s_i|_(U_i x_U U_j) = s_j|_(U_i x_U U_j).

The notation resembles ordinary intersections, but the overlap is now a fiber product.

A matching family is local information equipped with compatibility.
An amalgamation is a section
s € F(U)

whose restriction to each U jis s_I.
A sheaf requires that every matching family have exactly one amalgamation.
The two aspects are again visible:

e uniqueness expresses locality;

e existence expresses gluing.

Separated Presheaves

A presheaf is separated for the topology /when matching local restrictions determine at most

one global section.
Suppose
s,t € F(U)
and there is a cover {U_i = U} such that
s|_(U_i) = t|_(U_D)
for every /. If Fis separated, then
s=t
Separatedness supplies the uniqueness half of the sheaf condition.

A sheaf is therefore a separated presheaf in which every matching family also has an
amalgamation.
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The distinction is useful in sheafification. One can first identify sections that are locally equal,
producing a separated presheaf, and then add the required local amalgamations.

Local Equality
Two sections

s,t € F(U)
are locally equal when there is a covering family

{U_i - U}
such that their restrictions agree on every U i

A presheaf may distinguish sections that have the same local behavior. Sheafification removes
such distinctions.

This is the quotient-like aspect of sheafification.

At the same time, a presheaf may contain compatible families that do not come from any global
section. Sheafification adds sections representing these locally coherent families.

This is the completion-like aspect.
Sheafification therefore performs two complementary corrections:
identify locally indistinguishable sections
and
add missing local amalgamations.

The result is a world in which local data have exactly the global meaning prescribed by the
topology.

The Associated Sheaf Functor
The inclusion of sheaves into presheaves has a left adjoint
a: C - Sh(C, ).
Thus
a-i
For each presheaf £ the unit is a natural map

n_F: F - i(aF).
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The universal property says that for every sheaf G,

Hom_(Sh(C, }))(aF, G) = Hom_(C)(E, iG).
Every map from Finto a sheaf factors uniquely through its associated sheaf aF.
This makes sheafification a reflection.
The category of sheaves is a reflective subcategory of the presheaf category.
Left Exactness
Sheafification preserves finite limits:

a(F x G) = aF x ag,

and similarly for terminal objects, equalizers, and pullbacks.
This property is called left exactness.

It is essential to topos theory. A reflective subcategory of a presheaf category formed by a left
exact localization is a Grothendieck topos.

Finite-limit preservation means that the process of enforcing locality does not destroy finite
compatibility structure.

Equations, intersections, and substitutions remain meaningful after localization.

Sheafification therefore changes which distinctions count while preserving the logical skeleton
needed for a set-like world.

Sheaves Form an Elementary Topos
The category
Sh(C,])

has finite limits. They can generally be computed as presheaf limits because sheaves are closed
under limits.

It has all small colimits, obtained by forming the presheaf colimit and then sheafifying.

It is Cartesian closed. Exponentials exist, though their calculation is subtler than the pointwise
formula for limits.

It has a subobject classifier determined by the topology /.
Therefore it is an elementary topos.

Under the standard smallness conditions on the site, it is a Grothendieck topos.
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This is the central transformation:
local gluing conditions = an internal logical universe.
The category of coherent local data acquires the full architecture of generalized sets.
The Subobject Classifier for Sheaves
In a presheaf topos, Q(U) is the set of all sieves on U.

In the sheaf topos associated with /, the subobject classifier can be described using Jclosed
sieves.

A sieve Son Uis J-closed when any morphism
f:v-U
that is locally in Sis already in S.
More precisely, if the pullback sieve f** S covers V, then fbelongs to .

This closure condition reflects the principle that truth stable under local verification should
count as truth.

The topology therefore changes the object of truth values.

In the presheaf world, every sieve is a possible truth value. In the sheaf world, truth values are
saturated under the chosen locality.

Sheaves on a Topological Space
When C = Open(X), the subobject classifier becomes especially intuitive.
For an open set U, the truth values Q(U) can be identified with open subsets of U.

Restriction along

sends an open subset W € U to

wnv.
Thus a proposition over I/has an open region of validity inside U.
Truth is local because open regions are local.

The maximal truth value is U. Falsity is the empty open subset.
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Conjunction is intersection. Disjunction is union. Implication is the largest open region on which
one proposition forces another.

This concrete example makes visible the logical geometry encoded abstractly by sieves.
Stalks Revisited
For sheaves on a topological space X, the stalk at a point xis
F_x = colim_(x € U) F(U),
where the colimit ranges over open neighborhoods of x.
A stalk contains germs of sections near x.
A morphism of sheaves
n:F->G

induces a map

nx:Fx-Gx
for every point x.
If every 17_xis a bijection, then 7is an isomorphism of sheaves.
This gives a pointwise test for sheaf isomorphisms on ordinary spaces.

But the theorem depends on the availability of enough points. On a general site or in an
arbitrary topos, points may be insufficient or absent.

The intrinsic definition of a sheaf cannot therefore depend on stalks. It must be given through
covers and descent.

Stalks are a powerful representation where points exist, not the foundation of the theory.
Global Sections
For a sheaf Fon a space X, the set of global sections is
F(X).
Categorically, global sections form a functor
[': Sh(X) — Set.
This functor is given by

['(F) = Hom(1, F),
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where 1 is the terminal sheaf.

The global-sections functor has important adjoints in many cases and participates in the
geometric morphism

Sh(X) — Set.
But global sections rarely capture the entire sheaf.

A sheaf may have no global sections and still contain rich local information. A bundle may have
no nowhere-zero global section while being locally trivial. A torsor may have local points but no
global point.

The topos is not the set of its global inhabitants.
Constant and Locally Constant Sheaves

Given a set S, one may attempt to define a constant presheaf by assigning Sto every open
region and identity restrictions.

This presheaf need not be a sheaf.

Its sheafification is the constant sheaf associated with S, whose sections are locally constant
maps into Sunder the usual topological conditions.

The distinction between constant presheaf and constant sheaf is important.
The constant presheaf insists on one globally selected value throughout every open region.

The constant sheaf allows the value to vary between connected components while remaining
locally constant.

Sheafification converts an externally rigid notion of constancy into the locality appropriate to
the space.

Sheaves of Algebraic Structures
The values of a sheaf need not be mere sets.
One can form sheaves of groups, rings, modules, vector spaces, or other algebraic structures.

A sheaf of groups assigns a group F(U) to every context and group homomorphisms to
restrictions, with compatible local groups gluing uniquely.

Equivalently, a sheaf of groups is a group object in the topos Sh(C, ]).

The algebraic operations are morphisms of sheaves:
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mFxXF-o>Fel->Fi:F->F
The group laws hold internally.

This illustrates the relation between the algebraic and topos-theoretic landscapes. Algebraic
equations specify internal structures. The topos specifies how those structures vary, localize,
and glue.

Sheaves of Functions and Sections
Many familiar sheaves arise from functions satisfying local conditions.
Examples include:
U~ C(U,R),
the sheaf of continuous real-valued functions;
U Croo(U, R),
the sheaf of smooth functions on a manifold;
U~ 0(U),
the sheaf of holomorphic or regular functions;
and sheaves of differential forms, vector fields, local solutions, or sections of bundles.

The reason these assignments form sheaves is that the defining conditions are local and the
underlying data glue uniquely.

A smooth function is smooth when it is smooth locally.
A differential form is determined by compatible local forms.
A section of a bundle can be reconstructed from local sections agreeing on overlaps.
The sheaf condition captures exactly this pattern.
Sheaves and Bundles
Given a bundle
p:E—-X
one obtains a sheaf of sections:

U I'(U E).
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For each open U, I'(U, E) is the set of continuous, smooth, or otherwise admissible sections
over U.

Restrictions are defined by restricting sections.
Compatible local sections glue to a global section, so the assignment is a sheaf.

For étale spaces, the relation is especially tight: sheaves of sets on Xcorrespond to étale spaces
over X.

For more general bundles, the sheaf of sections does not necessarily determine all geometric
structure without additional conditions, but it remains a central bridge between geometry and
categorical locality.

A varying object over a base can often be understood through the sheaf of its local realizations.
Sheaves and Local Solutions
Let a differential operator assign to functions on open sets an equation
D(f) =0.
If the equation is local, then solutions form a sheaf:
U {feF(U) | D(f) =0}

Restriction preserves solutions. Compatible local solutions glue to a global solution on their
union.

This does not mean that local existence guarantees global existence. A global solution requires a
compatible family covering the whole domain.

The sheaf stores every local solution and the relations among them, including the possibility
that no global section exists.

The obstruction to global compatibility may then be studied using cohomology, monodromy, or
descent theory.

Cech Gluing

Given a cover {U_i — U}, the sheaf condition can be represented by the equalizer diagram
F(U) » L F(U.) 3 TG, j) F(U_i x_U U_j).

The first arrow sends a global section to all of its local restrictions.

The two parallel arrows send a local family to its two restrictions on each overlap.

A matching family lies in the equalizer because those restrictions agree.
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The sheaf condition says that every element of the equalizer arises from exactly one global
section.

This diagram makes clear that sheaf gluing is a limit condition.

It also suggests the higher generalization. For objects carrying nontrivial equivalences, pairwise
equality on overlaps is replaced by specified identifications, and triple overlaps impose
coherence. The complete Cech nerve then becomes necessary.

Effective Descent

For sheaves of sets, gluing sections is effective descent for elements.

For more elaborate objects, one asks whether objects and morphisms themselves can descend.

Suppose local objects A 7are given over covering contexts U i, together with isomorphisms
Ai|_(U_Lix_UU_j) =A_j|_(U_ix_UUj)

satisfying a cocycle condition on triple overlaps.

Effective descent means that this local system comes from a global object over U.

Stacks are designed to satisfy this stronger descent condition for categories of objects.

Higher stacks satisfy descent for higher categorical objects.

Thus the move from sheaves to stacks does not abandon the sheaf principle. It applies it at a
richer level where equality has been replaced by isomorphism or equivalence.

Local Equivalences
A morphism of presheaves
f:F->G
may be locally an isomorphism without being pointwise an isomorphism.
After sheafification, it may become invertible:
aF = aG.
Such a map is a local equivalence relative to /.
Sheafification can therefore be viewed as formally inverting local equivalences.

This language prepares the transition to higher topos theory. There, one begins with presheaves
of spaces and localizes at maps satisfying higher descent conditions.
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The ordinary sheaf category is the one-dimensional or set-valued version of a more general
localization process.

Presheaves Versus Sheaves
The contrast can be summarized conceptually.

A presheaf remembers every assigned section, even when two sections are indistinguishable
locally.

A sheaf identifies sections that agree on a cover.

A presheaf may omit a global section even when compatible local representatives exist.
A sheaf supplies the unique amalgamation.

A presheaf records variation.

A sheaf records variation constrained by locality.

A presheaf category is the unrestricted world generated by contexts.

A sheaf category is the localized world determined by a topology.

The difference is not one of size alone. It is a difference in what counts as identity and existence.

The Topology Changes Mathematical Meaning

The same presheaf can behave differently under different Grothendieck topologies.

A family of local sections may count as sufficient evidence in one topology but not in another.

A morphism may be locally invertible for a fine topology but not for a coarse one.

A property may become locally true after passing to an étale cover even though it is not locally

true in the Zariski topology.
The topology therefore changes the semantics of locality.
It determines:

e which probes jointly see an object;

e which partial descriptions count as complete;

¢ which distinctions disappear after localization;

e which local witnesses establish internal existence.

Changing /changes the mathematical world even when Cremains fixed.
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The Topos Presented by a Site
The site (C, ]) provides a presentation.
The associated category
Sh(C,J)
is the invariant world up to equivalence.
Different sites can present equivalent sheaf categories:
Sh(C, ]) = Sh(D, K).

The objects of the two sites may look unrelated, but their sheaf worlds may encode the same
generalized space and logic.

This is why a Grothendieck topos is defined up to categorical equivalence rather than by one
specific site.

The site supplies coordinates. The topos is what remains after coordinate choice is forgotten.
A World of Local Mathematics

A sheaf topos permits mathematics whose objects are locally defined and globally coherent.
Its elements can be contextual.

Its truth values can be local.

Its algebraic structures can vary over a base.

Its existential statements can be supported by local witnesses.

Its morphisms can preserve geometric structure.

Its subobjects can encode open regions and predicates simultaneously.

The resulting world is neither merely logical nor merely geometric. It is the categorical union of
the two.

The next chapter turns from the construction of individual sheaves to the full structure of the
category they form. We will examine why a Grothendieck topos is both an elementary topos
and a category of sheaves, how generators and colimits distinguish it from an arbitrary
elementary topos, and why multiple sites can describe the same world.
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Chapter 8
Grothendieck Topoi

An elementary topos is defined by internal structural capacities. It has finite limits, internal
function objects, and a subobject classifier. These conditions explain how a category can behave
like a universe of generalized sets.

A Grothendieck topos enters from a different direction. It is a category equivalent to the
category of sheaves on some site:

E = Sh(C, J).

The category Csupplies contexts or probes. The Grothendieck topology /specifies which
families count as covers. The sheaf condition determines which systems of variable data possess
coherent local-to-global behavior.

Every Grothendieck topos is an elementary topos. The converse does not hold in general. A
Grothendieck topos possesses additional size, generation, and colimit properties associated
with its presentation as a category of sheaves.

This distinction is central:

Elementary topos = axiomatically set-like category Grothendieck topos = world presented
by sheaves on a site

The first definition emphasizes what the world can do internally. The second emphasizes how
the world can be assembled and observed externally.

Definition by Presentation

A Grothendieck topos is a category E'for which there exists a small category Cequipped with a
Grothendieck topology /such that

E =~ Sh(C, ).
The word “equivalent” is essential.

The topos is not identified with one literal category of sheaves constructed from one privileged
site. It may possess many site presentations. What matters is the categorical structure
preserved under equivalence.

A site is therefore analogous to a system of coordinates. It provides a concrete way to describe
the world, but it is not the invariant world itself.

Two very different-looking sites can yield equivalent topoi:
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Sh(C, J) = Sh(D, K).

The objects of Cand D may represent different kinds of probes. Their morphisms may be
organized differently. Their coverings may be presented through different families. Yet the
resulting categories of sheaves can encode the same geometry and internal logic.

This nonuniqueness is not an inconvenience to be eliminated. It is evidence that a topos lies at a
level deeper than any one presentation.

Presheaf Topoi as the Basic Case
The simplest Grothendieck topoi are presheaf categories:
Set*(C"op).

These arise when Cis equipped with the weakest topology, so every presheaf is automatically a
sheaf.

A presheaf topos is a world of unrestricted variable sets. Every object U of Cacts as a context,
and each presheaf assigns a set of sections to every context.

The Yoneda embedding
y: C = Set”(C"op)
places the original category inside this larger world.

Every presheaf can be expressed as a colimit of representable presheaves. The representables
therefore form a generating family.

The presheaf category may be understood as the freely generated cocomplete set-like world
built from C. Passing to sheaves then imposes locality by a left exact localization.

This gives a useful sequence:
C - Set*(C”op) — Sh(C, ).

The first passage expands contexts into all variable sets. The second identifies and completes
those variable sets according to the chosen topology.

Sheaves as a Localization of Presheaves
The category of sheaves sits inside the presheaf category through a full inclusion
i: Sh(C, ]) = Set”(C"op).
This inclusion has a left adjoint
a: Set”(C”op) = Sh(C, ]),
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the sheafification functor:
a-i.
The functor a preserves finite limits. It is left exact.
Thus the sheaf category is a left exact reflective localization of the presheaf category.
This description contains much of the structure of a Grothendieck topos in compressed form.

A localization declares certain morphisms to be equivalences. In the present case, presheaf
morphisms that become isomorphisms after sheafification are treated as locally equivalent.

The topology /determines which distinctions should disappear. Two presheaves can differ
globally as raw assignments while carrying the same sheaf-theoretic information.

Sheafification preserves the finite-limit operations needed for logic and compatibility. It changes
the world without breaking its basic structural architecture.

Local Content and Global Presentation
Suppose
f:F->G
is a morphism of presheaves.
It may fail to be an isomorphism at some or every object of C. Yet after sheafification,
a(f): aF - aG
may become an isomorphism.
Then Fand G possess the same local content relative to /.
This is analogous to several familiar mathematical constructions.
In algebra, localization may turn a noninvertible element into an invertible one.

In topology, homotopy equivalence ignores distinctions that can be continuously deformed
away.

In sheaf theory, local equivalence ignores distinctions that disappear after passing to covers and
gluing.

The meaning of “same” is therefore controlled by the geometry of observation.

A Grothendieck topos is the world obtained after those local equivalences have been built into
the identity of objects.
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Every Grothendieck Topos Is Elementary

Because categories of sheaves possess finite limits, exponentials, and subobject classifiers,
every Grothendieck topos is an elementary topos.

Thus a Grothendieck topos supports:
e generalized elements;
e internal function objects;
e subobjects as predicates;
¢ intuitionistic internal logic;
o finite limits and colimits;
e power objects;
¢ internal algebraic structures.

It also possesses all small colimits under the usual foundational size assumptions. It has a small
family of generators. Its colimits interact well with finite limits.

These additional properties place Grothendieck topoi among the especially well-behaved
elementary topoi.

The implication is one-way:
Grothendieck topos=elementary topos.

An arbitrary elementary topos need not have a small generating family or all small colimits. It
may not admit a presentation as sheaves on a small site.

The two concepts overlap but are not identical.
Why Small Generators Matter

A family of objects (G_i) in a category £'is generating when morphisms can be distinguished by
maps from the ¢ 1.

If
f,geA—B
are distinct, then there is some generator (_iand some morphism
wGi-oA
such that
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fou#gou.
The generators act as probes capable of detecting all morphism-level distinctions.
In a presheaf category, the representable presheaves form a generating family.
In a sheaf topos, the sheafifications of representables provide a generating family.

This is one reason sites are so useful. The objects of the site become a controlled collection of
probes from which the entire topos can be observed and generated.

The topos may be enormously large, but a small site can present it.

This is a form of mathematical compression.

Generators as Coordinates

A generator is not necessarily a point. It may be a region, test object, or generalized stage.

The category Set has a particularly simple generator: the singleton set. Maps from a singleton
correspond to ordinary elements, so global points distinguish functions.

In a sheaf topos, the terminal object often fails to generate the category. Global sections do not
reveal everything.

Instead, one needs many local probes. The representable or sheafified representable objects
associated with the site play this role.

This difference explains why elementwise intuition must be generalized.
In Set, one tests a function on points.
In a sheaf topos, one tests it on sections over all relevant contexts.
The site provides the coordinate probes that replace the privileged global observer.
Colimits
A Grothendieck topos has all small colimits.
These include:
e arbitrary coproducts;
e coequalizers;
o filtered colimits;

e pushouts;
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e quotient constructions.

Colimits in a sheaf category can be formed by taking the corresponding colimit in the presheaf
category and then sheafifying.

Symbolically,
colim_Sh F_i = a(colim_PSh F_i).

The presheaf category performs the construction stage by stage. Sheafification then restores the
required local coherence.

The abundance of colimits makes a Grothendieck topos suitable for large-scale construction.
New objects can be assembled from diagrams, quotient relations, and families of pieces.

This cocompleteness is one important difference from the minimal elementary-topos definition.
Exactness and Quotients

A Grothendieck topos is exact in the relevant categorical sense. Internal equivalence relations
admit effective quotients.

Suppose Ris an internal equivalence relation on an object 4. Then there is a quotient object Q¢
and a morphism

q:A->Q
such that Ris the kernel pair of q.

The quotient does not merely identify related generalized elements externally. It exists as an
object of the topos.

This reproduces one of the central capacities of Set: equivalence relations can be realized as
actual quotient objects.

Yet the sheaf context adds locality. The relation, quotient, and equivalence classes may vary
across stages.

The quotient remains an internal construction within the generalized world.
Stability of Colimits

In Set, taking a product with a fixed set preserves colimits because the product functor has a
right adjoint.

In a topos, similar stability properties hold. Finite limits interact well with colimits, and
coproducts are stable under pullback.

139



This means that gluing or combining objects remains coherent after changing the base context.

Suppose objects are assembled by a coproduct or quotient. Pulling them back along a
morphism produces the corresponding construction in the new context.

This stability is crucial for geometry and logic.

A local decomposition should remain a decomposition after restriction.
An existential statement should remain valid after substitution.

A guotient family should remain a quotient family under base change.

The compatibility between colimits and pullbacks is part of what makes a Grothendieck topos
geometric.

Giraud’s Perspective

The sheaf definition is concrete but presentation-dependent. One may ask whether
Grothendieck topoi can be characterized intrinsically, without first choosing a site.

Giraud’s theorem provides such a characterization.

In one common formulation, a category is a Grothendieck topos when it satisfies conditions
involving:

e all small colimits;

o finite limits;

¢ asmall generating family;

e universal colimits;

¢ disjoint coproducts;

o effective equivalence relations.

The precise hypotheses and formulations vary with foundational conventions, but the
conceptual message is stable.

A Grothendieck topos can be recognized by its internal categorical behavior.
Thus the subject has two complementary descriptions:

E = Sh(C,])
and

E satisfies intrinsic exactness, generation, and colimit conditions.
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The first is a presentation theorem. The second is a structural characterization.

This parallels the two broad routes already encountered in the book: construction from local
data and recognition by axioms.

From Generators to a Site
The intrinsic and site-based descriptions are connected.

Suppose a Grothendieck topos £ has a small generating family. Under suitable conditions, one
may choose a small full subcategory C of generators.

The categorical structure of £'determines a topology /on C. Covering families are those that
become jointly epimorphicin E.

The resulting comparison yields an equivalence
E =~ Sh(C,]).
Thus a site can be extracted from the topos itself.
The direction is therefore reversible:
(G ]) = Sh(C]),
while a suitable generating subcategory of the resulting topos can recover a site presentation.

The site is neither arbitrary decoration nor unique essence. It is a recoverable coordinate
system.

Grothendieck Topoi as Generalized Spaces
A topological space Xdetermines a Grothendieck topos:
X = Sh(X).

The topos remembers the open-set structure of X, the sheaves living on it, and the local-to-
global relations among them.

For sufficiently well-behaved spaces, much of the original topology can be recovered from the
sheaf topos.

But Grothendieck topoi extend beyond ordinary spaces. They may be presented by sites whose
objects are schemes, logical formulas, group actions, or other probes.

The term “generalized space” is therefore justified by function rather than by point-set
representation.
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A Grothendieck topos has regions, covers, local objects, gluing, and maps with inverse-image
behavior.

It provides a geometry even when no conventional set of points is primary.
Spatial and Nonspatial Topoi
A topos arising as sheaves on a topological space is often called spatial in the relevant sense.

But many topoi are not determined by ordinary points. They may correspond more naturally to
locales, stacks, logical theories, or arithmetic sites.

A locale is itself a generalized space specified by a frame of opens. Sheaves on a locale form a
Grothendieck topos.

Even locales may fail to have enough points to reconstruct their full open-set structure.
The progression is therefore not simply:
points — open sets — sheaves.

One may instead begin with open-like structure or covering behavior directly, without assuming
a sufficient underlying population of points.

Topos theory preserves spatial reasoning while freeing it from point dependence.
Topoi of Sheaves on Spaces
For a topological space X, the category
Sh(X)
is the standard geometric example.

Its objects include sheaves of:

e sets;
e groups;
e rings;

e modules;
e continuous functions;
e smooth functions;

e local solutions;
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e sections of bundles.

The topology of Xinfluences the internal logic of the topos. Open subsets act as local truth
values. A proposition may hold on one region without holding globally.

The topos therefore contains more than the space’s points. It contains every admissible form of
local variation over the space.

One might say that Xis the skeleton, while Sh(X) is the full ecology of variable objects living
over it.

Presheaf Topoi and Discrete Observation

A presheaf category can be interpreted as a world before a nontrivial gluing law has been
imposed.

Every context is observed, and restrictions are recorded, but no additional covering families
force reconstruction.

This does not make presheaf topoi trivial. They can encode time, causality, computation, Kripke
semantics, actions of monoids or groups, and combinatorial structures.

For example, if a group Gis regarded as a one-object category, presheaves on that category
correspond to sets equipped with a suitable G-action, depending on the chosen variance
convention.

If a partially ordered set is regarded as a category, presheaves encode information varying over
stages.

Presheaf topoi are therefore fundamental examples of contextual worlds, even without a
nontrivial topology.

Equivariant Topoi

Let a group G act on sets. The category of G-sets forms a topos.

Its objects are sets equipped with a G-action. Its morphisms preserve that action.

This topos can be described as a presheaf category on a one-object category built from G.
Internally, every object carries symmetry relative to the ambient world.

A proposition must respect the group action. A subobject must be invariant. Constructions
occur equivariantly.

The topos of G-sets therefore represents a world in which symmetry is not additional decoration
on selected objects. Symmetry is built into the environment itself.

143



This is an important example of how changing the ambient topos changes the meaning of
ordinary algebraic structure.

A group object in the topos of G-sets is a group carrying another compatible G-action. The
external and internal symmetries interact.

Classifying Topoi
A geometric theory T'may possess a classifying topos, denoted here by B_T.
This topos contains a generic model M_T of the theory.

For a Grothendieck topos £, models of 7'in Ecorrespond, in the appropriate categorical sense,
to geometric morphisms

E->B.T

The model in F'is obtained by pulling back the generic model along the inverse-image part of
the geometric morphism.

Thus a classifying topos is universal for models of T.

This resembles a moduli space, but the analogy must be refined. A classifying topos does not
merely have points corresponding to models in Set. It classifies models in every suitable topos.

Its universal property is relative to all mathematical worlds, not only the ordinary world of sets.
A Theory as a Space
The classifying-topos construction creates a profound bridge:
logical theory «— generalized space.
The formulas of the theory generate a syntactic category.
Provable covers generate a topology.
Sheaves on the syntactic site form the classifying topos.
Models become geometric morphisms into that topos.

Theories can therefore be compared through their classifying spaces. Logical equivalence can
appear as equivalence of topoi. Different syntactic presentations may produce the same
semantic world.

This is one reason topos theory cannot be confined to geometry in the ordinary sense. It
provides geometry for logic itself.

144



Morita Equivalence

Two geometric theories may have equivalent classifying topoi even when their syntax and sorts
differ.

Such theories are often described as Morita equivalent in the topos-theoretic sense.

They have equivalent categories of models in every Grothendieck topos, with the appropriate
naturality.

This is stronger than merely having equivalent categories of models in Set.
The classifying topos captures the theory’s invariant semantic content across all base worlds.
Once again, presentation is separated from structure.

Just as two sites can present the same topos, two logical theories can present the same
classifying topos.

The topos becomes a common invariant underlying geometric and logical descriptions.
Enough Points

A Grothendieck topos has enough points when morphisms can be tested by inverse-image
functors associated with points

Set - E.
If a morphism becomes an isomorphism at every point, then it is an isomorphism in E.
Many familiar sheaf topoi have enough points.

But the existence of enough points is not automatic in every foundational setting, and ordinary
point-based reasoning may require additional principles.

The possibility of point-free topoi reinforces the need for intrinsic categorical methods.
A world can be coherent even when it cannot be reduced to a set of external observations.

The site, generators, and internal logic may carry more information than any collection of
classical points.

Deligne’s Theorem and Coherent Topoi

An important class of Grothendieck topoi consists of coherent topoi. These possess
presentations with finite-limit structure and compactness properties suited to coherent logic.

Under standard classical assumptions, coherent topoi have enough points.
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This provides a strong bridge between internal categorical structure and set-valued models.

The result is especially significant for logic. It says, roughly, that suitable coherent theories can
be tested through ordinary models in Set.

But this should not be generalized carelessly to all topoi. The landscape includes worlds for
which point-based semantics are not sufficient.

The availability of points is a property of a region of the landscape, not the definition of the
landscape itself.

Grothendieck Topoi and Geometric Logic
Grothendieck topoi are natural semantic environments for geometric logic.
Geometric formulas are built using:

o finite conjunction;

e arbitrary disjunction;

e existential quantification;

e equality.
These operations are preserved by inverse-image functors of geometric morphisms.
The connection is structural.
Finite conjunction corresponds to finite limits.
Arbitrary disjunction corresponds to suitable colimits.
Existential quantification corresponds to images or left adjoints to pullback.
The resulting logic is stable under change of base.

A geometric theorem proved in the generic model can therefore be transported to every model
obtained by inverse image.

The logic is designed to travel between topoi.
Internal Objects and External Presentation
An object of

Sh(C, ])

is externally a sheaf: a functor with restriction maps satisfying descent.
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Internally, however, it behaves like an ordinary object or type.

The inhabitants of the topos do not ordinarily refer to the site C, the covering families, or the
sheafification functor. They reason using the internal language.

This separation is important.

Externally:
F: C*op — Set
is a system of sets and maps.
Internally:
F

is simply an object of the world.

A local section is externally an element of F(U). Internally it appears as an element in context U.

The site is the construction scaffolding. Internal language is the lived mathematics of the
finished world.

The Same Topos, Different Stories

One site may describe a topos geometrically.

Another may describe it logically.

Another may describe it through group actions.
Another may describe it through algebraic test objects.

If the resulting categories of sheaves are equivalent, these are not merely analogous worlds.
They are different presentations of the same categorical world.

This possibility encourages a new style of mathematical reasoning.

Rather than asking which presentation is the true one, one asks which presentation makes a
particular feature visible.

A logical site may clarify models and theories.
A geometric site may clarify covers and local objects.
A presheaf presentation may clarify generators and combinatorics.

The topos unifies the stories without forcing them into one vocabulary.
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The Grothendieck Topos as an Invariant World

The central invariant is the category E'together with its topos structure, considered up to
equivalence.

Its site presentations are coordinates.

Its generators are probes.

Its sheaves are inhabitants.

Its subobjects are predicates.

Its geometric morphisms are maps between worlds.

Its internal logic governs reasoning.

Its classifying properties connect it to theories and models.
Its localizations produce subtopoi.

Its slice categories produce relative worlds.

The Grothendieck topos is therefore not simply the result of a sheaf construction. It is a meeting
point of several forms of mathematical organization.

From One Site to Many Worlds

Fixing the category C'does not fix the topos. Different topologies on Cproduce different sheaf
categories:

Sh(C,]_1), Sh(C,]_2), Sh(C, ]_3).
A finer topology imposes stronger descent and usually yields fewer sheaves.
A coarser topology imposes weaker descent and yields more sheaves.

Thus one category of probes can support several mathematical worlds, depending on what
counts as covering evidence.

Conversely, one topos can be presented by several different categories of probes.
The landscape is therefore many-to-many:

sites 2 topoi.
No simple genealogical tree can capture this relationship.

A network or landscape is more appropriate.
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The Equational Phylogeny of Topoi

From sets to topoi and higher topoi
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Figure 2. The Equational Phylogeny of Topoi. The broader network of constructions and
structural relations leading from categories, finite limits, exponentials, and sites to elementary,
Grothendieck, relative, higher, and univalent topoi. The figure is not a single chain of stronger
axioms. Its arrows include axiomatic extension, sheaf construction, localization, change of base,
and higher-dimensional generalization.

Reading the Figure Correctly
The word phylogeny is useful only if it is interpreted broadly.
Some arrows in the figure mean that structure has been added.

For example, finite limits, Cartesian closure, and a subobject classifier combine to define an
elementary topos.

Some arrows mean that a construction has been applied.

A site produces a category of sheaves.

An object Xin a topos produces a slice topos over X.

Some arrows mean that a localization has been performed.

A topology selects sheaves from presheaves.

A Lawvere-Tierney topology selects a subtopos.

Some arrows represent semantic interpretation.

A classifying topos represents models of a theory.

A higher topos can interpret suitable forms of homotopy type theory.
Some arrows represent passage to higher dimension.

Set-valued sheaves become space-valued sheaves. Categories become higher categories.
Equality becomes a structured space of paths.

The figure should therefore be read as a map of mathematical transformations, not as a
biological tree with one uniform inheritance rule.

Its value lies in showing that these apparently separate developments share a common
territory.
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The Middle Region of the Landscape

The Grothendieck topos occupies the middle region between categorical axioms and higher
homotopical worlds.

Looking downward, it is constructed from sites, covers, presheaves, and sheafification.

Looking sideways, it appears as a generalized space, a logical universe, a classifying object, or a
world of equivariant and relative structures.

Looking upward, it admits higher analogues in which sheaves take values in spaces rather than
sets.

The Grothendieck topos is therefore not a final destination. It is a central plateau from which
several further routes become visible.

The next chapter studies the natural maps between these worlds. These are geometric
morphisms, built from adjoint functors whose inverse-image components preserve finite limits.

Once topoi are recognized as mathematical spaces, geometric morphisms become their
generalized continuous maps.
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Chapter 9
Geometric Morphisms and Points

Once topoi are regarded as generalized spaces, one must ask how one such world maps into
another. The appropriate notion is not an arbitrary functor. A map between topoi should
preserve the structures responsible for geometry, locality, and internal reasoning.

The resulting concept is a geometric morphism.
A geometric morphism from a topos E£'to a topos Fis conventionally written
f:E-F
It consists of an adjoint pair of functors
fA**F->Ef*E->F
with
fAx 4 f_*’
such that the inverse-image functor /" *preserves finite limits.

The direction deserves immediate attention. The geometric morphism points from E'to £ while
its inverse-image functor points from Fback to £.

This reversal mirrors ordinary topology. A continuous map
i X->Y

sends points from Xto Y, but it pulls functions, open sets, and sheaves from Yback to X. Topos
theory promotes this inverse-image behavior to the defining structure of a map between
mathematical worlds.

The adjoint pair contains two complementary operations:
e f"*transports objects and predicates from the target world into the source world;
e f * gathers or pushes objects from the source world toward the target.

The requirement that /7 *preserve finite limits ensures that this transport respects finite
conjunction, equality, pullback, and substitution. Geometric structure is preserved because the
inverse image is left exact.

From Continuous Maps to Geometric Morphisms

Let
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f:X->Y
be a continuous map of topological spaces.
A sheaf Gon Ycan be pulled back to a sheaf on X. The resulting inverse-image sheaf is written
fA* G.
There is also a direct-image operation. If Fis a sheaf on X, define a sheaf f * F on Yby
(f* F)(V) = F(f*-1(V))
for each opensetVCY.

The direct image is relatively easy to describe. It regards a sheaf on Xas information on Yby
evaluating it over inverse images of regions.

The inverse image is subtler. Simply composing a sheaf with the inverse-image map on opens
generally produces a presheaf that may require sheafification. Conceptually, f** G is the sheaf
on Xobtained by transporting the locally varying data of Galong £,

These functors satisfy
R
The inverse image preserves finite limits. Therefore the pair defines a geometric morphism
Sh(X) — Sh(Y).

A continuous map of spaces thus produces a geometric morphism of their sheaf topoi in the
same direction as the original map.

The induced inverse-image functor points oppositely because information is pulled back.
Why the Inverse Image Is Primary

In ordinary geometry, the direct movement of points is often emphasized. In algebraic geometry
and topos theory, the pullback of structure is frequently more informative.

A map of spaces
i X->Y

allows every function, bundle, sheaf, or local system on Y'to be studied on X. The inverse image
answers the question:

What does an object of the target world look like when viewed from the source world?

This is a change of context.
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A predicate on Ybecomes a predicate on X. A family over Ybecomes a family over X. A local
object on Ybecomes a local object relative to the finer or different observational environment
X.

The requirement that /" *preserve finite limits guarantees that this change of context respects:

e terminal objects;

products;

e equalizers;

e pullbacks;

e internal equations;
o finite conjunctions.

If two terms are equal in F, their transported terms remain equal in £ If a predicate is formed
by finite conjunction or substitution, pulling it back gives the corresponding construction in the
source world.

Thus the inverse-image functor preserves the finite logical skeleton of the target.
The Direct Image
The right adjoint
f*E-F
is called the direct-image functor.

It gathers objects from the source topos and interprets them in the target. For sheaves on
spaces, it sends a sheaf on Xto the sheaf on Ywhose sections over V C Y are sections over f*-
1(V).

The direct image preserves all limits because every right adjoint preserves limits.

It does not generally preserve colimits or exponentials. It is not the part of the geometric
morphism responsible for geometric logic.

The adjunction gives a natural correspondence
Hom_E(f** A, B) = Hom_F(A, f_* B).

A morphism from the pulled-back target object f** A into a source object Bis equivalent to a
morphism from A into the direct image f_* B.

154



This relationship allows information to be translated between the two worlds.
Unit and Counit
Every adjunction has a unit and counit.
For
fAx 4 f %

the unit is a natural transformation

n: Id_F = f_*f"*,
and the counit is

e fA*f * > [d_E.
The unit compares an object of Fwith the result of pulling it into £and pushing it back.
The counit compares an object of E'with the result of pushing it into Fand pulling it back.

These transformations need not be isomorphisms. Information may be lost or altered during
transport.

When one of them is an isomorphism, the geometric morphism has special properties. For
example, if the direct image is fully faithful, the source topos may be identified with a subtopos
of the target.

The unit and counit measure the degree to which passage between worlds is reversible.
Geometric Morphisms as Maps of Worlds

A geometric morphism is more than a pair of functors. It is a disciplined relation between
internal universes.

Suppose A is an object of F. From the perspective of £, it is a generalized set or type. The
inverse image produces

fA* A
inside E.

If R = Ais a subobject representing a predicate, then finite-limit preservation sends it to a
subobject

fA*R - fA*A

If two objects are combined by a product,
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A X B,
then
fA*(AXx B) =A™ A X f2*B.

If an equation is represented by an equalizer, its inverse image remains an equalizer.
Thus f"*translates part of the language of Finto the language of E.
The translation is geometric because it preserves the operations of geometric logic.
Preservation of Geometric Logic
Geometric logic is built from:

o finite conjunctions;

e arbitrary disjunctions;

e existential quantification;

e equality.

The inverse-image functor of a geometric morphism preserves the interpretations of geometric
formulas.

Finite conjunction and equality are preserved because " *preserves finite limits.

Arbitrary disjunction and existential quantification are preserved because /% being a left
adjoint, preserves colimits, together with the appropriate image structure in a topos.

This means that geometric statements are stable under change of base.

Suppose a geometric theory Thas a model Min F. Pulling the model back gives a model
fA*M

in E

Every geometric axiom true of Mremains true of fA* M.

This is why geometric logic is the natural language for theories intended to move between
topoi.

What Need Not Be Preserved

The inverse-image functor does not necessarily preserve every aspect of the internal higher-
order logic.
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Implication, universal quantification, and negation may not be preserved in unrestricted form.

These operations involve right adjoints or global logical structure. Their behavior can depend on
the ambient topos in ways not controlled by finite-limit preservation and left adjointness alone.

A proposition may therefore become simpler, stronger, or differently decidable after change of
base.

This is not a failure of geometric morphismes. It clarifies what geometric transport is designed to
preserve.

A geometric morphism respects the local and constructive portion of the world’s logic. It need
not preserve every global logical judgment.

Composition
Geometric morphisms compose.
Suppose
E--f>F-g->G

are geometric morphisms.
The inverse image of the composite is

(g o f)N* = fA% o gh¥,
The direct image is

(gof) *=g*of™

The order of inverse images follows the ordinary rule for pullback: first pull from Gto F, then
from Fto E.

Finite-limit preservation is stable under composition, so the composite remains geometric.
Every topos has an identity geometric morphism.

Topoi and geometric morphisms therefore form a category, often denoted by a suitable version
of Topos, subject to size conventions.

At a richer level, geometric morphisms have natural transformations between them, and topoi
participate in a 2-categorical structure.

Geometric Transformations

Suppose two geometric morphisms
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fg:E—>F
are given.

A 2-cell between them can be expressed through a natural transformation between their
inverse-image or direct-image functors, with the direction depending on convention.

This higher structure matters because maps between worlds may themselves be related without
being equal.

Ordinary categories have objects and morphisms. The 2-category of topoi has:
e topoi as objects;
e geometric morphisms as 1-morphisms;
e suitable natural transformations as 2-morphisms.

This is an early indication that the landscape of topoi is not fully described by a one-dimensional
graph. The maps between regions possess their own morphisms and coherence.

Higher topos theory will extend this pattern much further.
Global Sections as a Geometric Morphism
Every Grothendieck topos £ has a canonical geometric morphism to Set:

[ E - Set.
Its direct-image functor is the global-sections functor

I'_*: E - Set,
given by
[_*(A) = Hom_E(1, A).

Its inverse-image functor sends a set to the corresponding constant or discrete object in £, with
details depending on the setting.

This geometric morphism expresses the external observation of the topos through global
elements.

For a sheaf topos Sh(X), global sections evaluate a sheaf on the entire space:
['(F) = F(X).

The map to Set can therefore be understood as viewing the world from its global context.

158



But this observer may be incomplete. A sheaf may possess rich local content invisible to global
sections.

The global-sections morphism does not generally embed the topos into Set. It reports only what
is globally available.

Points of a Topos
A point of a topos F'is a geometric morphism
p: Set — E.

The direction may initially appear reversed. A point of an ordinary space is thought of as lying
inside that space. In topos theory, the point is represented by a map from the topos of sets into
E.

Its inverse-image functor is
p**: E - Set.
This functor extracts the set-valued fiber or stalk of each object of £F'at the point.
For sheaves on a topological space X, each ordinary point
x€X

determines a geometric point

p_x: Set = Sh(X),
whose inverse-image functor sends a sheaf Fto its stalk

p_x"*(F) =F_x.
Thus the categorical point reproduces the familiar operation of examining local behavior near x.
The Stalk Functor
For a sheaf Fon a space X, the stalk at xis

F_x = colim_(x € U) F(U),

where the colimit is taken over neighborhoods Uof x.
The stalk forgets how far a section is defined and retains only its germ near the point.
The functor

F-Fx
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preserves finite limits. It has an appropriate right adjoint. Therefore it is the inverse-image part
of a geometric morphism.

A point of a topos is consequently not merely an external label. It is a structure-preserving
mode of evaluation.

It turns every generalized object in the topos into an ordinary set while respecting finite
categorical structure.

Set-Valued Models
Points of a classifying topos have a logical interpretation.
Let B_Tbe the classifying topos of a geometric theory 7. A point

Set—>B.T
corresponds to a model of T'in Set.
More generally, a geometric morphism

E-B.T

corresponds to a model of T'in E.

Thus ordinary set-valued models are the points of the classifying topos, while models in
arbitrary topoi are generalized points whose domains are entire mathematical worlds.

The distinction is significant.
A classical model is one observation of the theory from Set.

A model in another topos allows the theory’s objects to vary locally, carry symmetry, or obey a
different internal logic.

The classifying topos packages all these interpretations into one universal geometry.
Enough Points
A topos £'has enough points when its points jointly detect isomorphisms.
Suppose
f:A-B

is @ morphism in £. If for every point

p: Set—> E
the induced function
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p"*(f): p/\* A - p/\* B
is an isomorphism, then enough points means that fitself is an isomorphism.

For sheaves on an ordinary topological space, the usual stalk theorem says that a morphism of
sheaves is an isomorphism exactly when it is an isomorphism on every stalk. Hence these topoi
have enough points.

Enough points permit a reduction from categorical structure to a family of set-valued
observations.

But not every topos is adequately described this way.
The existence of enough points is an additional property, not part of the definition of a topos.
Point-Free Worlds

A topos can lack enough points. It may even lack points altogether in the chosen foundational
context.

This possibility can seem troubling if one assumes that a space must be determined by its
points. Topos theory rejects that assumption.

The structure of a generalized space may be carried by:
e its lattice of subobijects;
e its site presentations;
e itslocal covers;
e its sheaves;
e its geometric morphisms;
e itsinternal logic.
Points are valuable probes, but they need not be fundamental or complete.

Locales already illustrate this idea. A locale is described by its frame of opens and may fail to
possess enough points to recover that frame. Nevertheless, it supports a coherent theory of
locality.

Topoi generalize the same point-free principle at the level of whole categories of variable
objects.
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Geometric Points in Algebraic Geometry
In algebraic geometry, ordinary topological points often fail to expose enough local structure.

One therefore considers geometric points, commonly represented by morphisms from spectra
of separably closed fields or related probes.

Such a point determines a stalk-like inverse-image functor on an étale topos.

The resulting stalk records data visible after passing to a sufficiently refined algebraic
neighborhood.

This illustrates the flexibility of the categorical notion. A point need not correspond to a literal
element of an underlying set. It is a geometric morphism from Set that supplies a left exact
mode of evaluation.

The appropriate points depend on the chosen topology and site.

A Zariski topos, an étale topos, and another Grothendieck topology may admit different natural
point structures even when they arise from the same scheme.

Generalized Points
The concept of a point can be broadened further.
Instead of a geometric morphism from Set, consider a geometric morphism
E->F
from an arbitrary topos £.
From the viewpoint of F, this may be interpreted as an £-valued point or generalized point.

Ordinary points use the simplest base world, Set. Generalized points allow the observing
context itself to possess geometry, locality, or internal logic.

This resembles the use of test objects in algebraic geometry. A scheme is studied not only
through its ordinary points but through all morphisms from varying test schemes.

The Yoneda principle appears again:
A world is known through the ways other worlds map into it.

Topos theory therefore replaces point sets with a category, or even a higher category, of
generalized observations.
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Open Subtopoi

An open subset

determines a geometric morphism
Sh(U) — Sh(X).

The direct-image functor extends a sheaf on /to Xin the appropriate manner, while the inverse
image restricts a sheaf on Xto U.

The direct image is fully faithful, so Sh(U) may be identified with an open subtopos of Sh(X).

This construction generalizes to arbitrary topoi. Suitable subterminal objects determine open
subtopoi.

Thus the ordinary idea of entering a region of space becomes a geometric embedding of one
topos into another.

The smaller world inherits objects and truth relative to the chosen region.
Closed Subtopoi
Closed subsets also have topos-theoretic counterparts.

For a closed subspace

there is a geometric embedding
Sh(Z) - Sh(X).

Open and closed subtopoi interact in ways analogous to open and closed regions of ordinary
spaces.

But general subtopoi are more flexible than those arising from literal subsets. They can be
determined by internal modalities or Lawvere—Tierney topologies.

A subtopos is not simply a full subcategory selected by an arbitrary property. It is a reflective
geometric subworld whose inclusion arises as a geometric morphism with fully faithful direct
image.

The relation between subtopoi and internal topology will be developed later.
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Geometric Embeddings
A geometric morphism
tE->F
is a geometric embedding when the direct-image functor
i*E->F
is fully faithful.

Then E'can be identified with a full subcategory of £, but the inclusion possesses additional
topos-theoretic structure.

The inverse-image functor
i"*: F>E

acts as a localization or reflection. It sends objects of the larger world to their versions inside
the subworld.

The composite
i *i/\*

is associated with an idempotent operation on F. Certain distinctions in Fbecome invisible
inside E.

A geometric embedding therefore describes not merely containment but a systematic change in
what the world regards as local truth and identity.

Surjective Geometric Morphisms
A geometric morphism
f:E->F

is called surjective when the inverse-image functor f"*is conservative, meaning that it reflects
isomorphisms.

If
fA*(u)
is an isomorphism in £, then uwas already an isomorphism in F.
This resembles the idea that the source world covers or observes the target sufficiently well to

detect all distinctions.
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Surjective geometric morphisms play roles analogous to quotient maps, coverings, or faithful
change of base, depending on context.

A family of points is enough precisely when the corresponding collection of inverse-image
functors is jointly conservative.

Thus point detection is one instance of a broader notion of geometric coverage.
Essential Geometric Morphisms
A geometric morphism
f:E—-F
is called essential when the inverse-image functor " *itself has a left adjoint:
flI4fr*4f*

The additional functor f_! may be interpreted as a form of direct image with compact support,
connected components, or dependent sum, depending on the setting.

The three-adjoint pattern provides richer transport:
fla4fr*xqf*
Examples arise from suitable maps of spaces, presheaf categories, and slice constructions.

The existence of f_! is not automatic. It indicates that the change of world admits both left and
right forms of aggregation around the central inverse-image operation.

Local Geometric Morphisms

A geometric morphism may be called local under conditions involving further right adjoints and
full faithfulness.

Terminology and exact conventions vary, but the underlying idea is that the target world can be
embedded into the source through a particularly well-controlled relationship between direct
and inverse images.

Such refinements classify geometric morphisms by how information is preserved, reflected, or
reconstructed.

The landscape of topoi therefore contains several kinds of passage:
e embeddings;
e surjections;

o localizations;
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e essential morphisms;
e points;
e global-sections morphisms.
The generic phrase “map of topoi” conceals a rich internal taxonomy.
Connected Geometric Morphisms
A geometric morphism is connected when its inverse-image functor is fully faithful.
Then the target topos embeds into the source through inverse image.
This condition is different from a geometric embedding, where the direct image is fully faithful.
The two notions describe opposite patterns of information flow.

Connectedness may indicate that objects of the target retain their full identity after being
transported into the source.

Further conditions, such as local connectedness, involve the existence and properties of a left
adjoint to 1%

These notions generalize familiar topological ideas but should not be identified with them
without care.

Topos-theoretic connectedness describes the behavior of whole categories of sheaves, not
merely the inability to separate points into open subsets.

Hyperconnected Morphisms

A hyperconnected geometric morphism satisfies stronger conditions than ordinary
connectedness. It controls subobjects and reflects a particularly tight relationship between the
source and target.

Hyperconnected—localic factorization is a major structural theorem: under standard conditions,
a geometric morphism factors into a hyperconnected part followed by a localic part.

Schematically,
E-L->FE

The hyperconnected component captures aspects analogous to connected or groupoidal
variation.

The localic component captures the spatial or lattice-of-opens aspect.
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This factorization suggests that a map of topoi can be decomposed into qualitatively different
geometric mechanisms.

It also anticipates higher-categorical ideas in which homotopical and localic information
separate into interacting layers.

Localic Geometric Morphisms

A geometric morphism is localic when the source topos can be represented internally as
sheaves on a locale in the target topos.

For a map of ordinary locales, the induced geometric morphism is localic.
The term captures the part of topos theory closest to generalized point-free topology.

Localic morphisms are controlled by internal frames or locales. They express spatial variation
without requiring the additional symmetry or groupoidal structure found in more general topoi.

The hyperconnected—localic factorization can therefore be read as separating a geometric
morphism into:

e a portion carrying nonspatial or groupoid-like information;
e a portion carrying generalized open-set geometry.

This decomposition reinforces the idea that topoi extend spaces by adding internal categorical
structure, not by abandoning spatiality.

Etale Geometric Morphisms

An étale geometric morphism is closely related to a slice topos.

Given an object 4 of a topos £, the canonical projection
E/A-E

is an étale geometric morphism.

In the case of sheaves on a space, this generalizes the topos associated with an étale space or
local homeomorphism over the base.

Etale morphisms describe worlds varying discretely or locally over another world.

The object A acts as the parameter space. Entering the slice E/A means moving to a universe in
which an element of 4 has been incorporated into the context.

This relationship between objects and geometric morphisms is one reason slice topoi are so
fundamental.
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The Slice Projection
Let A be an object of £
The slice category E/A has objects
p: X— A
There is a geometric morphism
m_A:E/A- E.
Its inverse-image functor sends an object Y of £'to the projection
YXA-A
Thus
T AM(Y)=YXA-A.
The direct image forgets or aggregates the relative structure in an appropriate way.

The slice projection makes precise the idea that E/A is the world £'viewed relative to a varying
element of A.

Every object becomes a family over 4. Global statements become parameter-dependent
statements.

The geometry of variation over a base is encoded as a geometric morphism.
Base Change

Suppose a pullback square of topoi or spaces is given. Objects can often be transported around
the square in two different ways.

Base-change theorems compare these routes.

In sheaf theory, one encounters natural transformations relating inverse and direct images, such
as expressions schematically resembling

g/\* f £ N f’ 3 g'/\*.
Under suitable conditions, these transformations are isomorphisms.
Base change is the categorical expression of a familiar principle:

Restricting a family and then taking its sections should agree with first taking sections and then
restricting, when the geometry permits.

Such theorems are central in algebraic geometry, conomology, and representation theory.
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They show that geometric morphisms are not isolated maps. They participate in coherent
networks of transport.

Projection Formulas

Another common relationship compares direct images with tensor-like or product-like
operations.

A projection formula has the general shape
f*(Bxf*"™*A)=f*BxA
in settings where the relevant operations and hypotheses apply.

The interpretation is that a target object pulled into the source can be factored back out after
direct image.

Projection formulas express compatibility between transport and internal algebraic structure.

In enriched, linear, or derived contexts, the product may be replaced by a tensor product, and
the formula becomes a central computational tool.

Even at the elementary level, the pattern illustrates the interaction between local worlds and
objects imported from a base world.

Morphisms of Sites

A functor between sites does not automatically produce a geometric morphism in the expected
direction. It must interact correctly with coverings, limits, or sheafification.

Several notions exist, including continuous and cocontinuous functors of sites, each designed to
control how sheaves move.

A suitable functor
u:C-D

may induce functors between presheaf categories by precomposition and Kan extension. After
imposing topologies and sheafification, these can produce a geometric morphism between the
associated topoi.

The details are direction-sensitive.

This is one reason site presentations must be handled cautiously. A geometric morphism is an
invariant relation between topoi, while a morphism of chosen sites is presentation-dependent.
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Different site-level functors can induce isomorphic geometric morphisms, and a geometric
morphism may not be most naturally described by a simple functor between the initially chosen
sites.

Comparison Lemmas

Comparison lemmas establish when a functor between sites induces an equivalence of sheaf
topoi.

A smaller subcategory of contexts may suffice to generate all sheaves if it is dense and the
topology is transferred appropriately.

For example, a basis of open subsets presents the same sheaf topos as the full category of
opens.

The equivalence
Sh(C, ]) = Sh(D, K)
shows that the two sites provide different coordinate systems for the same world.

Comparison results are therefore not merely technical conveniences. They demonstrate the
invariance of the topos beneath its presentation.

They also allow calculations to be moved to a site where the objects and covers are more
manageable.

Equivalence of Topoi

Two topoi are equivalent when their underlying categories are equivalent in a manner
respecting the topos structure.

An equivalence of categories
Ex~F

induces an equivalence of their internal mathematical worlds. Objects, subobjects,
exponentials, truth values, and internal models correspond.

From the higher-categorical viewpoint, equivalence is more natural than literal isomorphism.

A site presentation does not determine one rigid category. It determines a topos only up to
equivalence.

This is another stage in the book’s movement toward univalence. Mathematics repeatedly
discovers that structural equivalence, not literal identity of presentation, is the meaningful
notion of sameness.
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Topos theory operates with this principle long before it is expressed foundationally through
univalent universes.

Points as Sections of the Global Morphism

The canonical geometric morphism

[ E - Set
may admit sections.
A point
p: Set > E
can sometimes satisfy
['op =Id_Set.

In this sense, the point selects a way for the ordinary world of sets to sit over the generalized
world.

For a sheaf topos on a space, each point x provides a stalk functor, while the global-sections
functor records data on the entire space.

The relation between points and global sections parallels the relation between local and global
observation.

A topos may have many points, one point, or no set-valued points. Its global-sections functor
still exists, but it may report only a small portion of the internal world.

The Space of Points Is Not the Topos

For a sober topological space, one can often recover the space from suitable point and open-set
information associated with its sheaf topos.

For a general topos, the collection of points does not determine the topos.

Two topoi can have similar or even equivalent point categories while differing in their internal
sheaf structure.

A point records one set-valued inverse-image functor. The topos contains all objects, all local
contexts, all gecometric morphisms, and its entire internal logic.

Reducing a topos to its points is like reducing a category to its objects while discarding the
morphisms.

The points are inhabitants or observers of the landscape, not the landscape itself.
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Logical Completeness and Points
For a classifying topos B_7, points correspond to set-valued models of the theory T.

If B_Thas enough points, then geometric statements can often be tested across ordinary
models in Set.

This yields forms of completeness: if a geometric sequent holds in every set-valued model, it
holds in the generic model and is therefore provable under the appropriate hypotheses.

But point-free topoi show that set-valued models do not always exhaust semantic possibility.

A theory may possess meaningful models in sheaf, equivariant, or higher worlds even when
ordinary points fail to capture the full structure.

Categorical semantics therefore enlarges logic beyond the universe of Set without rejecting
ordinary models.

The Generic Point

Some geometric objects possess a generic point whose closure or specialization behavior
reflects an entire space.

Topos theory generalizes the idea through generic models and universal geometric morphisms.
A classifying topos contains a generic model from which every other model is pulled back.

This generic object need not correspond to an ordinary point in the set-valued sense. It exists
internally to the classifying world.

The phrase generic means universal rather than statistically typical.

A generic model simultaneously represents every possible model through change of base. Its
components are not fixed ordinary elements but universal parameters.

The generic-model viewpoint is one of the strongest reasons to treat topoi as spaces of
mathematical structures.

Bundles of Worlds

A geometric morphism can also be imagined as a bundle-like relation between worlds.
The target Fsupplies a base environment.

The source £ contains objects varying over or relative to that environment.

The inverse image imports base objects into the varying world.
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The direct image aggregates the varying data back toward the base.

This analogy is especially apt for slice topoi and sheaves over spaces, but it must be used
flexibly. General geometric morphisms need not arise from literal bundles.

Still, the language of base, fiber, pullback, and direct image is not accidental. It reflects a deep
geometric organization of categorical universes.

Change of Mathematical Universe

A geometric morphism can be read as a change of mathematical universe.
An object in Fis translated to an object in £

A theory interpreted in Fis transported to £

Predicates, equations, and finite constructions are preserved.

Local truth is re-evaluated according to the source world.

This resembles extension of scalars in algebra. A module over one ring can be transported to a
module over another ring. Here an entire internal mathematics is transported along a map of
topoi.

The analogy should not be made exact, but the philosophical pattern is similar:
change of base = change of available structures and truths.
Topos theory makes such changes systematic.
The Category of Points
The points of a topos can themselves form a category.
Objects are geometric morphisms
Set - E.
Morphisms are suitable natural transformations between their inverse-image functors.

For a sheaf topos on a space, this category can encode specialization relations and other local
structure, not merely a bare set of points.

Thus even the point set naturally becomes categorical.

A generalized space may require a category of observations rather than an unstructured
collection.
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This development anticipates higher geometry, where points have automorphisms and mapping
spaces, and the collection of points becomes an infinity-groupoid or higher category.

From Points to Shapes

A topos has more than points. It may possess an associated homotopy type or shape capturing
global cohesion.

For sheaves on a topological space, this shape is related to the ordinary homotopy type of the
space.

The construction of shape requires additional categorical machinery and becomes especially
natural in higher topos theory.

The contrast is useful:
e points describe local evaluations into Set;
e shape describes global homotopical organization;
e subobjects describe internal regions and predicates;
e geometric morphisms describe maps between whole worlds.
No one of these perspectives is sufficient alone.
The mathematical landscape emerges from their interaction.
A Network Rather Than a Tree

The study of geometric morphisms confirms why topoi cannot be arranged in one simple
phylogenetic chain.

A sheaf topos can map to Set through global sections and receive points from Set.
It can contain open, closed, and more general subtopoi.

Every object generates a slice topos.

A theory generates a classifying topos into which all its models map.

Different sites can present equivalent topoi.

Geometric morphisms can factor into hyperconnected and localic components.
The resulting structure is a network of worlds and passages.

Some passages are embeddings. Some are covers. Some are observations. Some are changes of
base. Some are classifications.
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A landscape is not merely an artistic metaphor. It is a closer representation of the mathematical
form.

The Next Region

Geometric morphisms tell us how topoi communicate. The next group of chapters examines
several important inhabitants and constructions within this network.

Presheaf topoi show how variable sets arise freely from a category of contexts.
Topoi of sheaves on spaces and locales exhibit generalized spatial behavior.
Slice topoi formalize relative worlds.

Lawvere-Tierney topologies and subtopoi show how one world can contain reflective
localizations of itself.

Classifying, equivariant, and étale topoi demonstrate how theories, symmetries, and local
variation become ambient environments.

The fundamental question shifts once again.
We have asked what a topos is and how topoi map to one another. We must now ask:

What kinds of mathematical worlds can actually be constructed inside this framework, and what
does each construction make visible?
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Part il

Constructions, Examples, and Internal Worlds
Chapter 10

Presheaf Topoi and Spaces

Topos theory becomes easier to grasp when its abstract definitions are repeatedly returned to
concrete examples. The category of sets is one example. Sheaves on a topological space provide
another. Presheaf categories provide a third family so broad that many apparently unrelated
mathematical environments can be understood as instances of the same construction.

Given a small category C, the presheaf category
Set”(C"op)

is a Grothendieck topos. Its objects are set-valued presheaves on (, and its morphisms are
natural transformations. No nontrivial covering condition has yet been imposed. Every coherent
contravariant assignment of sets to the contexts of Cis admitted.

This makes a presheaf topos a relatively unrestricted world of variable sets. Its structure
depends almost entirely on the category C. By changing C, one changes the meaning of context,
refinement, time, symmetry, accessibility, or observation.

A partially ordered set produces a world of stage-dependent information. A group regarded as a
one-object category produces a world of equivariant sets. A monoid produces a world of sets
equipped with actions. A graph-shaped category produces diagrams of sets. A category of
experimental contexts produces a world in which data vary according to available
measurements.

Presheaf topoi therefore show how much mathematical structure can emerge before any sheaf
condition is imposed. They are not merely preliminary approximations to more interesting
topoi. They are complete mathematical worlds in their own right.

The Shape of the Indexing Category

A presheaf is determined not only by the sets it assigns but by the shape of the category over
which it varies.

Suppose Chas two objects 0 and 1 and one nonidentity morphism
0-1.

A presheaf on Cassigns two sets

176



F(0), F(1),
together with a restriction map
F(1) - F(0).
Thus an object of the presheaf topos is simply a function of sets.
If Cis a chain
0-1-2->-
then a presheaf is a sequence
F(0)«F(1)<F(2)«---

Such an object may represent information observed at successive stages, with later stages
restricting to earlier ones.

If the arrows are interpreted as increasing knowledge, a section available at a later stage
determines what was visible earlier. If the arrows are interpreted as inclusion of contexts, a
section on a larger context restricts to smaller contexts.

The same formal diagram can therefore admit several semantic readings. The category supplies
the structure of variation, while interpretation supplies its meaning.

Presheaves on a Partially Ordered Set

Every partially ordered set Pcan be regarded as a category. There is a unique morphism

pP—q
whenever
p=<q.
A presheaf
F: Pop — Set

assigns a set F(p) to each stage p, together with restriction maps whenever one stage lies
below another.

Such topoi are closely related to Kripke semantics for intuitionistic logic. A stage represents a
state of knowledge or a possible world. Moving upward in the order may represent gaining
information. Propositions must persist under further refinement.

If a proposition holds at stage p, it must continue to hold at every more informative stage q = p.
Truth is therefore monotone.
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This explains why intuitionistic logic appears naturally. A proposition may not yet be established
at a stage without its negation being established. Future refinement may reveal evidence for it.

The absence of a present proof is not the same as proof of impossibility.
Presheaf topoi on ordered sets provide some of the clearest models of this distinction.
Time as an Indexing Category
A sequence of times can also be regarded as a category.
Suppose the natural numbers represent successive stages:
0-1-2->---

A presheaf assigns a set of possible states to each time, together with maps carrying later
information back to earlier stages.

Depending on the direction chosen, one can instead use copresheaves to describe forward
evolution. The variance is not a matter of cosmetic convention. It determines whether data are
propagated or restricted.

A presheaf perspective is natural when later observations contain enough information to
reconstruct their earlier appearances. A covariant functor is natural when states evolve forward.

Temporal models built from presheaf topoi appear in logic, theoretical computer science,
semantics of programming languages, and models of guarded recursion. A statement may
become available only after one more computational step. A recursively defined object may be
revealed stage by stage.

The indexing category then acts as a clock internal to the surrounding mathematical world.
Presheaves and Computation

In denotational semantics, a type may be interpreted not as a single set of values but as a
presheaf varying over computational stages or contexts.

A program that cannot produce its output immediately may nevertheless produce
approximations or delayed values. A presheaf can represent what is observable at each stage.

Restriction maps ensure coherence: what is seen at one stage must agree with what earlier
stages were able to observe.

This structure is useful for reasoning about recursion. A self-reference that would be ill-founded
in ordinary set theory can become well-behaved when every recursive call is delayed to a later
stage.
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The presheaf topos then supports an internal logic in which guarded definitions are meaningful.

This is one illustration of the broader theme of the book: changing the ambient topos changes
which constructions become internally natural.

Group Actions as Presheaves

Let G'be a group. It can be regarded as a category with one object, say *, whose morphisms are
the elements of G. Composition is group multiplication.

A presheaf on this category assigns a set Xto the single object and an action of the morphisms
on X. Depending on the variance and multiplication convention, this appears as a right or left G-
action.

The resulting presheaf topos is equivalent to a category of G-sets.
Its objects are sets equipped with symmetry. Its morphisms are equivariant functions.

The important point is that the symmetry is ambient. Every object in the world is interpreted
with respect to . Subobjects must be invariant. Functions must preserve the action. Internal
algebraic structures must carry compatible symmetry.

A group object in this topos is not merely an ordinary group. It is a group equipped with a G-
action by automorphisms.

The external group G has become part of the world’s background geometry.
Monoid Actions and Irreversible Structure
A monoid also forms a one-object category, but its morphisms need not be invertible.

Presheaves on a monoid therefore describe sets with monoid actions. The action may encode
irreversible processes, repeated operations, state transitions, or endomorphisms.

The difference between a group and a monoid is reflected in the resulting topos.
A group action represents reversible symmetry.
A monoid action can represent irreversible evolution.

Thus the algebraic structure of the indexing category shapes the internal behavior of the entire
presheaf world.

A simple choice of C'can determine whether the ambient transformations are reversible,
ordered, cyclical, branching, or partially defined.
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Graphs as Presheaves
Directed graphs can be represented as presheaves on a small indexing category.
Take a category with two objects:
V.E,
and two morphisms
s, t: Vo E

or with the opposite orientation, depending on variance. A presheaf then consists of a set of
vertices, a set of edges, and source and target functions.

The category of directed graphs is therefore a presheaf topos.

This fact has several consequences. Graphs possess limits, colimits, exponentials, and a
subobject classifier inherited from the presheaf construction.

A product of graphs is determined stagewise. A subgraph is represented as a subobject. There is
an internal object of graph morphisms. Quotients and coproducts can be formed categorically.

A familiar combinatorial subject thus inhabits a complete topos-theoretic world.

The same method represents many other combinatorial structures, including hypergraphs,
simplicial sets, cubical sets, and various diagrammatic objects.

Simplicial Sets
The simplex category, written 4, has finite ordered sets
[0], [1], [2], ..
as objects and order-preserving maps as morphisms.
A simplicial set is a presheaf
X: A%op — Set.

It assigns a set X_n of n-simplices for each dimension n, together with face and degeneracy
maps satisfying simplicial identities.

The category of simplicial sets is therefore a presheaf topos.

Yet simplicial sets also model homotopy types after suitable weak-equivalence and fibrancy
structures are imposed. They sit at a major transition between ordinary presheaf theory and
higher topos theory.

180



At the raw presheaf level, a simplicial set is a variable set indexed by simplex shapes. At the
homotopical level, it can represent a space with points, paths, homotopies, and higher
homotopies.

The indexing category does not merely record stages. It records dimensions of coherence.
Cubical Sets
Cubical sets arise similarly as presheaves on a category of cube shapes.

An object assigns sets of vertices, edges, squares, cubes, and higher-dimensional cells, together
with face and degeneracy operations. Additional structures may include connections,
symmetries, or compositions.

Cubical sets have become important in constructive models of homotopy type theory and
univalence.

The connection is conceptually significant. A presheaf category built from finite cube shapes can
support objects behaving like spaces. Paths can be represented by interval dimensions. Higher-
dimensional cubes encode homotopies and coherence.

Thus a world of variable sets indexed by cubes can serve as a semantic environment for higher
identity.

The route from presheaves to univalence is not an arbitrary leap. It passes through the capacity
of indexing shapes to organize higher-dimensional relations.

Contexts in Logic
A syntactic category may have formulas in context as objects and substitutions as morphisms.

A presheaf on such a category assigns data to each logical context and transports that data
along substitution.

This is closely related to the semantics of dependent type theory.
A context such as
x: A, y: B(x)

is not merely a list of variables. It has a categorical shape. A substitution from one context to
another induces reindexing of dependent data.

Presheaves can therefore serve as models of contextual syntax.
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When suitable representability conditions are imposed, types and terms can be reconstructed
from presheaf-like data. Categories with families, comprehension categories, and contextual
categories refine this connection.

The presheaf idea is broad enough to encode both geometric regions and formal contexts.
A Topological Space as a Category of Regions

A topological space Xgives a category Open(X). Presheaves on this category are arbitrary
systems of data on open regions.

The presheaf topos
Set”(Open(X)”™op)
is much larger than the sheaf topos
Sh(X).

The presheaf world admits assignments that fail locality or gluing. It remembers data systems
even when they impose artificial global restrictions or distinguish sections that are locally
identical.

The sheaf world is obtained by localization:
Set”(Open(X)”op) — Sh(X).
The topology of Xtherefore plays two roles.
First, it supplies the category of contexts.
Second, it supplies the covering families used to select sheaves.

The presheaf category sees the open sets and inclusions. The sheaf category also sees which
families jointly cover.

Recovering Open Sets from the Topos
Open subsets of a space appear inside its sheaf topos as subobjects of the terminal object.
For a topological space X, each open subset

UucX

determines a subterminal sheaf. Its sections over an open Vindicate whether Vlies inside U, in
the appropriate sheaf-theoretic form.

The collection of subterminal objects in Sh(X) recovers the frame of open subsets of X.
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Thus the topology is internalized into the topos.

The open regions are no longer merely part of the external presentation. They reappear as truth
values and subobjects of the terminal object.

This is one reason a sheaf topos can function as a generalized space. Its internal logic
remembers a lattice of regions.

Locales

A locale is specified by a frame L: a complete lattice in which finite meets distribute over
arbitrary joins.

For a topological space X, the frame of open sets
0(X)
is a locale.

But a locale need not arise from a point-set space. It may have too few points to reconstruct its
frame, or no points in the chosen foundation.

Sheaves on a locale are defined directly from its frame of opens. The resulting category
Sh(L)
is a Grothendieck topos.

Locales separate the concept of topology from the concept of a set of points. They preserve
regions, intersections, unions, and coverings while treating points as secondary.

A locale can therefore be regarded as a point-free space, while its sheaf topos is the full world of
variable sets living over that space.

Spatial Locales

A locale is spatial when it is determined by its points. More precisely, its frame is isomorphic to
the frame of opens of an ordinary topological space.

Not every locale is spatial.
The distinction shows that the passage
X~ 0(X)

can lose information about points while retaining all open-set structure. Conversely, a frame can
exist without enough points to realize it as an ordinary space.
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From the topos-theoretic viewpoint, this is not pathological. The sheaf theory depends primarily
on the frame of opens and its covering relations.

Points are representations of the locale in the two-element truth-value frame, but the locale
may possess more structure than such representations detect.

Point-free topology thus prepares the conceptual ground for point-free topoi.

Sober Spaces

A topological space is sober when every irreducible closed subset has a unique generic point.
For sober spaces, the space can be recovered from its locale of opens.

Many spaces used in geometry are sober, including Hausdorff spaces and spectra of
commutative rings.

The relevance to topoi is that the functor
X+ Sh(X)

behaves especially faithfully on sober spaces. The topos can retain enough information to
reconstruct the original space up to homeomorphism.

But topoi are still more general than sober spaces. Different spaces can have equivalent sheaf
topoi when their locales of opens agree, and many topoi are not localic at all.

The sheaf topos extends the space rather than merely encoding its points.
From Space to Topos
The passage
X = Sh(X)
replaces a space by the category of all sheaves of sets on it.

This transformation adds a large population of variable objects. It remembers not only where
points lie but what can vary continuously or locally over them.

A continuous function, a bundle, a local system, a sheaf of rings, and a local solution space all
become objects in the same ambient world.

The topos also supplies internal logic. Open regions become truth values. Local existence
becomes existential truth. Restriction becomes substitution. Gluing becomes descent.

The topological space is thereby promoted from a collection of points and opens to a universe
of locally varying mathematics.
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This enlargement is one of the deepest meanings of the word topos: the space becomes a place
in which mathematics can occur internally.

From Topos Back to Space
Given a topos E, one may ask whether it arises as sheaves on a locale or topological space.

The subterminal objects of £form a frame. This frame determines a locale, sometimes called
the locale of truth values or opens associated with the topos.

There is then a localic reflection that extracts the most spatial portion of £

But this locale does not generally recover the whole topos. An equivariant topos, for example,
contains symmetry information not visible merely in its subterminal objects.

The localic reflection records the open-region structure while forgetting higher categorical or
groupoidal content.

Thus a topos can contain both spatial and nonspatial information.
The landscape is broader than the terrain of locales.
Presheaf Topoi as Generalized Discrete Spaces

Ordinary sets may be regarded as sheaves on a point. Presheaf topoi may be thought of as
generalized discrete or combinatorial worlds generated by a category of shapes.

This phrase must be handled cautiously. The indexing category can contain nontrivial
morphisms and symmetries, so the resulting world need not be discrete in any ordinary sense.

Still, no nontrivial Grothendieck topology has yet imposed further locality. The representable
contexts remain the basic probes, and every compatible restriction system is admitted.

Presheaf topoi are therefore universal environments before descent localization.

They are often easier to compute with than arbitrary sheaf topoi. Limits and colimits are largely
pointwise. Representables generate the category explicitly. The Yoneda embedding is
immediately available.

For this reason, complicated topoi are frequently studied through presentations as localizations
of presheaf categories.

The Yoneda Landscape
The Yoneda embedding

y:C—-C
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places each context into the presheaf world as its complete relational profile.

The representable yA records all maps into A. A general presheaf is assembled from such
profiles.

The category € may initially contain only a sparse collection of geometric or combinatorial
shapes. The presheaf topos completes this collection under broad categorical constructions.

This resembles passing from a finite alphabet to a language of all admissible expressions.

The representables are basic words or shapes. Colimits combine them. Limits impose
compatibility. Exponentials create internal mapping objects. Subobjects create predicates.

The presheaf topos is therefore generated from the small seed C, but it contains an entire
universe.

Density

The Yoneda embedding is dense. Informally, every presheaf is determined by the representables

mapping into it.
The canonical expression
F = colim_((A,s) € [_CF) yA
shows that Fis assembled from representables indexed by its sections.

Density means that the original category remains sufficiently rich to describe every object of
completed world.

This fact is conceptually important for sites. A small family of sheafified representables can
generate a large Grothendieck topos.

The inhabitants of the world may be complicated, but their behavior is detectable through a
controlled set of probes.

A topos can therefore be vast without being inaccessible.
Nerves of Objects

Given a suitable dense subcategory of probes, an object can be represented by its nerve: the
presheaf of maps from those probes into the object.

This generalizes familiar constructions.

A category has a simplicial nerve whose n-simplices are strings of n composable morphisms.

the
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A topological or geometric object can be examined through maps from standard simplices,
cubes, affine schemes, or other test objects.

The resulting presheaf records how the object appears at every shape.
This is another version of the Yoneda principle:

object w all observations from standard probes.
When the probes are sufficiently rich, the object can be reconstructed.
Topos theory elevates this observational method into a general architecture of worlds.
Spaces as Sheaves on Test Objects
Modern geometry often defines generalized spaces as sheaves on a category of test objects.
A scheme can be viewed through its functor of points:

T - Hom(T, X).

A differentiable space may be examined through maps from open subsets of Euclidean spaces.
A derived or higher space may be represented by a sheaf of spaces on an algebraic site.

The object is no longer defined primarily by listing points. It is defined by how every test object
maps into it.

A sheaf condition ensures that these observations glue across covers of the test objects.
This viewpoint extends Yoneda from ordinary objects to generalized geometric entities.

A generalized space becomes a sheaf satisfying appropriate representability, descent, or
geometricity conditions.

Functors of Points
The functor-of-points method is particularly important in algebraic geometry.
For a scheme X, define
h_X(T) = Hom(T, X).
This is a presheaf on the category of schemes.
The Yoneda lemma implies that X' can be recovered from /A_Xup to isomorphism.

The advantage is that 4 Xcan be compared with other presheaves, including those not
represented by ordinary schemes.
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Moduli problems often produce functors assigning to each test scheme 7T"a set or groupoid of
families over 7. When such a functor is representable, the representing object is a moduli
space.

When it is not representable by an ordinary scheme, it may still define an algebraic space, stack,
or higher stack.

Thus the presheaf and sheaf worlds provide room for geometric objects beyond the original
category of spaces.

Moduli and Automorphisms

A set-valued functor of points can classify objects only when automorphisms and higher
equivalences can be ignored or collapsed.

Many moduli problems involve objects with nontrivial symmetries. An elliptic curve, vector
bundle, or principal bundle may possess automorphisms.

If one records only isomorphism classes, important structure is lost. Families may fail to glue
because the identifications among local objects carry their own coherence.

The correct moduli object is then often groupoid-valued rather than set-valued.
This leads from sheaves to stacks.

A stack assigns a category or groupoid of objects to each context and satisfies descent for
objects and morphisms.

The transition demonstrates a limitation of ordinary topoi: set-valued sheaves treat equality as a
proposition. Moduli theory often requires equivalence with nontrivial automorphisms.

Higher topoi generalize the sheaf framework to precisely this richer setting.
From Sheaves to Stacks

A sheaf assigns sets and glues elements.

A stack assigns groupoids and glues objects up to coherent isomorphism.

On pairwise overlaps, local objects are related by specified isomorphisms. On triple overlaps,
those isomorphisms satisfy a cocycle condition. Morphisms also satisfy their own descent
requirements.

Stacks are therefore categorified sheaves.
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They are essential when local objects do not possess unique identifications. A bundle can have
automorphisms. A geometric structure can admit several equally valid coordinate changes. A
moduli problem can retain stabilizer groups.

The resulting geometry is no longer fully captured by a category of set-valued sheaves.
Nevertheless, the sheaf-topos viewpoint provides the conceptual template:

local objects+compatibility+descent = global object.
Higher versions replace equality by equivalence and add coherence at every level.
Spaces Inside a Topos
A topos can contain internal versions of spaces.
An internal locale in E'is a locale object defined using the internal logic of £.
Its frame of opens is not an external set but an object carrying internal lattice operations.
One can then form sheaves internally over that locale, producing a topos over £.

This allows geometry to be iterated. A world can contain an internal space, and that internal
space can generate another world of sheaves.

For ordinary Set, internal locales are ordinary locales.

For a sheaf topos, an internal locale may vary over the external base space.
For an equivariant topos, it may carry symmetry.

Thus “space” itself becomes relative to the ambient mathematical universe.
Bundles of Locales

An internal locale in a sheaf topos can often be interpreted externally as a bundle-like family of
locales varying over the base.

The opens of the internal locale vary locally and glue coherently.

The associated topos of internal sheaves corresponds to a localic geometric morphism into the
base topos.

This gives a precise relation between internal spaces and maps of topoi.
A localic geometric morphism
E-F

can be viewed as a locale living internally in £ with E'serving as its world of sheaves.

189



The source is therefore a spatial extension of the target, but the space is internal rather than
externally fixed.

This is one of the clearest examples of the self-similar character of topos theory: worlds can
contain spaces whose sheaf worlds become new topoi.

The Terminal Presheaf

In a presheaf category, the terminal object 1 assigns a singleton set to every context:
1(U) = {*}.

Every restriction map is the unique function between singleton sets.

A subobiject of 1 assigns to each context either the singleton or the empty set, with persistence
under restriction.

Such a subobject can be interpreted as a proposition varying across stages.

In a presheaf topos, these propositions correspond to downward-closed or sieve-like patterns of
truth, depending on the indexing category.

This simple object reveals how the logical structure of the world is determined by the geometry
of C.

Even before any nontrivial sheaf topology is imposed, truth can already be contextual.
Constant Presheaves
A set Sdetermines a constant presheaf
AS

that assigns Sto every context and identity maps to every restriction.
The functor

A:Set— C
imports ordinary sets into the presheaf world.

But constant presheaves do not generally account for all internally constant behavior, especially
after passing to sheaves.

In a sheaf topos, sheafification of the constant presheaf may produce a sheaf of locally constant
functions. Global constancy and local constancy can differ.

This distinction shows how the same external set acquires new meaning when placed in
another world.
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The ambient topology determines how constancy is interpreted.
Global Sections of a Presheaf
A global section of a presheaf Fis a natural transformation
1-F

It consists of a choice

s_UeF(U)
for every context U, compatible with every restriction map.
This can be more restrictive than choosing an element at one distinguished stage.

If the indexing category has a terminal object 7, then global sections may correspond to
elements of F(T). But without such an object, a global section is a coherent family distributed
across the entire category.

The definition illustrates again that global existence depends on the architecture of contexts.
A presheaf may have abundant local sections while admitting no globally compatible family.
Exponentials in a Presheaf Topos

The exponential G/Fin a presheaf category is not generally computed by the pointwise
expression

G(U)A(FCU)).
Instead, its value at a context U/can be described through natural transformations:
(GM"F)(U) = Nat(yU X F, G).

A section of the function object over Uis therefore a natural family of maps from Fto G
parameterized by the context U.

This formula is a good illustration of internal functions.

An internal function is not merely a separate function at every stage. The stagewise functions
must be natural under all refinements.

The exponential represents context-dependent transformations that respect the entire presheaf
structure.

Internal Logic of a Presheaf Topos

The internal logic of a presheaf topos can be described through stagewise forcing.
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A statement may hold at a stage U. It must then continue to hold after restriction along every
morphism

V-U
Conjunction holds when both statements hold at the same stage.

Implication holds at &/ when, at every refinement V — U, truth of the antecedent implies truth
of the consequent.

Universal quantification requires a statement to hold for every generalized element at every
refinement.

Existential quantification may require a witness after passing to a suitable local context,
depending on the exact semantics and whether a topology is imposed.

The logic is therefore inherently relational. A proposition is tested not only where it is stated but
across all future refinements.

Kripke—Joyal Semantics

Kripke—Joyal semantics gives a precise external interpretation of internal statements in a sheaf
or presheaf topos.

One writes
Ul
to mean that the formula ¢ is forced or true at stage U.
The rules follow the categorical meaning of the logical operations.

For conjunction,

Ulkp AP
when both
Ul
and
Ul
For implication,
Uk =

when every refinement V — U satisfying @ also satisfies .

192



For existential statements in a sheaf topos, a witness may exist after passing to a cover of U.
These rules make visible what internal reasoning means from the external site presentation.
The World Depends on Its Probes

Two presheaf topoi built from different indexing categories can have very different internal
logics and inhabitants.

The category of probes determines:
¢ which stages exist;
¢ how stages refine one another;
e what symmetries act;
¢ what higher-dimensional shapes are available;
¢ which observations are compatible.

The same external set can become a constant object, an equivariant object, a temporal object,
or a simplicial object depending on the presheaf world into which it is placed.

There is no purely context-free meaning of an internal object.
The ambient topos supplies part of its ontology.
The Presheaf-Sheaf Boundary

Presheaf topoi and sheaf topoi are not disjoint species. Every presheaf topos is a sheaf topos for
the weakest topology.

A general sheaf topos is obtained from a presheaf topos by imposing descent and local
equivalence.

The boundary is therefore controlled by a topology:

C - (localization) Sh(C, ).
This passage changes the rules of identity and existence.
Presheaves that differ only locally may become identified.
Compatible local families acquire global amalgamations.
Truth values become closed under local verification.

The sheaf world is not simply smaller. It is more intensively organized by locality.
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Spaces as Regions of the Topos Landscape

Ordinary spaces, locales, presheaf worlds, and sheaf topoi form overlapping regions of one
mathematical landscape.

A topological space gives a locale.

A locale gives a sheaf topos.

A small category gives a presheaf topos.

A site gives a sheaf topos.

An internal locale gives a localic morphism of topoi.

A category of test objects gives functors of points and generalized spaces.

These passages are not steps in one linear ladder. They form a network of presentations,
completions, reflections, and internalizations.

The concept of space expands at each stage.

A space can be a set of points with opens.

It can be a frame of regions without enough points.

It can be a site of probes and covers.

It can be a whole category of sheaves.

It can be an internal locale living inside another topos.
The word space becomes progressively structural.
Toward Relative Worlds

Presheaves and sheaves describe objects varying over contexts. There is another way to make
variation central.

Given an object Xin a topos £, one can form the slice category
E/X.
Its objects are objects of £ equipped with maps into X.
This slice is itself a topos. It is the world of objects varying over the base X.
In Set, the slice Set/X is equivalent to the category of X-indexed families of sets.

In a sheaf topos, the slice describes locally varying families over an internal object.
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In geometric language, it is a world relative to X.

The next chapter examines this construction in detail. It shows that relativity is not an optional
philosophical interpretation of topos theory. It is encoded categorically in the fact that every
object generates another topos.
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Chapter 11
Slice Topoi

A topos is already a mathematical world, but it is not a world with only one perspective. Every
object inside it can become a new base of reference. Once an object X'is chosen, the slice
category

E/X
forms another topos whose objects are the objects of £E'varying over X.

This construction makes relativity intrinsic. It does not merely say that mathematical structures
can be considered with parameters. It creates a complete mathematical world in which those
parameters have become part of the background context.

In Set, the slice category
Set/X
is equivalent to the category of families of sets indexed by the elements of X. A function
p:A—-X
assigns to each x € X a fiber
A x =p"-1(x).

The total set A packages all of these fibers into one object. A morphism over Xis a function that
maps each fiber into the corresponding fiber.

The same construction works inside any elementary topos. The fibers may no longer be ordinary
sets, and the base Xmay have few or no global elements. Nevertheless, the slice E/X behaves
as the world of objects dependent on a generalized element of X.

The passage
E - E/X

is therefore one of the central bridges among set theory, geometry, categorical logic, and
dependent type theory.

Objects Over a Base

An object of the slice category E/X is a morphism
p:A-X

in £
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It is useful to think of A as a total object and Xas a base. The morphism ptells us where each
part of A4 lies over X.

In Set, pis an ordinary function. For every x € X, its fiber is
Ax={a€eA|p(a)=x}
The object A — X is therefore equivalent to the indexed family
(Ax)_(xeX).
Conversely, given a family (A_x)_(x € X), one forms its total space
Y (xeX)Ax
with projection
Y xeX)Ax—-X
Thus there is a close correspondence:
object over X «<— family indexed by X

The slice category generalizes indexed families without requiring the indices to be externally
enumerable elements.

Morphisms in a Slice
Suppose

p:A-X
and

qg:B—-X
are objects of E/X.

A morphism from pto gin the slice is a morphism

f:A-B
in E'such that
qef=p.
The triangle
[A --f= B; \p lq; X]
commutes.
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In Set, this condition means that fpreserves the index:
f(A_x) € B_x
for every x € X.
A morphism over Xis therefore an indexed family of functions
fx:Ax-Bx

The slice category does not allow a point in the fiber over xto be sent into the fiber over a
different point y. The base coordinate is fixed.

This is the categorical form of a parameter-preserving transformation.
The Terminal Object in the Slice
The terminal object of E/X is the identity morphism

idX:X-X.
For every object

p:A-X,

there is exactly one morphism in the slice from pto id_X, namely pitself.
Thus the base object becomes terminal in its own relative world.

This has an important internal interpretation. In the slice E/X, the object Xis no longer merely
one object among others. It is part of the ambient context.

One can think of the slice as the world obtained by adjoining a generic element of X.
Externally, we have chosen the object X.
Internally to E/X, one reasons as though an element
x: X
has been placed in the context.

The word generic matters. This is not one externally selected global point of X. The element may
vary over all possible stages. It is a universal parameter rather than a fixed value.

The Initial Object
If £has an initial object 0, then the initial object of E/X is the unique morphism

0-X.
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This object represents the empty family over X.
At every point or stage of the base, the corresponding fiber is empty.

Thus the most elementary set-like objects of the slice are inherited from the ambient topos but
interpreted relatively.

Products in the Slice

Products in E/X are formed by pullbacks.

Given
p:A—-X
and
q:B-X
their product in the slice is
AX XB-X

The underlying object A X_X B is the pullback
[AXXB—-B;llqg;A--p—X]
In Set, its fiber over xis
(AXxXB)x=AxXB.x.
Thus the slice product is computed fiberwise.

The distinction between the ordinary product A X B and the relative product A X_X B is
essential. The ordinary product pairs arbitrary elements of 4 and 5. The fiber product pairs only
those lying over the same base point.

Relative compatibility replaces unrestricted combination.
Equalizers and Finite Limits
Finite limits in E/X are inherited from E:
Suppose two morphisms over Xare given:
f,g: A— B.

Their equalizer in £maps naturally to X, and this produces the equalizer in the slice.
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More generally, a finite diagram in E/X may be regarded as a diagram in £'equipped with
compatible maps to X Its limit in Finherits a map to X.

Thus if £'has finite limits, then so does E/X.

The logical interpretation follows immediately. A relative world can still impose equations, form
conjunctions, take intersections, and substitute parameters.

Finite-limit structure is stable under passage to a context.
Exponentials in the Slice
If E'is a topos, then E/Xis Cartesian closed.
Given objects
A-X
and
B-X,
there is an exponential object in the slice, often written
B X*"A - X.
Its fiber over a point xbehaves like the function object
B_x"(A_X).
A section of this relative exponential is an X-indexed family of functions
A x- B x
The universal property is expressed in the slice:
Hom_(E/X)(Y x_X A, B) = Hom_(E/X) (Y, B_X"A).
Thus the slice contains internal functions that preserve the base parameter.

This is the categorical form of dependent function spaces in the special case where the domain
and codomain are families over the same base.

The Subobiject Classifier in a Slice
The slice category E/X also has a subobject classifier.
One convenient description is obtained by pulling the ambient classifier back over X. The object

OAxX->X
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serves as the classifier in the slice, with the appropriate truth morphism.

A subobject

over Xis classified by a morphism over X
A-QxX
Equivalently, it corresponds to an ambient characteristic map
A-Q

together with the fixed projection to X.

Predicates in the slice are therefore predicates depending on the base parameter.

The logical world over X'has its own truth-value object, but that object is inherited from the

ambient topos and relativized to X.
Every Slice of a Topos Is a Topos
We can now summarize the structural result.
If £'is an elementary topos and Xis an object of £, then
E/X

is again an elementary topos.
It has:

o finite limits;

¢ relative exponentials;

¢ arelative subobject classifier.
If Fis a Grothendieck topos, then E/X is also a Grothendieck topos.
Thus every object in a topos generates another complete set-like world.
This is one of the most striking forms of self-similarity in the subject.
A topos contains objects.
Each object determines a slice.

Each slice contains objects of its own.
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Those objects determine further slices.

The result is not one world but a hierarchy of relative worlds nested within one another.

Indexed Families in Set

The case
Set/X
makes the construction concrete.
Let
p:A—-X
For each x € X, define
A x =p"-1(x).

Then
A=) (xeX)Ax.
A morphism over X,
f: A - B,

is equivalent to a family

(fx: A x- B_x)_(x€X).

Products are fiberwise:

(AXXB)x=AxXB._x.

Coproducts are also fiberwise:

(AuXB)x=AxUB.x

Relative exponentials are fiberwise:

(B_X"A)_x = B_x"(A_X).

Thus the entire set-like architecture of the slice is calculated independently at each index.

The slice category is the natural categorical home of indexed mathematics.
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Families Without External Points

The preceding fiberwise description uses elements x € X. In a general topos, X may have no
global points.

The family interpretation still survives, but fibers must be taken relative to generalized
elements.

Given
x:U—-X,
the pullback
xMA=UXXA
is the fiber of A over the generalized element x.
It is not necessarily an object over the terminal context. It is an object over U.

Thus the correct replacement for the ordinary family (A_x)_(x € X) is a coherent system of
fibers over every generalized element

U-X

The family varies not merely point by point but context by context.
This is the same transition encountered in sheaf theory: global points are replaced by stages of
definition.
Pullback as Reindexing
Every morphism

f.Y->X
induces a pullback functor

frA* E/X - E/Y.

Given an object

p:A-X,
its pullback along fis

YX XA-Y.

In indexed-language terms, an X-indexed family is reindexed along fto become a Y-indexed
family.
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In Set, the fiber of the pulled-back family overy € Y is
(f**A)y = A_(f(y)).

Thus reindexing substitutes f(y) for the original parameter x.
This is the categorical form of substitution in dependent type theory.
A type depending on x: X,

x: X F A(x) type,
can be reindexed along a term

yv:Y Hf(y): X
to produce
y: Y - A(f(y)) type.

Pullback and substitution are the same structural operation viewed geometrically and logically.
Dependent Sums
The pullback functor

fr* E/X—->E/Y
has a left adjoint

I fE/Y-E/X
Thus

D
The functor 2 fis the dependent sum along £
Given
p:A-Y,

the object £_f(A) is obtained by composing:

A-p-Y--f-X

The total family is now regarded as indexed by X, with all fibers over points of Ylying above the
same point of Xgathered together.

In Set, if x € X, then
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(ZfA) x=Y (yef*1(x)) ALy.
The dependent sum combines the fibers indexed by the elements of the fiber of £
At the propositional level, 2 fbecomes existential quantification.
If A_yrepresents evidence for a proposition P(y), then

I fA
represents the existence of a yover the given xtogether with evidence for P(y).
Dependent Products
In a topos, the pullback functor also has a right adjoint
[ILf:E/Y - E/X
Thus
fA* 4 111

The functor /7 fis the dependent product along £
In Set, its fiber at x € X is

(M_fA) x=]](yef*1(x)) A_y.
An element of this fiber is a choice of one element of A_yfor every ylying above x.
At the propositional level, 71 fbecomes universal quantification.
If A yrepresents the proposition P(y), then

[L_fA
represents the assertion that P(y) holds for every yover the given x.
The three functors form the fundamental adjoint chain
LA H4TILE

This chain organizes dependent sums, substitution, and dependent products.
Local Cartesian Closure
A category is locally Cartesian closed when every slice category is Cartesian closed.

Every elementary topos is locally Cartesian closed.
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This property is stronger than ordinary Cartesian closure. Ordinary Cartesian closure provides
function objects

B*A

for fixed objects 4 and B. Local Cartesian closure provides dependent function objects in every
slice.

This is precisely the structure required to interpret dependent function types.

Given a family

A-X
and another family
B oA,
one may form the dependent product
[ILAB-X.
Its fiber over xbehaves like
[[.(a € Ax)B_a.

Thus local Cartesian closure is the categorical architecture of dependent functions.
Topos theory and dependent type theory meet directly at this point.
Context Extension
In dependent type theory, a context can be extended by a dependent type.
Starting with a context
x: X,
suppose a type A(x) depends on x. The extended context is
x: X, a: A(x).

Categorically, A(x) is represented by an object

p:A—-X
The extended context is represented by the total object A.
The projection

p:A—-X
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forgets the new variable g and returns to the original context.
Thus every object of the slice E/X can be read as a context extension over X.
A morphism into 4 over Xis a term of the dependent type.

The slice construction is therefore not merely analogous to dependent syntax. It supplies its
basic categorical semantics.

Sections as Dependent Terms

Let
p:A-X
represent a dependent type A(x).
A section of pis a morphism
s:X—-A
such that
pes=idX

In type-theoretic notation, this is a dependent term
x: X Fs(x): A(x).

For every x, the section selects an element of the corresponding fiber A x, and the selection
varies coherently with x.

Thus:
dependent type <= object over a context dependent term «= section

This correspondence is one of the foundational bridges between category theory and type
theory.

Propositions as Subobjects Over a Context
A proposition depending on x: X is represented by a subobject
P-X
The monomorphism identifies the region of the context where the proposition holds.
A proof of P(x) throughout the context is a section

X->P
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Because P — X is monic, such a section expresses that the predicate holds everywhere.

Existential and universal quantification along a map are then represented by the dependent
sum and product operations on these subobjects.

The entire first-order intuitionistic logic of the topos can be organized through its slices.
Logic is not merely contained in one global subobject lattice. It varies over every context.
Slice Topoi and Bundles
In geometry, an object over a base often behaves like a bundle.
A vector bundle is a space Vequipped with a projection

V-X
whose fibers are vector spaces and which is locally trivial.

A covering space is a map

with discrete local fibers.

A fiber bundle, sheaf, family of varieties, or family of algebraic structures can all be understood
as objects over a base, with additional conditions.

The slice category contains every map to X, not only those satisfying local triviality. It is
therefore a broad ambient world in which bundle-like objects can be studied.

The slice topos turns the geometry over Xinto a self-contained universe.
The Etale Connection
For a sheaf topos, slice topoi are closely related to étale spaces.

Let E = Sh(X), and let 4 be a sheaf on X. Under the equivalence between sheaves and étale
spaces, A corresponds to an étale map

p:Y—->X.
There is then an equivalence, under the usual hypotheses,
Sh(X)/A = Sh(Y).
The slice over the sheaf A s itself the sheaf topos of the associated étale space.

This result gives a spatial interpretation of slicing. Passing to E/A means entering the world lying
over the generalized space represented by A.
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An internal object generates an external geometric extension.
Etale Geometric Morphisms
The canonical geometric morphism
E/X—>E

associated with a slice is an étale geometric morphism.
Its inverse-image functor is

A AXX-X
The source world is locally discrete over the target in the appropriate topos-theoretic sense.
In ordinary topology, a local homeomorphism

Y—->X

gives an étale geometric morphism

Sh(Y) - Sh(X).
Slice topoi generalize this construction internally.
Every object of a topos therefore determines an étale extension of that topos.
Variable Objects Inside Variable Worlds
Suppose E = Sh(S) is a sheaf topos on a space 5, and let

X€eE
be a sheaf.
The slice
E/X

contains objects varying over X, but Xis already varying over S.
Thus the objects of the slice are variable objects over a variable base inside a variable world.
This nested dependence is not exceptional. It is the normal condition of relative geometry.

A family of algebraic varieties may vary over a parameter scheme. A bundle may vary over a
space that itself varies in another family. A logical structure may depend on parameters that are
only locally defined.
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The slice formalism keeps these layers coherent without reducing them prematurely to one
global set of indices.

Iterated Slices
Slicing can be repeated.
Suppose

p:A-X
is an object of E/X. One may form the slice

(E/X)/p.
This is equivalent to the original slice

E/A.

The equivalence expresses a simple but important fact: entering the world over Xand then
entering the world over A = X is the same as entering the world over the total object 4.

Context extension is associative.

In type-theoretic language, extending a context by x: X and then by a: A(x) produces the
combined context represented by A.

The categorical identity of iterated slices guarantees coherence of nested dependence.
Base Change Squares
Consider a pullback square
[Y --g'-> Y, If If; X' --g—> X]

The associated reindexing and dependent-sum functors satisfy compatibility relations.
One form is the Beck—Chevalley isomorphism:

g X f=% (f')g'™*
Under suitable conditions, dependent products satisfy a corresponding relation:

gMILf=TI_(f") g'M*-.

These identities say that quantifying and then changing context agrees with first changing
context and then quantifying over the pulled-back family.

They are categorical expressions of substitution rules for dependent quantifiers.
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Without such coherence, the internal language would depend on arbitrary choices of
decomposition.

Frobenius Reciprocity
Dependent sums also satisfy a compatibility with products known as Frobenius reciprocity.
In a suitable form,

X f(Axf*"*B)=Z_f(A) XB.

The formula says that a parameter imported from the base can be moved outside a dependent
sum.

At the propositional level, it corresponds to a familiar logical principle:
Ay [P AQ =@y P()AQ
when @ does not depend on y.

This is another example of logic emerging from the interaction of pullback, products, and
adjunctions in slice categories.

Slice Topoi and Internal Logic

The internal logic of E/X can be interpreted as the internal logic of £'with a generic parameter
x: X

adjoined.

A closed proposition in the slice corresponds to a proposition in £depending on x.

An object of the slice corresponds to a type depending on x.

A global element in the slice corresponds to a term defined uniformly for generic x.

This interpretation makes slices a formal version of reasoning “under an assumption” or “with a
parameter.”

The parameter is not chosen externally. It remains generic, so conclusions obtained in the slice
are stable under substitution of any generalized element of X.

A Generic Element
The identity object

1dX: X—-X
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is terminal in E/X. From the internal viewpoint of the slice, it carries a canonical generic
element of X.

Externally, this generic element can be represented by the diagonal section
X->XXxX
over X, depending on the chosen formulation.

The generic element has the property that every actual or generalized element of Xarises by
pulling it back along an appropriate morphism.

Thus reasoning in E/X is reasoning about an arbitrary element of Xin a universal way.
The familiar mathematical phrase “let x € X be arbitrary” receives a categorical realization.
Fibers as Pullbacks to Points

If a global point

x:1-X
exists, then there is a pullback functor
x*: E/X - E.
Applied to
A-X,
it produces the fiber
Ax=1XxXA.

In Set, this is the ordinary fiber over x.

In a sheaf topos, it is the internal fiber over a global section of X.

But many objects X have no global points. One must then use generalized points
x:U->X,

producing fibers in E/U.

The absence of global points does not eliminate fibers. It relativizes them.

Slice Topoi and Local Truth

Suppose P — X is a subobject, representing a predicate P(x).

Inside E/X, this becomes a closed proposition.
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Its truth is no longer evaluated globally over all of £ It is evaluated in the generic context x: X.

A section

means that P(x) holds for every x.
A local section after pulling back along a cover means that Pholds locally over the base.

Thus the slice packages contextual propositions as ordinary internal propositions of a relative
world.

This is one reason topoi are so effective as semantic environments. Dependence can always be
absorbed into a change of ambient category.

The World of Families Over a Space
Let X'be an ordinary topological space. The slice
Top/X
contains all spaces mapping to X, but it is not generally a topos.
By contrast,
Sh(X)
is a topos, and its slices are again topoi.

This distinction shows that topos theory provides better categorical stability than the category
of spaces itself.

In a topos, relative worlds retain finite limits, exponentials, subobject classifiers, and internal
logic.

The passage to objects over a base does not leave the class of topoi.

This stability is one reason topoi can serve as generalized spaces more effectively than many
ordinary categories of spaces.

Slice Topoi and Base-Relative Mathematics

Many mathematical constructions are naturally relative to a base.
A module may be defined over a varying ring.

A vector bundle may vary over a scheme.

A family of curves may be parameterized by a moduli space.
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A logical model may vary over a context.

A homotopy type may vary over another type.

A probability distribution may be conditioned on a parameter.

The slice formalism places all such constructions in a single conceptual framework:
object relative to X = object in E/X.

The meaning of a structure is not only determined by its operations and axioms. It is also
determined by the world and base over which it lives.

Internal Categories in a Slice
One may define internal groups, rings, categories, and other structures inside E/X.
An internal group in the slice is a family of groups varying over X.

Its multiplication is a morphism over X:

GxXG-G.
Its identity is a section
X-G.
Its inverse is a morphism
G-G

over X.
The group laws hold fiberwise and internally.
Likewise, an internal category in E/X is a family of categories varying over X.
The slice world therefore supports its own abstract algebra, logic, and geometry.
Change of Base
Given
f: Y- X

the functor

fr* E/X->E/Y

is called change of base.
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An X-indexed structure is transported to a Y-indexed structure by substituting f(y) for x.
This operation is central throughout geometry.
A bundle over Xcan be pulled back to Y.
A family of schemes over X'can be base-changed to Y.
A module over a ring object parameterized by Xcan be transported.
A logical theory interpreted over Xcan be reinterpreted over Y.
The same categorical operation supports all these readings.
Descent Along a Base Map
Pullback asks how an object over Xappears over Y. Descent asks the reverse question:
When does an object over Y, equipped with compatibility data, come from an object over X?
Suppose
f.Y->X
behaves like a cover.
An object over X'pulls back to an object over Y. Pulling again to
Yx XY
gives two copies that are canonically related.

Conversely, an object over Yequipped with an isomorphism between its two pullbacks to Y x_X
Y, satisfying a cocycle condition over the triple fiber product, may descend to X.

This is descent theory expressed through slices.

The local-to-global problem is therefore a problem about reconstructing objects across change-
of-base functors.

Effective Descent Morphisms
A morphism
f:Y-X

is an effective descent morphism for a chosen class of objects when objects over Xcan be
reconstructed exactly from objects over Ycarrying suitable descent data.

In a Grothendieck topos, epimorphisms have strong descent properties.
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This reflects the local nature of the world. A jointly covering family can be combined into an
epimorphism, and objects can be glued along the resulting equivalence relation.

Effective descent is the object-level generalization of the ordinary sheaf condition.
A sheaf glues elements.
Descent glues objects.

Stacks and higher stacks extend the process to objects with nontrivial automorphisms and
higher coherence.

Slices and Classifying Problems

Some classification problems can be expressed through slices.

An object Xmay classify a family of structures, so that a map
Y->X

corresponds to a structure over Y.

The slice E/X then becomes the world of objects equipped with a map to the classifier.

This is analogous to a universal bundle over a classifying space. Pulling the universal object back

along a map produces the classified family.

Not every classifying problem is represented by an ordinary object; some require a classifying

topos, stack, or higher object. But slices illustrate the simplest and most direct form.
A classifier turns variation into geometry.
The Relative View of Set
The category Set often appears absolute, but slices reveal its latent relativity.
For every set X, the category
Set/X
is another set-like world.
Its “sets” are families indexed by X.
Its “functions” are index-preserving families of functions.
Its truth values are predicates depending on x € X.

Its products and exponentials are computed fiberwise.
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From the external viewpoint, these are dependent constructions inside Set.
From the internal viewpoint of the slice, they are ordinary constructions.
Dependence becomes ordinary by changing the universe.
This principle remains valid in far more general topoi.
Relative Versus Absolute Objects
An object can be absolute in one world and relative in another.
The morphism
A-X
is a relative object in £, but an ordinary object in E/X.
A section of this map is a relative term in £, but a global element in the slice.
A predicate depending on xin E'is a closed proposition in E/X.

The distinction between absolute and relative is therefore not fixed. It depends on the ambient
category.

Topos theory makes this dependence explicit and mathematically manageable.
The Philosophical Shift

Slice topoi undermine the idea that a mathematical universe must possess one fixed, absolute
background.

Every object can become a base.

Every base determines a new world.

Every change of base transports objects, predicates, and proofs.

What appears as variation from one perspective appears as ordinary existence from another.

This does not make mathematics subjective. The transitions are governed by exact functors,
pullbacks, adjunctions, and coherence laws.

Relativity here is structural rather than arbitrary.
The Landscape Interpretation

In the visual landscape of topoi, slices should not be drawn as one higher evolutionary stage
above elementary or Grothendieck topoi.
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They form a belt of relative worlds surrounding every topos.

For every point Xin the landscape of objects, there is a nearby world
E/X.

Arrows among bases induce passages among these worlds.

A slice is therefore better represented as a local chamber or fiber of the landscape than as a
descendant in a single vertical tree.

This is one of the reasons the figures in this book require multiple arrow types. Slicing is a
construction, not an axiomatic strengthening.

From Slices to Subtopoi

A slice topos E/Xis built by choosing an object and treating it as a base. A subtopos arises
differently.

Instead of changing the base, a subtopos changes which distinctions and truth values are
admitted inside the world.

A Lawvere-Tierney topology
jQ-Q

acts internally on truth values. It determines a class of sheaves inside £'and therefore a
reflective subworld.

The passage

E - Sh_j(E)
is not a family over an object. It is a localization of the entire world.
Slice topoi express relativity to a parameter.

Subtopoi express restriction by a modality or topology.

The next chapter examines this second mechanism by which one topos can generate another.
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Chapter 12
Lawvere-Tierney Topologies and Subtopoi

A slice topos changes the world by selecting an object and treating it as a base. A subtopos
changes the world in another way. It keeps the ambient topos in view but alters which objects
count as fully local, which distinctions count as observable, and which truth values are accepted
as stable.

The mechanism is an internal topology.
In an elementary topos E, the subobject classifier
Q
contains the internal truth values of the world. A Lawvere—Tierney topology is a morphism
jtQ-Q
satisfying axioms analogous to closure, truth preservation, and compatibility with conjunction.
From J, one obtains a full reflective subcategory
Sh_j(E)

whose objects are called jsheaves. Under standard conditions, this category is itself a topos and
its inclusion into £'is a geometric embedding.

Thus an internal operation on truth values determines an entire mathematical subworld.
This is a remarkable compression. A single morphism
i Q-0
can encode a notion of locality for every object and every predicate in the topos.
From External Covers to Internal Topology

For a site (C, ]), locality is specified externally. One declares which sieves or families cover each
object of €, and then defines sheaves by descent.

A Lawvere-Tierney topology expresses the corresponding idea internally, after the topos has
already been formed.

Instead of beginning with a category of probes and a covering relation, one begins with the
truth-value object (2. The morphism jmodifies truth values so that some propositions become
accepted after local closure.

The relation between the two approaches is close.
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A Grothendieck topology /on a small category Cdetermines a Lawvere—Tierney topology on the

presheaf topos

Set*(C"op).

The j-sheaves for that internal topology are precisely the ordinary J/sheaves:

Sh_j(Set*(C*op)) = Sh(C, ).

The external site language and the internal truth-value language therefore describe the same

localization from different sides.
The Axioms
A Lawvere-Tierney topology is a morphism
j: Q-0
satisfying three standard conditions.
First, truth is preserved:
j o true = true.
Second, jis idempotent:
joj=1.
Third, j preserves binary conjunction:
j(e Aq) =j(p) Aj(a).
Equivalently, the corresponding diagram involving
A XQ- 0
commutes.
These axioms make jresemble a closure operator on truth values.

Truth remains true.

Applying the topology twice does nothing more than applying it once.

The closure of a conjunction is the conjunction of the closures.

There are formulations in which inflationarity,

p <j(p),
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is made explicit or derived from the other conditions under the relevant internal order

structure.

The essential idea is that jenlarges the region on which a proposition is regarded as valid.

Closure of Propositions
Let
P—A
be a subobject with characteristic morphism
x P:A- Q.
Applying jgives a new characteristic morphism
jox P:A- Q.

This classifies another subobject of A, written schematically as

bar(P)*(j) = A.
It is the j-closure of P.
The original predicate implies its closure:

P < bar(P)"(j).

The closure is idempotent:

bar(bar(P)"(j))"(j) = bar(P)*(j).

It is stable under pullback. If

f:B—- A,

then the j-closure of the pulled-back predicate agrees with the pullback of the j-closure:
bar(f** P)*(j) = f**(bar(P)"(j)).

This stability is crucial. The notion of local truth behaves coherently under substitution and

change of context.
Dense Subobjects
A monomorphism
m: A— B

is j-dense when its j-closure is all of 5.
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Equivalently, if x_m: B — ) classifies the subobject, then
jox.m=trueo!,
where
LB->1
is the unique morphism.
Internally, a dense subobject is one that becomes true everywhere after applying the topology.

In a topological interpretation, this resembles an ordinary dense open subset. A proposition
may not hold everywhere directly, but it may hold on a region whose closure is the whole
context.

A J-sheaf will be unable to distinguish a dense subobject from the whole object in a certain
precise sense.

The topology therefore determines which partial presentations count as locally complete.
Separated Objects

An object Xof E'is j-separated when maps into Xare determined by their restriction along every
J-dense monomorphism.

Suppose

m: A— B
is j-dense and

fg:B—=X
satisfy

fom=gom.
If Xis j-separated, then
f=g.

Thus local agreement on a dense part forces global equality.
This is the generalized uniqueness half of the sheaf condition.

In ordinary sheaf theory, a separated presheaf is one in which sections agreeing on a cover are
equal. The Lawvere-Tierney formulation replaces covering families by dense monomorphisms
internal to the ambient topos.

222



Separatedness says that the object does not contain distinctions invisible to the chosen
topology.

Sheaves

An object Xis a j-sheaf when every map from a dense subobject extends uniquely across the
containing object.

If
m: A— B
is j-dense and
fA-X
is given, then there exists a unique morphism
bar(f):B—- X
such that
bar(f) em =f.
This is the internal extension property defining a j-sheaf.
Separatedness supplies unigueness.
The sheaf property adds existence.

The analogy with ordinary sheaf gluing is direct. A dense local presentation of data determines
one unique global object.

But the definition no longer refers to open covers, sites, or explicit restriction maps. The entire
notion has been internalized into the topology /.

The Sheafification Reflection
The full subcategory of fsheaves is written
Sh_j(E).
Its inclusion
i: Sh_j(E) - E
has a left adjoint

a_j: E - Sh_j(E),
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called j-sheafification:
aj-i
For every object X, there is a unit morphism
n_X: X - i(ajX)).

The object a_j(X) is the closest j-sheaf approximation to X.

Every morphism from Xinto a j-sheaf factors uniquely through X

The reflector a_jpreserves finite limits. Therefore Sh_j(E) is not merely a reflective subcategory

but a left exact reflective subcategory.
This left exactness is what makes the subcategory another topos.
A Subtopos
A subtopos of E'is represented by a geometric embedding
i:F->E.
The direct-image functor
i*F-E
is fully faithful, so #can be identified with a full subcategory of E.
The inverse-image functor
i"E->F
is a left exact reflector.
Every Lawvere—Tierney topology determines such a subtopos:

Sh_j(E) - E.

Conversely, under the standard correspondence, every subtopos determines a Lawvere—Tierney

topology.

Thus there is a deep equivalence among:

Lawvere-Tierney topologies, left exact reflective localizations, subtopoi.

An internal closure operation on truth values, a reflective subcategory of objects, and a

geometric subworld are three descriptions of one structure.

224



Why “Subtopos” Is More Than “Subcategory”

A subcategory may be chosen for almost any reason. One might select finite objects, connected
objects, or objects satisfying a preferred property.

A subtopos is much more rigid.

Its inclusion must be the direct-image part of a geometric embedding.

It must carry its own topos structure.

Its reflector must preserve finite limits.

It must correspond to a coherent transformation of truth and locality in the ambient world.

Thus a subtopos is not merely a collection of selected inhabitants. It is a mathematical world
contained inside another world in a way compatible with geometry and logic.

The inclusion preserves the objects as seen from the larger topos, while the reflector changes
every ambient object into the form visible within the subworld.

Modalities
The composite
i*i**:*E—->E
is an idempotent endofunctor associated with the subtopos.
In type-theoretic and logical language, such an operation behaves like a modality.
An object Xis transformed into its modal reflection.
Applying the modality twice changes nothing further.
The modal objects are precisely those lying in the image of the subtopos.
At the propositional level, the modality acts through
j: Q= Q.

Thus Lawvere—Tierney topologies can be understood as logical modalities internal to a topos.
A proposition Pmay be sent to a modal proposition j(P), read informally as:

e Pholds locally;

e Pholds after closure;

e Pistrue according to the chosen mode of observation;
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e Pisforced by the topology.
The exact reading depends on the topology.
The Identity Topology

The simplest Lawvere-Tierney topology is the identity:

j =1d_Q.
Then no truth value is changed.
Every object is already a j-sheaf.
The associated subtopos is all of £
Sh_id(E) =E.

This is the weakest possible localization. No distinctions are erased and no new local
equivalences are imposed.

It corresponds to retaining the ambient world exactly as it is.
The Maximal Topology
At the opposite extreme is the topology sending every truth value to true:
j(p) = true.
Subject to the relevant conventions, this produces the strongest possible closure.
Every subobject becomes dense.

The associated sheaf category is correspondingly very small and may collapse toward a
degenerate subworld.

The precise behavior depends on the ambient topos and foundational assumptions, but the
conceptual point is clear.

A stronger topology accepts more propositions after closure and therefore identifies more
distinctions as locally irrelevant.

The lattice of topologies ranges from no localization to maximal localization.
Ordering Topologies
Lawvere—Tierney topologies on £form a partially ordered collection.

One writes
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when, internally,

j(p) =k(p)
for every truth value p.
If kis stronger than j, then kcloses more propositions.
The relation between topologies reverses the relation between their sheaf categories:

j<k
generally corresponds to
Sh_k(E) < Sh_j(E).

A stronger topology imposes more sheaf conditions and admits fewer objects.
This is the same pattern seen for Grothendieck topologies on a fixed site.
More covers produce fewer sheaves.
More closure produces a smaller subworld.
The Lattice of Subtopoi
The subtopoi of a topos form a rich lattice-like structure.

One can take intersections or meets of subtopoi, corresponding to imposing several
localizations simultaneously.

One can form joins, corresponding to the smallest subtopos containing several given subtopoi.

The exact construction of these operations is more subtle than ordinary set-theoretic union and
intersection, but the order structure is fundamental.

A topos therefore does not contain merely a few isolated subworlds. It contains an organized
space of possible localizations.

Each subtopos represents a different answer to the question:
Which distinctions and truth values should this world recognize?

The internal logical landscape of one topos can be as rich as the external landscape of many
topoi.
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Open Subtopoi
Let

U->1
be a subterminal object of £. It may be interpreted as an internal open region or proposition.
The corresponding open subtopos is closely related to the slice

E/U.
For sheaves on a topological space X, an open subset

UucX
determines the familiar embedding

Sh(U) - Sh(X).

Internally, the topology associated with the open subtopos has a modal form related to
implication from U

ji_,U(P) = (U= P).

The exact categorical expression must be interpreted in the internal Heyting algebra of truth
values.

The intuition is that a proposition is accepted when it holds throughout the chosen open region.

Entering an open subtopos means restricting the mathematical world to a region where Uis
true.

Closed Subtopoi
A subterminal object also determines a complementary closed-style construction.

For an ordinary closed subset

there is a geometric embedding
Sh(Z) - Sh(X).

In an arbitrary topos, closed subtopoi can be described through Lawvere-Tierney topologies of
a corresponding form.

Open and closed subtopoi generalize the familiar decomposition of a space into regions.
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But the internal logical form is more flexible. A subtopos need not arise from an ordinary open
or closed subset. It may reflect a modality with no simple point-set interpretation.

Thus open and closed subtopoi are important examples, not the entire theory.
Double-Negation Topology
One of the most important Lawvere—Tierney topologies is double negation:
j(P) = =P
The associated subtopos is called the double-negation subtopos.
Inside it, double-negation-stable propositions become the relevant truth values.
The resulting internal logic is Boolean under standard conditions.
Thus every topos has a canonical route toward a Boolean subtopos:
E — Sh_(==)(E).

This process does not necessarily turn the whole ambient topos into Set or preserve all of its
original objects. It localizes the world so that classical propositional logic becomes valid
internally.

The double-negation topology therefore provides a categorical form of Booleanization.
Booleanization

The double-negation subtopos is often called the Booleanization of E.

It is, in an appropriate sense, the largest dense Boolean subtopos of £.

The word “dense” indicates that the embedding does not simply select an isolated region. It
reflects a subworld whose local truth is spread throughout the ambient world according to the
double-negation modality.

Booleanization shows that classical logic can be extracted from an intuitionistic world by
localization.

This is conceptually different from imposing excluded middle externally as a global axiom.
Instead, one passes to a reflective subworld in which the relevant truth values satisfy Boolean
laws.

Logic becomes geometry: classical reasoning corresponds to inhabiting a particular subtopos.
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Dense Topologies

A Lawvere-Tierney topology is called dense when it does not make falsity true:
j(false) = false.

The double-negation topology is dense.

Dense subtopoi preserve a strong relation to the ambient world. They do not collapse the world
by declaring contradiction locally valid.

Dense embeddings often retain much of the ambient structure while modifying the
interpretation of truth.

The concept generalizes the intuition of a dense subset of a space: the subworld may not
contain every point or object directly, yet it is locally present everywhere according to the
topology.

De Morgan Topologies
Between intuitionistic and Boolean logic lies De Morgan logic.
A De Morgan topos satisfies an internal form of

=PV —=P.

One can associate a De Morgan topology to a topos, producing a subtopos in which De
Morgan’s law holds.

This shows that logical principles can correspond to canonical localizations.

There is not merely a binary choice between intuitionistic and classical logic. The topos may
contain a spectrum of subworlds supporting different intermediate logical laws.

The lattice of subtopoi can therefore be read as a landscape of internal logics.
Local Operators

Lawvere—Tierney topologies are also called local operators.

The name emphasizes their role in defining local truth and sheafification.

A local operator acts on propositions, but its consequences extend to all objects.

From J, one derives dense monomorphisms, separated objects, sheaves, closure operators, and
a geometric embedding.
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The terminology also distinguishes the internal construction from an external Grothendieck
topology on a site.

Yet the two are manifestations of the same principle. A Grothendieck topology says which
covering families establish local truth. A local operator says how truth values are closed under
that locality.

Universal Closure Operators
A Lawvere-Tierney topology determines a closure operation on every subobject lattice
Sub(A).
The closure is universal in the sense that it is natural under pullback.
For every morphism
fiB—>A
and subobject P — A,
fr*(bar(P)"(j)) = bar(f** P)*()).

A family of closure operators on all subobjects, satisfying suitable axioms and pullback stability,
can conversely determine a Lawvere—Tierney topology.

Thus another equivalent description is:
Lawvere-Tierney topology «— universal closure operator
The topology acts globally across the world by closing every predicate in a coherent way.
Sheafification as Change of Meaning
Sheafification is sometimes described as correcting an object. That wording can be misleading.

The presheaf or ambient object may not be defective. It may simply contain distinctions that the
chosen topology does not regard as meaningful.

The map

X-ajX)
changes the object according to a new criterion of locality.
Sections locally equal become identified.
Missing locally coherent sections may be added.
Truth values are saturated.
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The result is not merely a cleaned-up version of X. It is Xas seen from a different mathematical
world.

Sheafification is therefore an ontological transformation internal to the category: it changes
what counts as the same object and what counts as existing globally.

Reflective Subworlds

A reflective subcategory is one in which every ambient object has a best approximation inside
the subcategory.

For a subtopos, this approximation is left exact.

That condition means the reflection preserves:

terminal objects;

e products;

e pullbacks;

e equalizers;

o finite equations;

o finite logical conjunction.

The subworld is therefore not formed by an arbitrary coarse-graining. It retains the finite
structural relations needed for internal mathematics.

The localization may erase distinctions, but it does so without destroying the basic geometry of
compatibility.

This is why subtopoi remain full mathematical worlds rather than collapsed shadows.
Subtopoi and Theories

Classifying topoi make subtopoi logically meaningful.

A guotient theory of a geometric theory T'is obtained by adding further geometric axioms.

Under suitable conditions, quotient theories of 7 correspond to subtopoi of the classifying
topos B.T.

The stronger theory has fewer models.
The corresponding classifying topos sits as a subtopos:

B_(T") ©B_T.
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Thus adding axioms to a theory corresponds geometrically to entering a subworld of its
classifying topos.

Logical specialization becomes geometric localization.

This relationship is one of the most elegant unifications in categorical logic.

Adding Axioms as Cutting Down a World

Suppose T’ extends 7'by additional geometric axioms.

Every model of T' is a model of 7, but not conversely.

The classifying topos of T’ therefore represents a more restricted universe of models.
Geometrically, it appears inside the classifying topos of T.

The relationship resembles selecting a subspace defined by equations, but it operates at the
level of entire semantic worlds.

A theory is not merely a list of sentences.

Its classifying topos is the space of all its generalized models.
Adding axioms cuts down that space by a subtopos localization.
Logical Completeness Through Subtopoi

Because quotient theories correspond to subtopoi, the logical lattice of theories can be studied
geometrically.

Implication among theories becomes inclusion among subtopoi, with attention to the reversal
of order depending on convention.

The strongest theory has the fewest models and corresponds to the smallest semantic world.
The weakest theory has the most models and corresponds to the largest world.

Thus logical strength and geometric size move in opposite directions.

This inversion parallels the relation between finer topologies and smaller sheaf categories.
More axioms, more covers, and stronger modalities all reduce the class of admissible objects.
Subtopoi of a Sheaf Topos

Let

E = Sh(C, ]).
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A subtopos of £'may often be represented by a topology Kon Cthat is finer than /.
Then
Sh(C, K)
embeds into
Sh(C, ]).
The finer topology imposes additional descent conditions.
Objects satisfying A~descent form a smaller world inside the Jfsheaf world.
This gives a concrete site-level presentation of subtopoi.

But not every conceptual question is easiest at the site level. The Lawvere—Tierney topology
provides an intrinsic description independent of the chosen presentation.

Topological Refinement
Suppose a site topology is refined:
JEK.
Every K-sheaf is automatically a /~sheaf, because it satisfies descent for more covers.
Hence there is an inclusion
Sh(C, K) © Sh(C, )).
The associated reflector performs further sheafification.

This is the categorical analogue of increasing observational resolution. More families count as
complete local descriptions, so more presheaf distinctions are declared locally irrelevant.

Refinement does not simply add information. It changes the rules by which local information
determines global objects.

Open-Closed Decomposition
For an open subtopos Uof E, there is often a complementary closed subtopos.

Together they can support recollement-like structures in which objects of £'are analyzed
through their open and closed parts.

For sheaves on a topological space X, an open subset I/and closed complement Zyield relations
among

Sh(U), Sh(X), Sh(Z).
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Restriction, extension, and support functors connect the three worlds.

This provides a categorical form of decomposing a space into regions and reconstructing global
objects from their parts.

Such decompositions become important in cohomology, derived categories, and geometric
representation theory.

Support

Subtopos structure also clarifies the notion of support.

An object may be concentrated on a closed subtopos or vanish on an open subtopos.

In a sheaf topos, the support of a sheaf records where its stalks or local sections are nontrivial.
Internally, support can be connected to subterminal objects and local operators.

The object’s existence is not simply global or absent. It may occupy a region of the ambient
logical geometry.

Topos theory therefore allows objects to have spatially organized existence even in worlds
without ordinary point sets.

Modal Logic Inside a Topos
A Lawvere-Tierney topology supplies a modality jon propositions.

Because jis idempotent and preserves truth and conjunction, it resembles a necessity-like
operator.

The modal proposition j(P) may be read as “ Pholds locally” or “ Pholds after jclosure.”
The exact axioms differ from familiar Kripke modal logics, but the structural resemblance is real.
Topos-theoretic modalities provide a semantic bridge among:

o sheafification;

e local truth;

o reflective subcategories;

¢ modal type theory;

e subtopos geometry.

In higher topos theory, modalities become even more central. They can distinguish discrete,
codiscrete, cohesive, truncated, or localized objects.
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The elementary Lawvere—Tierney topology is the set-like beginning of that broader modal
landscape.

The Internal Observer
A subtopos can be interpreted as a restricted observer of the ambient world.
The observer does not see every distinction made in £.

Two objects or sections that become identical after reflection are indistinguishable within the
subtopos.

A proposition whose j-closure is true is accepted as locally true.

This does not mean that the subtopos is mistaken. It operates according to a different geometry
of evidence.

The analogy with observation must be used cautiously, but it captures an important principle:
A topology determines which local tests are sufficient to establish global meaning.

Different subtopoi correspond to different regimes of observation within one mathematical
universe.

Comparison with Slice Topoi

Slice topoi and subtopoi both create new worlds from an existing topos, but they do so

differently.
A slice
E/X
adjoins a generic parameter of type X.
A subtopos
FoSE

localizes the ambient world according to a modality.
A slice changes the context.

A subtopos changes the criterion of locality and truth.
A slice retains all objects relative to a base.

A subtopos retains only the objects satisfying a sheaf condition.
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The two constructions can interact. One may slice a subtopos, form a subtopos of a slice, or pull
a modality along a geometric morphism.

The landscape therefore contains both vertical relativity and horizontal localization.
Pulling Back Subtopoi
Given a geometric morphism

f.E->F
and a subtopos

GoFE
one can often form a pullback subtopos of E.
This construction represents the same local condition viewed after change of base.
The associated Lawvere—Tierney topology is transported through the inverse-image structure.
Thus modalities and localizations can move between worlds.
A subworld of the target induces a corresponding subworld of the source.

This is another reason geometric morphisms are the appropriate maps of topoi: they preserve
enough logical and finite-limit structure for local truth to be transported coherently.

Subtopoi as Regions of the Landscape

In the visual landscape of topoi, subtopoi should appear not as descendants above an existing
topos but as regions contained within it.

A large topos can contain open regions, closed regions, Boolean regions, dense regions, and
regions defined by additional theories or modalities.

These regions overlap and form a structured lattice.

The picture is less like a tree and more like a terrain with nested jurisdictions of truth.
The ambient topos supplies the whole geography.

Each Lawvere-Tierney topology redraws its internal boundaries.

The Logic of Localization

Localization is one of the recurring operations of modern mathematics.

One inverts selected morphisms in algebra or homotopy theory.
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One restricts to a neighborhood in geometry.

One passes to sheaves in topology.

One imposes a modality in type theory.

One adds axioms in logic.

Lawvere—Tierney topologies reveal these operations as members of one family.

A localization determines which distinctions remain significant after a chosen mode of
observation has been imposed.

In a topos, this choice can be encoded directly in the truth-value object.
That is why a subtopos is simultaneously geometric, logical, and categorical.
From Subtopoi to Examples

Slice topoi and subtopoi provide two major mechanisms for generating new worlds from old
ones.

The next chapter turns to examples where these constructions acquire specific mathematical
meanings.

Classifying topoi turn logical theories into generalized spaces.
Equivariant topoi make symmetry ambient.
Etale topoi make local algebraic variation visible.

These are not merely applications added after the abstract theory. They demonstrate why the
notion of a topos was needed.

A topos can serve as:

a universe of models, a world with built-in symmetry, a geometry of local algebraic
information.

The examples reveal how one categorical form can support several mathematical
interpretations without reducing them to one another.
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Chapter 13

Classifying, Equivariant, and Etale Topoi

The abstract definitions of a topos can seem remote until one sees how different mathematical

subjects enter the same framework. A classifying topos turns a logical theory into a generalized

space of models. An equivariant topos makes symmetry part of the ambient world rather than

an additional property imposed on selected objects. An étale topos records local algebraic
information that ordinary open subsets cannot detect.

These examples do not form a sequence of increasing complexity. None is simply obtained from

the preceding one by adding an axiom. They are different ways in which a topos can arise and

different roles a topos can play.

A classifying topos is primarily semantic.

An equivariant topos is primarily symmetric.

An étale topos is primarily local and geometric.

Yet all three possess objects, morphisms, subobjects, exponentials, internal logic, and geometric

morphisms. The same categorical architecture supports three distinct interpretations.

This is one reason a topos is better understood as a mathematical environment than as one

specialized kind of object.

The Space of Models

A mathematical theory is ordinarily presented syntactically. It has symbols, variables, formulas,

and axioms. A model assigns mathematical objects to those symbols in a way that makes the

axioms true.

For example, the theory of groups contains:

A model of this theory in Set is an ordinary group.

a sort of elements;

a binary multiplication;
an identity element;
an inverse operation;

associativity, unit, and inverse axioms.
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A model in another topos E'is an internal group in £. Its carrier is an object G, and its operations
are morphisms

mGeGxG-Ge:l1-Gi:G-G.
The group equations hold internally.
The same theory therefore has models in many mathematical worlds.
In a sheaf topos, a model may be a sheaf of groups.
In an equivariant topos, it may be a group equipped with compatible symmetry.
In a slice topos, it may be a family of groups depending on a parameter.
The theory remains fixed while the ambient meaning of “object” changes.
The Classifying Property

For a suitable geometric theory 7, there exists a Grothendieck topos B_7, called its classifying
topos.

The defining property is that models of Tin a Grothendieck topos £ correspond to geometric
morphisms

E->B.T

The correspondence must be interpreted categorically rather than as a literal equality of sets.
Models and their homomorphisms form a category, while geometric morphisms and suitable
transformations also form a category. The classification is an equivalence between these
structures.

Schematically,
Geom(E, B_T) = Mod_T(E).
The right side is the category of models of Tinternal to £.
The left side is the category of geometric morphisms from E'into the classifying topos.
The classifying topos therefore represents the operation
E = Mod_T(E).

This is a large-scale form of representability. Instead of an object representing elements or
morphisms within one category, an entire topos represents models across varying topoi.
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The Generic Model
The classifying topos contains a generic model
M_T.

Every model Mof Tin another topos F'is obtained by pulling the generic model back along a
geometric morphism

f:E->B_T
Thus
M= {"*M_T
in the appropriate internal sense.

The word generic does not mean average, random, or incompletely specified. It means
universal.

The generic model contains exactly the structure forced by the theory and no accidental
features belonging to one particular set-valued realization.

Every other model is a specialization of it by change of base.

This reverses the usual picture. One does not begin with a collection of all models and then try

to assemble them into a space. One constructs a universal world whose maps from other worlds

are the models.

Ordinary Models as Points

A model of T'in Set corresponds to a point of the classifying topos:
Set—>B_T.

Thus ordinary models are the set-valued points of the generalized space B_T.

This interpretation is attractive but incomplete. The classifying topos contains more than its set-

valued points.

A model in a sheaf topos corresponds to a geometric morphism from that whole sheaf world.

A model in an equivariant topos corresponds to an equivariant family of models.

A model in a slice topos corresponds to a parameterized family.

The classifying topos therefore organizes models in every context, not only isolated models in

Set.
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Its geometry is richer than the set of its classical points.
Why the Theory Must Be Geometric
The classifying construction is most natural for geometric theories.
Geometric formulas are built using:

¢ finite conjunctions;

e arbitrary disjunctions;

e existential quantification;

e equality.
These operations are preserved by inverse-image functors of geometric morphisms.
Suppose M_Tsatisfies the axioms in B_7, and let

f:E->B_T

be a geometric morphism. Then the inverse image f** M_T also satisfies those axioms in E.

The theory survives change of world because its syntax matches the structure preserved by
geometric morphisms.

This explains why the logical fragment is not chosen arbitrarily. Geometric logic is precisely the
language that travels naturally through the topos landscape.

The Syntactic Site
A classifying topos can often be constructed from the syntax of the theory.

One forms a category whose objects are formulas in context. An object may be written
schematically as

{x 1:A_1,..,xn:An| ¢}
Morphisms represent provably functional relations or substitutions between contexts.
Covering families encode provable disjunctions or existential decompositions.
The resulting site is called a syntactic site.
Sheaves on this site form the classifying topos:
B_T = Sh(C_T,J_T).

The syntax has thereby been converted into a geometry.
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Formulas become regions or contexts.
Provable transformations become morphisms.
Logical case divisions become covers.
Models become geometric points or generalized points.
The structure of proof becomes the structure of a site.
Theory and Geometry
The classifying-topos construction creates a bridge:
theory < generalized space of models

This correspondence is not a metaphor added after the mathematics. It is expressed by a
universal property.

The topology of the classifying topos reflects logical coverage.

Its subtopoi correspond to stronger quotient theories under appropriate conditions.

Its points correspond to models in Set.

Its geometric morphisms from £ correspond to models internal to £.

Its internal generic model generates every other model by pullback.

Logic has acquired a spatial embodiment.

Quotient Theories

Suppose T’ is obtained from Tby adding geometric axioms.

Every model of T' is a model of 7, but the converse need not hold.

The classifying topos of T’ therefore occupies a subworld of the classifying topos of T¢
B_(T) ©B_T

The stronger theory corresponds to the smaller semantic world.

Adding axioms eliminates models.

Geometrically, it localizes or cuts down the classifying topos.

Under the standard correspondence, suitable quotient theories of 7" are related to subtopoi of
BT

Thus the logical ordering of theories is translated into the geometric ordering of subworlds.
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Morita Equivalence

Two theories may use different sorts, operations, and axioms while having equivalent classifying
topoi.

Such theories are Morita equivalent in the topos-theoretic sense.

They may look syntactically unrelated, yet classify the same generalized models in every
Grothendieck topos.

This is stronger than saying that their categories of models in Set happen to be equivalent. The
equivalence persists under change of base.

The classifying topos therefore captures an invariant semantic core beneath the syntax.

This resembles the relation between different sites presenting the same topos. In both cases,
apparently different descriptions yield one underlying mathematical world.

The recurring principle is:
presentation#invariant structure.
An Example: The Theory of Objects

Consider the theory with one sort and no operations or axioms beyond the existence of the sort
itself.

A model in a topos F'is simply an object of E.

The classifying topos for this theory is a presheaf topos associated with the appropriate finite-
set or syntactic category, depending on the chosen formulation.

A geometric morphism into the classifying topos selects an object in the source world.

This elementary example already shows the scale of the idea. An entire topos can classify the
act of choosing one object.

More elaborate theories classify groups, rings, orders, local structures, or geometric systems.
The classifying topos is a universal parameter space at the level of mathematical worlds.
Algebraic Theories

An algebraic theory is described by operations of finite arity and equations among terms.

Groups, rings, monoids, lattices, and modules over a fixed ring are familiar examples.
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Such theories can be represented categorically through Lawvere theories or finite-product
theories.

Their models in a category with finite products are product-preserving functors into that
category.

For suitable algebraic theories, the classifying topos is often a presheaf topos on a category of
finitely presented models or a closely related category.

This connects the equational phylogeny of abstract algebra with the topos landscape.

The equations define the species of internal structure.

The classifying topos organizes all realizations of that structure across every suitable world.
The Classifying Topos of a Group

A group G determines a particularly important example.

Regard G as a one-object category. The corresponding presheaf category is a topos of G-sets,
with variance determining whether the actions are written on the left or right.

This topos may be denoted schematically by
BG.
It classifies G-torsors in a suitable sense.
A geometric morphism
E - BG

corresponds to a principal G-bundle or G-torsor inside £, under the relevant hypotheses and
conventions.

The notation BG resembles the classifying space of a group in topology. This is not accidental.
Both constructions package G-symmetry into a universal object.

The topos BG is simultaneously:

e an equivariant world;

e aclassifying object;

e acategorical analogue of a quotient by symmetry.
Equivariant Worlds

An equivariant topos is a world in which symmetry is built into every object.
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Let G'be a group. A G-set is a set Xequipped with an action
GxX-X
satisfying the usual unit and associativity laws.
A morphism of G-sets is a function
:X->Y
satisfying
f(gx) = gf().
The category of G-sets is a topos.

Its objects are not ordinary sets with optional symmetry added afterward. Inside this world,
symmetry is part of the ambient meaning of objecthood.

Every admissible map must respect G.

Every subobject must be G-invariant.

Every internal algebraic operation must be equivariant.
The world itself is organized by the action.

Internal Logic with Symmetry

The internal logic of a G-set topos is intuitionistic in its general categorical form, though the
exact global logical properties depend on the topos.

A predicate on a G-set Xis represented by a G-invariant subset.
An arbitrary subset that is not preserved by the action does not define an internal predicate.

Thus internal truth cannot distinguish points in ways incompatible with the symmetry of the
world.

Suppose G acts transitively on X. A G-invariant subset is then often either empty or all of X,
depending on the action. Internally, individual points may be indistinguishable even though the
external set contains many of them.

The ambient symmetry restricts what can be named, selected, or separated internally.
This provides a vivid example of how the logic of a topos reflects its geometry.
Fixed Points and Orbits

Externally, a G-set can be studied through its fixed points:
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X*"G={xeX|gx=xforall ge G}.
It can also be studied through its orbit set:
X/G.
These constructions move in opposite conceptual directions.
Fixed points select elements unchanged by the symmetry.
Orbits identify elements related by the symmetry.

Within the equivariant topos, however, the object Xretains the full action rather than collapsing
it either to fixed points or to orbit classes.

The topos preserves symmetry as structure.
This is generally richer than passing immediately to a quotient.
The Quotient View
A G-set topos can be understood as a categorical quotient-like world.
If a group acts on a space X, the naive quotient space
X/G

may lose stabilizer information. Points with nontrivial symmetry become ordinary points in the
guotient, and the group responsible for the symmetry disappears.

An equivariant topos or quotient stack retains this isotropy information.

The difference is significant in geometry and moduli theory. A point with automorphisms should
not be treated as though it were an ordinary point with no internal symmetry.

Topos and stack methods preserve the action rather than merely collapsing its orbits.
Symmetry as Context
The equivariant viewpoint can be stated in a general principle:

A structure may be easier to understand when its symmetries are moved from the object into
the ambient world.

Instead of studying an object Xtogether with an external G-action in Set, one studies Xas an
ordinary object of the topos of G-sets.

The action has not vanished. It has become environmental.

This resembles the passage from a family over Xto an ordinary object in the slice topos E/X.

247



In both cases, additional structure is absorbed into the ambient category.
Dependence becomes ordinary in a slice.

Symmetry becomes ordinary in an equivariant topos.

Topos theory repeatedly converts external qualifications into internal normality.
Group Objects in an Equivariant Topos

A group object in the topos of G-sets is an internal group whose multiplication, identity, and
inverse are equivariant.

Externally, this is a group H equipped with an action of ¢ by group automorphisms.
The action must satisfy
g(h_1h_2)=(g-h_1)(g-h_2).

Thus internal algebra in the equivariant world becomes algebra with compatible symmetry in
Set.

Likewise, an internal ring is a ring with a G-action by ring automorphisms.

An internal module is a module with compatible G-action.

The topos therefore acts as a systematic symmetry-enrichment of every algebraic species.
Sheaves with Group Action

If Gacts on a topological space X, one can study G-equivariant sheaves on X.

Such a sheaf is a sheaf Ftogether with coherent identifications relating Fto its pullbacks under
the action of each group element.

The resulting category can form an equivariant topos or be related to sheaves on an action
groupoid.

This combines locality and symmetry.

Sections vary over regions of X.

The group transports those regions and sections.

Compatibility must hold both under restriction and under the group action.

The ambient world therefore records a geometry in motion under symmetry.
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Groupoids

Groups are one-object groupoids. Allowing many objects leads to groupoid actions and
groupoid topoi.

A groupoid consists of objects and invertible morphisms among them.

A presheaf on a groupoid assigns sets to its objects together with transport along the invertible
arrows.

The resulting topos represents variable sets over a space of contexts connected by reversible
transformations.

Groupoids are more flexible than groups because symmetry can vary from object to object.
Different points may have different stabilizer groups.

This makes groupoids natural presentations of orbifolds, stacks, foliation spaces, and moduli
problems.

The passage
group action — groupoid — stack
progressively refines the treatment of local symmetry.
Etale Locality
The étale topos arises from a different question.

Ordinary topology studies a scheme through its Zariski-open subsets. But Zariski neighborhoods
can be too coarse to reveal certain local algebraic phenomena.

An étale morphism is, informally, an algebraic map behaving locally like a local homeomorphism
or an unramified smooth map of relative dimension zero.

Etale maps allow one to pass to algebraic neighborhoods that may split equations or reveal
structures invisible in the Zariski topology.

The étale topology therefore enlarges the notion of local observation.

Instead of covering a scheme only by open subschemes, one covers it by suitable étale maps.
Sheaves for this topology form the étale topos.

The Small Etale Site

Let Xbe a scheme.
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The small étale site of Xhas as objects étale morphisms
U-X
Morphisms are morphisms over X.
A family
{U_i-> U}
is a covering family when the maps are étale and jointly surjective in the appropriate sense.

A sheaf on this site assigns data to every étale neighborhood and satisfies descent for étale
covers.

The resulting topos is written schematically as
X et
or as the category of sheaves on the étale site.
This world contains local algebraic information finer than the Zariski sheaf topos of X.
Why Etale Covers Matter

Consider a polynomial equation that has no solution globally or in a Zariski neighborhood but
acquires a solution after passing to an étale extension.

The étale topology regards that extension as local.

From the internal viewpoint of the étale topos, the equation may therefore possess a local
solution.

This does not mean that a global algebraic solution has been created in the original scheme. It
means that the relevant notion of locality has changed.

Etale-local existence is weaker than global existence but stronger than mere existence after an
arbitrary extension.

The topology selects which algebraic refinements count as legitimate neighborhoods.
This is a precise example of the general principle:

truth and existence depend on the topology of observation.
Etale Fundamental Groups

The étale topos supports an algebraic analogue of covering-space theory.

250



Finite étale covers of a connected scheme behave in ways analogous to finite covering spaces of
a topological space.

Choosing a geometric point leads to an étale fundamental group, which classifies finite étale
covers through continuous actions on finite sets.

This connects:
o étale topology;
e geometric points;
e equivariant sets;
o fundamental groups;
e covering theory.
The circle of ideas shows how the three themes of the chapter interact.
An étale topos produces a category of local covers.
A geometric point supplies a fiber functor.
Automorphisms of that fiber functor produce a fundamental group.
Finite covers become equivariant finite sets.
Geometry, locality, and symmetry converge.
Geometric Points
An ordinary scheme point may not provide the appropriate stalk for the étale topology.

One therefore uses geometric points, represented by maps from spectra of separably closed
fields:

bar(x) - X.
Such a point determines a geometric morphism

Set - X _et.
Its inverse-image functor extracts an étale stalk.

The stalk is formed by ranging over étale neighborhoods of the geometric point rather than
merely Zariski-open neighborhoods of an ordinary point.

The resulting local information can detect algebraic branching, residue-field extensions, and
monodromy invisible to ordinary topology.
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Again, the notion of point is determined by the topos one is trying to observe.

Zariski and Etale Worlds

The same scheme Xgives rise to several topoi.

The Zariski topos uses open subschemes as local contexts.

The étale topos uses étale neighborhoods.

Other topologies use smooth, flat, or faithfully flat covers.

Thus the same underlying algebraic object can generate several mathematical worlds:
X_Zar, X _et, X_fppf, X_fpqc.

These worlds are related by geometric morphisms, but they are not identical.

A property may be local in one and not in another.

A torsor may become trivial in a finer topology.

A cohomology theory may detect different obstructions.

The choice of topology determines the scale at which algebraic phenomena are regarded as
local.

Torsors
Let G'be a group object in a topos £

A G-torsor is an object Pequipped with a G-action that is locally nonempty and locally simply
transitive.

Informally, Presembles G after passing to a suitable cover, but it may have no globally
distinguished identity element.

A torsor is therefore a twisted form of the group.

Choosing a point of the torsor would trivialize it, but such a point may exist only locally.
Torsors appear naturally in classifying topoi, equivariant topoi, and étale cohomology.
They provide a common object linking the chapter’s three main regions.

A classifying topos BG classifies G-torsors.

An equivariant viewpoint interprets torsors through group actions.

An étale topology supplies covers over which algebraic torsors become trivial.
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Principal Bundles

In ordinary geometry, a principal G-bundle is locally isomorphic to
UXG

over each region Uof a cover.

Its transition functions take values in G and satisfy cocycle laws.

A torsor is the topos-theoretic abstraction of this local form.

It need not come with a globally chosen zero or identity point.

The absence of such a point is not a defect. It is the twisting that makes the object geometrically
interesting.

The classifying topos of & contains the generic torsor. Every principal G-bundle in another topos
arises by pulling it back along a geometric morphism.

The universal geometry of symmetry is therefore encoded by a topos.
Cohomological Interpretation
Torsors are related to first conomology.

Under suitable conditions, isomorphism classes of G-torsors are represented by a nonabelian
cohomology set often written schematically as

H*(E, G).

When Gis abelian, higher cohomology groups measure additional failures of local data to glue
globally.

Topos cohomology generalizes sheaf cohomology on spaces and schemes.

The topos supplies the ambient category of sheaves and the global-sections functor. Derived
methods then measure the failure of global sections to preserve exactness.

Although a full account of cohomology lies beyond this book, its conceptual role is important:

Cohomology measures structured obstructions to passing from local existence to global
existence.

The topos provides the world in which those obstructions live.
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Etale Cohomology

Etale cohomology was developed to provide algebraic varieties with cohomological invariants
analogous to those available for ordinary topological spaces.

The étale topos supplies the relevant sheaves and local structure.
One computes cohomology of sheaves on the étale site:
H_et"n(X, F).

These groups can detect arithmetic and geometric information inaccessible through the Zariski
topology.

The success of étale cohomology demonstrates that a generalized topology need not be a
philosophical abstraction. Choosing the correct topos can make previously unavailable
invariants calculable.

The topology determines the local probes.

The topos organizes the sheaves.

Cohomology extracts global structure from their failures to glue exactly.

Big and Small Etale Topoi

The small étale site uses schemes étale over a fixed scheme X.

The big étale site allows a broader class of schemes mapping to X, with étale covering families.
These sites produce related but distinct topoi.

The small site emphasizes local geometry immediately over X.

The big site allows more general families and can support richer functorial constructions.

This distinction parallels the difference between observing one world through its immediate
neighborhoods and observing it through a larger universe of test objects.

The correct choice depends on the question being asked.
Etale Topoi as Relative Worlds

The étale topos of Xcan be understood as a world of sets varying over étale neighborhoods of
X.

From this viewpoint, étale-local objects are ordinary internal objects.
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An algebraic structure that becomes available only after an étale cover may exist internally even
when it has no global representative in the original category of schemes.

The topos absorbs the locality into its ontology.

What was externally described as “existing after an étale refinement” becomes internal
existence.

This is the same transformation seen elsewhere:
e a parameterized object becomes ordinary in a slice;
e asymmetric object becomes ordinary in an equivariant topos;
e alocally defined object becomes ordinary in a sheaf topos.
Topos theory repeatedly converts relational qualifications into ambient structure.
A Common Pattern
Classifying, equivariant, and étale topoi can now be placed in one pattern.
A classifying topos absorbs a theory into the ambient world.
An equivariant topos absorbs a symmetry into the ambient world.
An étale topos absorbs a notion of algebraic locality into the ambient world.
The resulting objects are ordinary only from within their respective topoi.
Externally, they appear as models, equivariant structures, or étale-local systems.
The topos changes what counts as unqualified existence.
This is one of the deepest unifying principles of the subject.
The Same Object in Different Worlds
Suppose a group (Gis considered in several topoi.
In Set, G'is an ordinary group.
In Sh(X), it may be a sheaf of groups varying over a space.
In a K~equivariant topos, it may carry a compatible action of another group K.
In an étale topos, it may be a group scheme or sheaf visible over étale neighborhoods.
In a slice topos, it may be a parameterized family of groups.

The equations defining the group remain the same:
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(xy)z = X(yz), ex = X = xe, Xxx"-1 = e = x"-1x.

What changes is the ontology of the carrier, the meaning of element, and the contexts in which
the equations are interpreted.

Abstract algebra supplies the laws.

The topos supplies the world.

Internal Versus External Symmetry

An equivariant topos illustrates a distinction between internal and external symmetry.
The group G defining the ambient equivariant world acts externally on every object.
An internal group A within that world has its own multiplication and inverse.
Externally, His a group equipped with a compatible G-action.

The two symmetry structures are different.

One is environmental.

The other is an object inside the environment.

They may interact through semidirect products, fixed-point constructions, equivariant
cohomology, and representation theory.

This layered structure becomes increasingly important in higher topoi, where symmetries
themselves form higher groups and mapping spaces.

Internal Versus External Locality
The étale topos also illustrates two levels of locality.
Externally, the topos is constructed from the étale site and its covers.

Internally, objects simply exist and may possess their own subobjects, localizations, and internal
topologies.

One can define internal sheaves or internal locales inside the étale topos.
Thus a world built from one notion of locality can contain additional local structures of its own.
Locality is not exhausted by the construction of the ambient topos. It can be iterated internally.

This self-similarity is characteristic of the landscape.
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Internal Versus External Classification

A classifying topos contains a generic model of an external theory.

But one may also formulate internal theories inside the classifying topos itself.
The generic model can serve as a parameter for further constructions.

Slices over components of the generic model create relative worlds.

Subtopoi impose additional axioms.

Further classifying objects may classify structures built on the generic model.
Thus classification is also recursive.

A universal model can become the base of another universal problem.

The topos is not merely the endpoint of one classification. It is a platform for further
mathematics.

Three Kinds of Genericity

The chapter has encountered several related generic objects.

The classifying topos contains a generic model.

A slice topos contains a generic element of its base object.

A classifying topos BG contains a generic G-torsor.

These are manifestations of one categorical pattern.

A generic object is universal under pullback.

Every particular instance is obtained by mapping into the world containing the generic instance.

The universal object is not one especially large example. It is an object whose changes of base
generate all examples.

Genericity is therefore relational.

A Topos as a Moduli Environment

The classifying viewpoint suggests that a topos can function as a moduli environment.
Its points represent ordinary instances.

Its generalized points represent families of instances.

Its automorphisms and internal symmetries record stabilizers.
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Its subtopoi represent additional conditions.
Its generic object represents the universal family.

When set-valued classification is insufficient because objects have automorphisms, one moves
toward stacks and higher topoi.

The topos is therefore one stage in a hierarchy of increasingly faithful moduli environments.

It classifies set-like variation well, while higher structures are needed to retain all equivalence
data.

Why the Three Examples Belong Together

Classifying, equivariant, and étale topoi may appear to belong to logic, algebra, and geometry
respectively.

Their common structure becomes visible when we ask what each makes internal.

The classifying topos makes models internal.

The equivariant topos makes symmetry internal.

The étale topos makes refined locality internal.

Each changes the ambient meaning of element, predicate, existence, and equivalence.
Each supports geometric morphisms as changes of world.

Each can be presented by a site or presheaf category.

Each can contain slices and subtopoi.

Their unity is therefore not superficial. They are different realizations of the same categorical
architecture.

The Belt of Examples

In the mathematical landscape, these topoi occupy a broad inhabited belt between the
axiomatic plateau and the higher region.

They are the worlds in which abstract definitions become active.
Classifying topoi are inhabited by universal models.
Equivariant topoi are inhabited by symmetric objects.

Etale topoi are inhabited by locally algebraic sheaves and torsors.
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Slice topoi are inhabited by dependent families.
Subtopoi are inhabited by modal or localized objects.

Together they show that a topos is not one isolated abstraction. It is a reusable form for
constructing mathematical environments adapted to particular notions of structure,
observation, and truth.

Toward One Landscape
The first three parts of the book have approached topoi through several routes:
e the axioms of elementary topoi;
o theinternal logic of subobjects and truth;
e sites, presheaves, and sheaves;
e Grothendieck topoi and geometric morphisms;
e slices and subtopoi;
o classification, symmetry, and étale locality.
These routes are now sufficiently developed to be viewed together.

The next chapter gathers them into one landscape. Its purpose is not merely to summarize. It
will distinguish the different kinds of relationship that the visual diagrams compress into arrows.

Some relations are axiomatic.

Some are constructions.

Some are presentations.

Some are localizations.

Some are semantic correspondences.
Some are changes of dimension.

Only after these relations have been separated can the landscape be read without mistaking it
for a single evolutionary tree.
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Chapter 14
One Landscape, Many Presentations

Topos theory has now appeared in several forms. An elementary topos was introduced
axiomatically through finite limits, Cartesian closed structure, and a subobject classifier. A
Grothendieck topos was introduced constructively as a category of sheaves on a site. Presheaf
topoi arose as unrestricted worlds of variable sets. Slice topoi appeared as mathematical worlds
relative to a chosen object. Subtopoi appeared as reflective localizations governed by internal
topologies. Classifying topoi represented theories and their models. Equivariant topoi made
symmetry ambient. Etale topoi changed the scale at which algebraic phenomena count as local.

These constructions are connected, but they are not successive rungs of one ladder. They are
different ways of presenting, generating, observing, or modifying mathematical worlds.

The landscape metaphor becomes necessary because a linear hierarchy hides these distinctions.
It encourages the reader to ask which structure is “higher” when the more important question
is often what kind of relationship connects the structures.

A site presents a topos.

A Lawvere—Tierney topology localizes one.

A slice changes its base context.

A geometric morphism connects two worlds.

A classifying topos represents models.

A higher topos changes the dimension of the objects being glued.

These operations cannot all be represented by the same kind of arrow without creating
confusion. The landscape must therefore be read as a map with several forms of passage.

The Axiomatic Presentation

The elementary-topos route begins with a category £'and asks whether it possesses enough
internal structure to behave like a universe of generalized sets.

The defining ingredients are:
finite limits, Cartesian closed structure, a subobject classifier.

Together they provide compatible systems, internal function objects, predicates, and truth
values.
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This presentation is intrinsic. It does not require a chosen site, a set of points, or a specified
family of generators. It asks what the category can do from within its own structure.

The strength of the axiomatic presentation is its compression. A few categorical conditions
generate a large internal language.

The weakness is that the definition does not immediately reveal where the category came from
or how its objects should be calculated. Knowing that £'is an elementary topos does not
necessarily provide a concrete supply of local probes or a convenient method for describing its
inhabitants.

The axiomatic presentation tells us the capacities of the world. It does not always tell us its
coordinates.

The Sheaf Presentation
The sheaf-theoretic route begins with a site

G D.

The category Csupplies contexts or probes. The topology /specifies the covering sieves or
families. Sheaves assign data to the contexts and satisfy descent for the chosen covers.

The associated category is
Sh(C, ]).
This route is external and constructive. It tells us how the world is assembled.

The site may come from open subsets of a topological space, étale neighborhoods of a scheme,
logical formulas in context, algebraic test objects, or another category equipped with a notion of
cover.

The sheaf presentation makes locality visible. It supplies explicit stages, restrictions, matching
families, and amalgamations. It often makes calculations possible.

But it is not unique. Different sites may yield equivalent topoi:

Sh(C,]) = Sh(D, K).
The site is therefore a presentation of the world rather than its invariant identity.
Intrinsic World and External Coordinates

The relationship between the elementary and sheaf-theoretic viewpoints resembles the
relationship between a geometric object and a system of coordinates.
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The elementary-topos structure describes the object intrinsically. It identifies products,
exponentials, subobjects, and truth values without referring to how the world was presented.

The site supplies coordinates. Its objects are the probes through which the world is observed.
Its covers describe how local observations combine.

The analogy is useful but incomplete. A site may differ from another site far more radically than
two coordinate charts on a manifold. One site may be geometric, another logical, and another
algebraic. They may not share a visible underlying set of points.

Nevertheless, the distinction remains:

topos = invariant world site = chosen presentation
The same topos can therefore tell several stories about itself.
Presheaf Worlds as Universal Completions
Before a topology is imposed, the presheaf category

C = Set”(C"op)
forms the unrestricted world generated by the contexts in C.
The Yoneda embedding
y:C—-C
places each context inside this world as its representable presheaf.
Every presheaf can be assembled from representables through a colimit:
F = colim_((U, s) € [_CF) yU.

Thus the small category C'generates a much larger mathematical universe.

The presheaf topos is not merely a container for arbitrary functors. It is a universal enlargement
of the original category into a world with limits, colimits, exponentials, predicates, and internal
logic.

This enlargement resembles the passage from generators to all expressions constructible from
them. The representables are the elementary probes; presheaves are the variable structures
generated from those probes.

A topology then imposes additional relations of locality.
Sheafification as Localization

The passage from presheaves to sheaves is governed by the sheafification functor
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a: C - Sh(C, ).
The inclusion
i: Sh(C,]) » C
has a as a left adjoint:
a-i

Sheafification identifies locally indistinguishable sections and supplies amalgamations for
compatible local data.

It is therefore both quotient-like and completion-like.

The transformation does not simply remove badly behaved presheaves. It changes the criterion
of identity and existence.

Two sections that differ globally but agree on a cover become the same after localization.
A compatible family lacking a presheaf amalgamation gains one in the associated sheaf.
The sheaf world treats local equivalence as genuine equivalence.

Because sheafification preserves finite limits, the localization retains the structures needed for
equations, conjunction, pullback, and substitution.

The world changes, but its logical skeleton survives.
The Topos as a Generalized Space
A topological space Xgives a sheaf topos

Sh(X).

The topos contains all sheaves of sets on X, not merely the points and open subsets of the
space.

This enlargement turns the space into an environment of variable mathematics.

Continuous functions, local systems, bundles, sheaves of rings, local solutions, and many other
structures become inhabitants of one world.

The open subsets of Xreappear internally as subterminal objects. Their lattice becomes part of
the topos’s truth-value structure.

A proposition can therefore possess a region of validity.

Existence can be local.
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Truth can be stable under restriction and gluing.

The space is no longer merely where objects are placed. It becomes part of the logic by which
those objects are understood.

The Topos as a Logical Universe

The same topos can be read logically.

Objects behave like types.

Morphisms behave like terms or functions.

Subobjects behave like predicates.

Pullback behaves like substitution.

Products support conjunction.

Coproducts support disjunction.

Dependent sums and products support existential and universal quantification.
The subobject classifier supplies truth values.

The internal logic is generally intuitionistic. This is not an accidental weakening of classical set
theory. It is the logic naturally preserved by local and geometric constructions.

The geometric and logical readings are not two independent interpretations applied to the
same category. They arise from the same structural operations.

A subobject is both a generalized region and a predicate.

A pullback is both a fibered geometric construction and substitution.

A cover is both a local geometric presentation and a form of logical evidence.

The topos is where geometry and logic become structurally inseparable.

The Topos as a Semantic Classifier

A classifying topos B_T provides another presentation of mathematical meaning.

For a geometric theory 7, models in a topos £ correspond to geometric morphisms
E-B_T

The classifying topos contains a generic model. Every particular model is obtained by inverse
image along a suitable geometric morphism.
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The topos can therefore be read as a generalized space of models.
Its points are models in Set.
Its generalized points are models in other topoi.

Its subtopoi correspond, under suitable conditions, to quotient theories obtained by adding
axioms.

The semantic reading reveals that a logical theory is not merely a list of formal statements. It
can possess a geometric embodiment whose maps classify interpretations.

A site, a theory, and a generalized space can therefore present the same world from different
directions.

The Topos as an Ambient Symmetry
An equivariant topos presents another region of the landscape.

Given a group G, the category of G-sets forms a topos. Every object carries a G-action, and every
morphism respects it.

Within this world, symmetry is no longer an optional feature attached externally. It is part of the
ambient ontology.

An internal subset must be invariant.
An internal function must be equivariant.
An internal group is a group with compatible G-symmetry.

The topos therefore changes the meaning of ordinary structure by changing the environment in
which that structure is interpreted.

The same object can appear differently in different worlds. A set in Set is an ordinary collection.
A set in a G-equivariant world is an object whose admissible distinctions respect the action of G.

The carrier may be externally similar while the internal logic and observable subobjects differ.
The Topos as Refined Locality
The étale topos provides a parallel transformation.

A scheme can be studied through its Zariski-open subsets, but the Zariski topology may be too
coarse to reveal certain algebraic structures locally.

The étale topology admits a broader class of neighborhoods.
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A structure may fail to exist Zariski-locally but exist étale-locally. A torsor may become trivial
after an étale cover. A polynomial may acquire roots after passing to a suitable étale extension.

The étale topos makes this refined locality ambient.

What is externally described as “existing after passage to an étale cover” can become internal
existence in the étale world.

The topos does not create a global object in the original scheme. It changes the universe in
which local evidence counts as sufficient.

Thus the choice of topology changes the ontology of existence.
Slices as Relative Worlds
For every object Xin a topos £, the slice
E/X

is another topos.
Its objects are maps

A-X,
interpreted as families varying over X.
The slice converts parameter dependence into ordinary existence.
A dependent type over Xbecomes an object in E/X.
A dependent term becomes a section.
A proposition depending on x: X becomes a closed proposition in the relative world.
A morphism

f.Y->X
induces change of base:

fA* E/X—>E/Y.

The slice is therefore not a descendant of £in the sense of added axioms. It is £'viewed relative
to a chosen parameter.

In the landscape, slices form families of nearby worlds over every object.
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Subtopoi as Modal Regions
A Lawvere-Tierney topology
j: Q=0
produces a subtopos
Sh_j(E) - E.

The topology changes which propositions are regarded as locally true and which objects satisfy
the corresponding sheaf condition.

A subtopos is therefore a modal region inside the ambient world.

The reflector sends every object of £'to the form visible under the chosen modality.
Open subtopoi correspond to restricting the world to an internal region.
Double-negation sheaves produce a Boolean subworld.

Other local operators produce different regimes of locality and logic.
Slices and subtopoi should therefore be distinguished carefully.

A slice changes the context by adjoining a parameter.

A subtopos changes the mode of observation by imposing a localization.
Both generate new worlds, but by different mechanisms.

Geometric Morphisms as Passages

Topoi are connected by geometric morphisms.

A geometric morphism

ffE->F
contains an adjunction
fAx 4 fx
where
fA*: F—>E

preserves finite limits.

The inverse-image functor transports objects and geometric statements from the target into the
source.
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The direct-image functor gathers source objects into the target.

These are not merely functors between categories. They are structured passages between
mathematical worlds.

A continuous map of spaces produces a geometric morphism of sheaf topoi.
A point of a topos is a geometric morphism

Set - E.
A model of a theory in E'is a geometric morphism into its classifying topos.
A slice projection is an étale geometric morphism.
A subtopos inclusion is a geometric embedding.

The same concept therefore describes observation, classification, localization, and change of
base.

Points Are Only One Kind of Probe

In ordinary topology, points appear fundamental. In topos theory, they are one type of
geometric morphism.

A point

p: Set > E
has inverse image

p**: E - Set,

which evaluates objects as ordinary sets.
For a sheaf topos on a space, this is the stalk functor.
Some topoi have enough points to distinguish all morphisms.
Others do not.

A topos may contain more structure than any family of set-valued points can detect. Its site,
subobjects, generalized elements, and maps from other topoi may provide a richer
observational system.

The landscape is therefore not reducible to a set of locations.

Its observers can themselves be mathematical worlds.
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Generalized Points and Yoneda

The Yoneda principle appears at every scale.

An object in a category is understood through maps from all probes into it.
A generalized space is understood through its functor of points.

A topos is understood through geometric morphisms from other topoi.
The progression can be written schematically:

element of A =map 1 — A, generalized element of A = map U — A, point of E = geometric
morphism Set — E, generalized point of E = geometric morphism F — E.

At each level, the isolated internal description is replaced by a relational profile.
The world is known by the ways it can be entered.

Several Meanings of “Same”

The landscape contains several distinct notions of sameness.

Two objects in a category may be equal.

They may be isomorphic.

Two categories may be equivalent.

Two sites may present equivalent topoi.

Two theories may be Morita equivalent through equivalent classifying topoi.
Two presheaves may become the same after sheafification.

Two objects may become indistinguishable inside a subtopos.

Two higher types may be equivalent in the homotopical sense.

These notions cannot be collapsed indiscriminately. Each belongs to a particular level and kind
of structure.

Yet they share a direction of development. Mathematics repeatedly moves away from literal
identity of presentation and toward equivalence of structure.

Topos theory is one of the major environments in which this shift becomes unavoidable.
A topos is defined only up to equivalence of categories.

A site is not the world itself.
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A generic model is invariant under change of presentation.

A localization changes identity according to local observation.

The higher region of the landscape will make equivalence still more fundamental.
Several Meanings of “Construction”

An arrow in a diagram may also represent several kinds of construction.

Finite limits, exponentials, and a subobject classifier combine axiomatically to specify an
elementary topos.

A site produces a sheaf category.

A topology localizes a presheaf category.

An object produces a slice.

A local operator produces a subtopos.

A theory produces a syntactic site and classifying topos.

A group produces an equivariant presheaf world.

A higher site produces an infinity-topos.

These are mathematically different operations.

An axiomatic implication says that one collection of conditions guarantees another property.
A construction creates a new category from given data.

A presentation identifies an invariant world with a category built in a particular way.

A localization changes which morphisms or distinctions count as equivalences.

A semantic correspondence relates structures of different kinds through a universal property.
A higher lift replaces set-valued objects with space-valued ones.

The landscape must preserve these distinctions even when the visual figure compresses them.
Several Meanings of “Higher”

The word higher can also mislead.

A Grothendieck topos is not “higher” than an elementary topos in a simple hierarchy. It is a
more specifically presented and more strongly cocomplete kind of elementary topos.

A slice topos is not higher than its base topos. It is relative to an object.
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A classifying topos is not higher than the theory it classifies. It represents that theory
categorically.

An infinity-topos is higher in @ more precise sense. Its objects possess higher-dimensional
identity structure. Mapping objects are spaces rather than sets, and descent retains coherent
equivalences in all dimensions.

This is a genuine dimensional lift.

The higher region does not merely add more complicated examples. It changes the type of
equality available inside the world.

Sets, Groupoids, and Spaces

Ordinary topoi are set-like. Their internal objects have equality behaving propositionally in the
standard extensional interpretation.

But many mathematical objects possess automorphisms. Local objects may be identifiable in
several distinct ways. Those identifications may themselves admit higher relations.

A set collapses such structure.

A groupoid retains objects and invertible morphisms among them.

An infinity-groupoid retains objects, paths, paths between paths, and higher paths without end.
Homotopy types behave like infinity-groupoids.

The passage from ordinary to higher topoi therefore begins with a change in the values of
sheaves:

sheaves of sets — sheaves of spaces.
This change will transform descent, identity, and internal logic.
From Equality-Based Gluing to Equivalence-Based Descent
A sheaf of sets glues local elements when they are equal on overlaps.

A stack glues local objects when they are related by specified isomorphisms satisfying cocycle
conditions.

A higher stack glues higher objects using equivalences and coherence data at every dimension.
The progression is:

equality, isomorphism, equivalence, higher coherent equivalence.
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Ordinary sheaf theory is the first level of a more general theory of descent.

The higher landscape retains the ways local data agree rather than merely recording that
agreement occurred.

This additional information is essential in moduli problems, homotopy theory, and univalent
foundations.

The Higher Lift of the Site Route
The ordinary site route is:
(C,]) = Sh(C)).

The higher route begins with an infinity-category of contexts or an ordinary site interpreted in a
higher setting. Instead of set-valued presheaves, one considers space-valued presheaves:

F: C*op — S,
where Sdenotes the infinity-category of spaces or homotopy types.

The sheaf condition is no longer an ordinary equalizer condition. It becomes a homotopy-
coherent descent condition.

The resulting category of higher sheaves is an infinity-topos.
Schematically,

(C,]) = Sh_oo(C, ]) — infinity-topos.
This is the higher analogue of the Grothendieck route.
The Higher Lift of Internal Logic
The internal language also changes.
In ordinary topos logic, equality of elements is represented by a proposition.
In homotopy type theory, the identity type

Id_A(x, y)

can itself contain several elements, corresponding to different paths from xto y.
Those paths can be identified by higher paths.
Identity becomes structured rather than merely true or false.

Types behave like spaces.
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Terms behave like points.
Identities behave like paths.

Repeated identities behave like higher homotopies.

The internal language of a higher world is therefore not simply ordinary intuitionistic logic with

more symbols. It is a theory in which equality has geometry.
The Univalent Direction

Univalence addresses the relation between identity and equivalence at the level of typesin a
universe.

For types Aand Bin a universe U, there is a canonical map from identity to equivalence:
idtoequiv_(A, B): Id_U(A, B) — Equiv(A, B).
The univalence principle says that this map is itself an equivalence.
One writes:
Id_U(A, B) = Equiv(A, B).

This statement is not merely the endpoint of a chain beginning with ordinary sets. Itis a
transformation in the meaning of identity.

Equivalent types are not only externally interchangeable. Their equivalence corresponds to a
path of identity inside the universe.

The higher and univalent region of the landscape is therefore where structural sameness
becomes internalized at the foundational level.
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Figure 3. The Mathematical Landscape of Topoi. A landscape map of the principal regions of
topos theory. The axiomatic plateau contains elementary topoi and their internal logic. The site-
and-sheaf range contains presheaf and Grothendieck topoi. The inhabited belt contains slices,
subtopoi, classifying topoi, equivariant worlds, and étale constructions. The higher region
contains sheaves of spaces, infinity-topoi, homotopy type theory, and univalent universes. The
paths among regions represent different relations, including presentation, construction,
localization, change of base, semantic interpretation, and higher-dimensional extension.

Reading the Landscape

The figure should not be read from bottom to top as though every higher position represents a
stronger theorem or more advanced species.

Altitude represents abstraction or dimensional enrichment only approximately.
Distance represents conceptual distinction, not formal independence.

Bridges represent correspondences or constructions.

Nested regions represent slices or subtopoi.

Routes from sites to topoi represent presentations.

Routes from ordinary to higher sheaves represent dimensional lifting.

The landscape is intentionally synthetic. It shows coexistence and relation rather than one strict
partial order.

Its central claim is that the major definitions of a topos do not form unrelated technical
traditions. They are views of one territory organized around a common question:

What structures allow a collection of mathematical objects to function as an internally coherent
world?

The answers vary according to whether one begins from axioms, locality, logic, symmetry,
classification, or higher identity.

Three Central Routes
The landscape can be organized around three principal routes.
The first is the axiomatic route:
finite limits+exponentials+subobject classifier — elementary topos.

The second is the sheaf-theoretic route:
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site+presheaves+descent — Grothendieck topos.
The third is the higher route:
space-valued presheaves+higher descent — infinity-topos — internal HoTT and univalence.
These routes meet but do not coincide.
Every Grothendieck topos is elementary.
Not every elementary topos is Grothendieck.

An infinity-topos is not merely an elementary topos with extra ordinary axioms. It belongs to a
higher-categorical environment.

The landscape preserves both continuity and distinction.
The Inhabited Middle Belt

Between the classical foundations and the higher region lies a broad belt of constructions and
examples.

Slice topoi express dependence.

Subtopoi express modality.

Classifying topoi express universal semantics.

Equivariant topoi express ambient symmetry.

Etale topoi express refined algebraic locality.

Presheaf topoi express stage-dependent or shape-dependent variation.
Topoi of sheaves on spaces and locales express generalized geometry.

These are not secondary applications. They are the inhabited worlds that give the abstract
definitions mathematical content.

The foundational peaks would remain remote without this middle belt. It is where algebra,
geometry, logic, and computation actually enter the topos framework.

The Role of Abstract Algebra
Abstract algebra enters the landscape through internal structures.

A group, ring, lattice, module, or algebra can be defined inside any suitable topos by the same
operations and equations used in Set.

The ambient topos changes the interpretation of the carrier and the meaning of elements.
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An internal group in Set is an ordinary group.

An internal group in a sheaf topos is a sheaf of groups.

An internal group in a slice is a family of groups.

An internal group in an equivariant topos is a group with compatible ambient symmetry.
An internal group in a higher topos can have derived or homotopical refinements.

Thus the equational phylogeny of algebra and the landscape of topoi intersect in a systematic
way:

algebraic theory+ambient topos = internal algebraic species
The equations specify the form. The topos specifies the world of realization.
The Role of Logic
Logic enters at several levels.
The elementary topos provides an internal intuitionistic higher-order logic.
A site expresses locality through covering evidence.
A classifying topos gives a geometric embodiment to a theory.
A subtopos corresponds to a modal or axiomatic restriction.
Geometric morphisms preserve geometric logic.
Higher topoi support type-theoretic languages in which identity carries homotopical structure.
Univalence aligns identity with equivalence.

Logic is therefore not confined to one region of the landscape. It is the connective tissue
running through the entire territory.

What changes from region to region is the kind of proposition, identity, evidence, and transport
that the world supports.

The Role of Geometry

Geometry also appears in several forms.
Ordinary spaces generate sheaf topoi.

Locales encode point-free open-set geometry.

Sites abstract covering behavior.
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Geometric morphisms generalize continuous maps.

Slices describe relative spaces and bundles.

Subtopoi describe internal regions and localizations.

Etale topoi reveal algebraic neighborhoods.

Infinity-topoi support higher spaces and homotopy-coherent descent.

The word geometry therefore expands from point-set form to categorical form and then to
higher form.

A topos is not merely used in geometry. It generalizes what a geometric environment can be.
The Role of Equivalence

Equivalence is the deepest unifying direction.

Different sites can present equivalent topoi.

Different theories can have equivalent classifying topoi.

Different categories can express the same world up to categorical equivalence.
Local equivalences become identities after sheafification.

Objects can become indistinguishable after modal reflection.

Higher objects are compared by homotopy equivalence.

Univalence internalizes equivalence as identity of types.

The landscape can therefore be read as a sustained reworking of sameness.

At first, sameness means equality of elements.

Then it means isomorphism of objects.

Then equivalence of categories.

Then local equivalence under a topology.

Then homotopy equivalence of higher objects.

Finally, in a univalent universe, equivalence itself corresponds to identity.

This development is not one straight historical progression, but it gives the landscape a strong
conceptual direction.
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From Maps to Paths

In ordinary category theory, morphisms connect objects.

In a groupoid, every morphism is invertible and can be viewed as a path-like identification.
In an infinity-groupoid, paths have paths between them, continuing indefinitely.
Homotopy type theory interprets identity proofs as paths.

The movement from geometric morphisms among worlds to paths inside types marks a change
of scale.

Externally, topoi are connected by structured functors.
Internally, higher types are connected by paths and equivalences.

Higher topos theory brings these levels together by making the inhabitants of the world
themselves homotopical.

The landscape thereby acquires depth. It is no longer merely a network of regions; each region
may contain higher-dimensional path structure internally.

Why the Landscape Cannot Be Completed Once and for All

No single figure can contain every kind of topos, every site, every modality, every logical theory,
and every higher extension.

The landscape is open-ended.

Derived geometry introduces derived topoi and structured infinity-topoi.

Cohesive topos theory adds modalities relating discrete, codiscrete, and spatial behavior.
Synthetic differential geometry uses special topoi in which infinitesimal objects exist internally.
Realizability topoi encode computability and constructive logic.

Arithmetic topoi explore number-theoretic structure through categorical worlds.

Quantum and contextual approaches use presheaf and sheaf topoi to organize incompatible
observational contexts.

Each development adds new inhabited regions without replacing the underlying architecture.

The three figures in this book are therefore maps of central routes, not exhaustive atlases.
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A Discipline for Reading Arrows

To read any diagram of topoi responsibly, one should ask what each arrow means.
Does it mean that axioms have been added?

Does it mean that a construction has been applied?

Does it mean that a category is equivalent to a sheaf presentation?

Does it mean that one world is a reflective subworld of another?

Does it mean that the base has changed?

Does it mean that objects are being internalized?

Does it mean that a semantic correspondence has been established?

Does it mean that set-valued data have been lifted to higher data?

Without this discipline, diagrams can create false genealogies.

With it, the diagrams become powerful compressions of the subject.

The Landscape as a Mathematical Argument

The landscape is not merely decorative. It supports an argument.

The elementary-topos axioms show that set-like mathematics can exist outside Set.
The sheaf construction shows that such worlds arise from locality and gluing.

Geometric morphisms show that whole mathematical worlds can be connected by structure-
preserving passages.

Slices and subtopoi show that worlds can generate relative and modal subworlds.
Classifying topoi show that theories can possess geometric embodiments.
Equivariant and étale topoi show that symmetry and refined locality can become ambient.

Higher topoi show that identity itself can be promoted from proposition to structured
homotopy type.

Univalence shows that equivalence can become the internal meaning of identity.

The landscape therefore traces a movement from collections to environments, from
environments to variable worlds, and from variable worlds to worlds that recognize their own
equivalences.
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The Classical Landscape Is Complete Enough to Be Left

We have now reached the point where ordinary topoi can be understood from several
directions at once.

They are categories with internal set-like structure.

They are worlds of sheaves on sites.

They are generalized spaces.

They are intuitionistic logical universes.

They are semantic classifiers.

They are environments for internal algebra.

They admit relative worlds through slices and modal worlds through subtopoi.

They communicate through geometric morphisms.

The classical terrain is coherent enough that we can now leave it without abandoning it.

The higher region will not replace the classical one. Ordinary topoi reappear as truncated or set-
like portions of higher topoi. Sheaves of sets embed into sheaves of spaces. Propositional
equality becomes the lowest-dimensional form of higher identity.

The next part begins by examining the transition from sets to groupoids and from equality to
reversible paths.

The central question changes from
What structures allow objects to behave like generalized sets?
to

What structures allow identifications themselves to become mathematical objects?
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Part IV
Higher Topoi, HoTT, and Univalence

The route into higher topos theory begins where ordinary set-like identity becomes insufficient.
Objects may possess automorphisms. Local identifications may not be unique. Paths between
identifications may carry information. Moduli problems may require the preservation of
symmetry rather than its collapse into equivalence classes.

The next chapter begins with the simplest enlargement beyond sets: the passage from sets to
groupoids.

Chapter 15
From Sets to Groupoids

Ordinary set theory treats identity as a proposition. Given two elements xand yof a set 4,
either

X=y

or they are unequal. Once equality holds, there is no further mathematical information in the
manner of their equality. The proposition has at most one relevant outcome: the two elements
are the same.

Many mathematical objects do not behave this way.

A geometric figure may possess several symmetries. Two coordinate descriptions may represent
the same object through different transformations. Two vector bundles may be isomorphic in
several distinct ways. A mathematical structure may have automorphisms that preserve
everything internally visible while moving its presentation. Local objects may glue through
chosen isomorphisms, and different choices can lead to different global coherence data.

If one passes immediately to a set of isomorphism classes, these symmetries disappear. Distinct
objects that are isomorphic are collapsed into one class, but the isomorphisms themselves are
discarded. Stabilizer groups, monodromy, and the ways objects can be identified are lost.

The first enlargement beyond sets is therefore not necessarily the addition of more elements. It
is the retention of reversible morphisms among elements or objects.

A groupoid is a category in which every morphism is invertible.

Its objects may be regarded as points or states. Its morphisms are reversible identifications,
transformations, or paths. An object can have many automorphisms. Two objects can be
connected by several distinct isomorphisms. Composition records how identifications combine.
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The passage from sets to groupoids changes the meaning of sameness:
set: equality is a proposition, groupoid: identity can have internal symmetry.

This is the first step toward homotopy types, higher groupoids, and the interpretation of
identity as path structure.

A Category with Every Arrow Reversible
A category G consists of objects, morphisms, identity morphisms, and associative composition.

It is a groupoid when every morphism

fix->y
has an inverse
fr-liy->x
such that
fA-1of=id x
and
fofr-1=id_y.

Thus every arrow can be traversed in both directions.

A groupoid may have many objects. This distinguishes it from a group, which can be viewed as a
one-object groupoid.

If Ghas one object *, then every morphism begins and ends at *. The morphisms form a group
under composition:

Aut_G(*).
A group is therefore a groupoid with one object.

A set is also a groupoid, but of the opposite extreme: a set becomes a discrete groupoid in
which the only morphisms are identity morphismes.

The progression is:
set C groupoid,
because every set can be regarded as a groupoid with no nontrivial paths.

Groupoids add reversible relational structure without yet introducing noninvertible processes.
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Discrete Groupoids

Let Sbe a set. Define a groupoid D(S) whose objects are the elements of .Sand whose only
morphisms are

id_s:s—s.
If s#t, there is no morphism from sto ¢
This groupoid is discrete because its objects are isolated from one another.

The set can be recovered from the groupoid simply by forgetting that each object carries an
identity arrow.

Thus ordinary sets occupy a special region within the world of groupoids: they are groupoids
with no nontrivial identifications or symmetries.

This inclusion is important. Higher mathematics does not discard sets. It embeds them as the
objects whose path structure is trivial.

The transition from sets to groupoids is therefore an extension rather than a replacement.
Equivalence-Relation Groupoids
An equivalence relation on a set also determines a groupoid.

Let Sbe a set with an equivalence relation ~. Form a groupoid whose objects are the elements
of S, with one morphism

whenever

X~V

Because the relation is reflexive, every object has an identity. Because it is symmetric, every
arrow has an inverse. Because it is transitive, arrows compose.

This groupoid remembers which elements are equivalent, but it still does not distinguish several
different ways of being equivalent. Between any two equivalent objects there is only one arrow.

Such groupoids are sometimes called thin groupoids.
They stand between sets and fully structured groupoids.
A set has no arrows between distinct objects.

An equivalence-relation groupoid has at most one arrow between any pair.
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A general groupoid may have many arrows between the same pair of objects.
The number and structure of those arrows carry information.
Automorphisms
For an object xin a groupoid G, the automorphisms of xform a group:

Aut_G(x) = Hom_G(x, x).
Composition supplies the group operation.
The identity morphism is the identity element.
Every morphism has an inverse.
This automorphism group measures the internal symmetry of the object.
In a discrete groupoid,

Aut_G(x)

is trivial for every x.
In a general groupoid, it may be large.

An equilateral triangle, for example, has rotations and reflections preserving its geometric
structure. A finite set with three unlabeled elements has all permutations of those elements as
automorphisms. A vector space has invertible linear transformations. An algebraic structure
may have symmetries preserving every operation and relation.

When such an object is replaced by its isomorphism class, the automorphism group disappears
unless it is recorded separately.

A groupoid keeps the object and its symmetries together.
Isomorphism Classes Lose Information
Given a groupoid G, one can form the set
m_0(Q)
of isomorphism classes of objects.
Two objects belong to the same class when there is at least one morphism between them.
This construction collapses each connected component of the groupoid to one element.

It preserves the coarse classification of objects but discards:
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e the number of isomorphisms between objects;
e the automorphism group of each object;
e the way isomorphisms compose;
e the transport of structure along those isomorphisms.
Thus
G- 1 0(G)
is a truncation.
It converts a groupoid into a set by forgetting all nontrivial path information.

This operation is often useful. Classification by isomorphism classes is a legitimate mathematical
goal. The problem arises only when the resulting set is mistaken for the complete moduli object.

The groupoid contains strictly more information.
The Groupoid of Finite Sets
Consider the groupoid FinSet”=~,
Its objects are finite sets.
Its morphisms are bijections.
Two objects are connected precisely when they have the same cardinality.
The set of connected components is therefore
m_0(FinSet"=~) = N.
From the viewpoint of isomorphism classes, a finite set is determined only by its size.
But the groupoid contains more. A finite set with n elements has automorphism group
S_n,
the symmetric group on n letters.

Thus the component corresponding to n carries the full permutation symmetry of an n-element
set.

The set Nrecords how many isomorphism classes exist.

The groupoid records how each class is internally symmetric.
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This example already displays the basic difference between a classification set and a moduli
groupoid.

Groupoid Cardinality
For a finite groupoid, one can define a weighted cardinality:
|G| =2X_([x] € 0(G)) (1)/(] Aut_G(x) ).
Each isomorphism class contributes inversely according to the size of its automorphism group.
An object with many symmetries contributes less than a rigid object.

This formula appears in combinatorics, topology, gauge theory, and moduli problems. It shows
that automorphisms affect counting.

Simply counting isomorphism classes gives every class weight one and ignores stabilizers.
Groupoid cardinality retains some of the symmetry data in numerical form.

The formula also suggests a broader principle:

Objects with symmetry should not be counted as though their presentations were independent
rigid points.

Groupoids supply the correct bookkeeping.
Action Groupoids
Let a group Gactonaset X
The action groupoid, written schematically as
X//G,
has the elements of Xas objects.
A morphism from xto yis a group element g € G such that
gX=Y.
Composition is group multiplication.
The connected components are the orbits of the action:
n_0(X//G) =X/G.
But the automorphism group of an object xis its stabilizer:

Aut(x) =Gx={geG|gx=x}.
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The ordinary orbit set remembers which objects are related by the symmetry.

The action groupoid also remembers which symmetries fix each object and how
transformations connect different representatives.

This is why the action groupoid is often a better quotient than the orbit set.

The symbol X//G signals that the quotient retains symmetry instead of erasing it.
Quotients and Stabilizers

Suppose a group acts freely on X. Then every stabilizer group is trivial.

In that case, the action groupoid resembles the ordinary quotient more closely. Each orbit
contains no internal isotropy.

If the action is not free, some points have nontrivial stabilizers. The orbit space can then be
geometrically misleading.

For example, a quotient may contain a point representing an entire orbit whose members have
rotational or reflectional symmetry. The ordinary point does not display that symmetry. The
groupoid does.

This phenomenon appears in orbifolds and moduli spaces. Singularities in a coarse quotient
often reflect objects with nontrivial automorphism groups.

The groupoid presentation retains the cause of the singularity.

A coarse space records where the orbit landed.

The groupoid records how the orbit was formed.

Fundamental Groupoids

A topological space Xdetermines its fundamental groupoid
[_1(X).

The objects are the points of X.

A morphism from xto yis a homotopy class of paths from xto y, with endpoints fixed.

Composition is concatenation of paths.

Every path can be reversed, so every morphism is invertible.

The automorphism group at a point xis the fundamental group:

Aut_(IT_1(X)) (x) = m_1(X, x).
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The fundamental groupoid contains more symmetric information than a fundamental group
based at one chosen point. It includes all points and all path classes between them.

If Xis path-connected, choosing a base point allows much of the groupoid to be described
through one fundamental group. But that choice is not canonical, and the groupoid avoids
privileging one point.

The fundamental groupoid is therefore a coordinate-free form of one-dimensional homotopy
information.

Paths as Identifications

A path from xto ymay be interpreted as evidence that the two points belong to one connected
geometric structure.

But different paths can provide different identifications.

On a circle, there are paths from a point back to itself that wind around the circle different
numbers of times. Their homotopy classes form

Z.

Thus the statement that a point equals itself is no longer represented only by one trivial
identity. There are loop classes carrying winding information.

This is not literal equality in ordinary set theory. It is geometric identity through paths.
The groupoid perspective abstracts this idea.
Objects are points.
Morphisms are reversible identifications.
Automorphisms are loops.
Composition is path concatenation.
The geometry of paths becomes the algebra of groupoids.
The Homotopy 1-Type
A groupoid captures homotopy information through dimension one.
It remembers:
e connected components;

e paths up to homotopy;
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¢ loops and fundamental groups.

It does not retain nontrivial homotopies between paths as separate objects. Those have already
been collapsed into equality of morphisms.

A space whose homotopy groups vanish above dimension one is called a homotopy 1-type.
Groupoids model homotopy 1-types.
This relationship is part of the homotopy hypothesis:

groupoids = homotopy 1-types.

The equivalence must be understood at the appropriate categorical and homotopical level. It
does not mean that a groupoid is literally a topological space. It means that groupoids provide
algebraic models of spaces whose essential homotopy structure lies in dimensions zero and
one.

Sets correspond similarly to homotopy O-types.
Sets as Homotopy 0-Types
A set has elements but no nontrivial paths between distinct elements.

One can regard each element as a disconnected point. Every identity path is trivial, and there is
no higher structure.

Thus sets model homotopy 0-types.
The sequence begins:
propositions < (-1)-types, sets < 0-types, groupoids < 1-types.

A proposition is either empty or inhabited up to the relevant notion of equivalence. It contains
no distinguishable data beyond truth.

A set can contain many elements, but equality between any two elements is proposition-like.

A groupoid can contain many objects and many identifications between them, but equality
between those identifications is still proposition-like.

Each increase in truncation level permits one more dimension of identity structure.
Truncation Levels
Homotopy type theory organizes types by truncation level.

A type is a proposition when any two of its elements are equal:
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Vx,y:Px=y.
A type is a set when every identity type is a proposition.
A type is a 1-type when every identity type is a set.
More generally, an n-type is one whose identity types are (n-1)-types.
This recursive definition shows that higher structure is carried by identity.
An object need not be externally decorated with paths. Its identity types already contain them.
At level zero, identity is proposition-like.
At level one, identity is set-like and may contain several distinct paths.
At higher levels, paths themselves can have nontrivial paths between them.

The progression from sets to groupoids is therefore the first nontrivial stage of an indefinitely
continuing hierarchy.

The Nerve of a Groupoid
A groupoid can be converted into a simplicial set through its nerve.
For a groupoid G, the nerve N(G) has:
e oObjects of G as 0-simplices;
e morphisms of G as 1-simplices;
e composable pairs of morphisms as 2-simplices;
e composable strings of nmorphisms as n-simplices.
The simplicial identities encode composition and identities.

Because all morphisms in G are invertible, the nerve satisfies strong horn-filling properties
characteristic of a Kan complex.

The nerve translates categorical composition into higher-dimensional simplicial geometry.
A morphism becomes an edge.

A composable pair becomes a triangle whose third side is the composite.

Associativity becomes coherence among higher simplices.

This construction is one bridge from groupoids to spaces.

291



Classifying Spaces

The nerve of a groupoid can be geometrically realized to produce a topological space, often

called its classifying space:
BG = | N(G) |.
For a one-object groupoid arising from a group G, the resulting space has
n_1(BG) =G
and trivial higher homotopy groups under the standard discrete-group construction.

The group appears as the loop symmetry of a space.

Conversely, the fundamental groupoid extracts one-dimensional path structure from a space.

These constructions connect algebra and topology:
groupoid — classifying space, space — fundamental groupoid.

Up to the appropriate homotopical equivalence, these processes relate groupoids and
homotopy 1-types.

Moduli Groupoids
Suppose a mathematical problem asks for all objects of a given kind.
A naive answer might be a set of isomorphism classes.
A more faithful answer is often a groupoid:
e objects are the structures being classified;
e morphisms are their isomorphisms.
For vector spaces of a fixed dimension, the groupoid retains changes of basis.
For principal bundles, it retains gauge transformations.
For algebraic curves, it retains automorphisms of each curve.
For representations, it retains intertwining isomorphisms.
For finite sets, it retains permutations.
The moduli groupoid records both the families of structures and their symmetries.
This is often the correct first approximation to a moduli space.

When these groupoids vary over test spaces and satisfy descent, one obtains a stack.
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Why Isomorphism Classes Fail to Form Good Families

Suppose objects are classified over each open region or test scheme U. One might assign to U/
the set of isomorphism classes of objects over U.

This assignment often fails to satisfy the sheaf condition.

Local objects may be isomorphic on overlaps without having been given specific isomorphisms.
Even when isomorphisms are chosen, those choices may fail to satisfy coherence on triple
overlaps.

Passing to isomorphism classes erases precisely the data required for gluing.
The failure is structural:
gluing objects#gluing their isomorphism classes.

To descend objects, one must retain the isomorphisms.
A groupoid-valued assignment does so.
This is why stacks arise naturally from moduli problems.
Stacks as Sheaves of Groupoids
A stack assigns a groupoid F(U) to each context U.
Its objects are local structures over U.
Its morphisms are isomorphisms among those structures.
Restriction sends objects and isomorphisms to smaller contexts.
The stack condition requires descent for both objects and morphisms.
Given a cover {U_i = U}, one may specify:

e anobject x fover each U 7

e anisomorphism

¢_ij: x_i|_(U_ij) — xj|_(U_ij)

on each overlap;

e acocycle condition on triple overlaps:

¢_jko d_ij = ¢_ik.
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The stack condition says that such coherent local data arise from a global object, uniquely up to
a controlled isomorphism.

The phrase “uniquely up to unique isomorphism” replaces literal uniqueness.
This is the groupoid-level form of sheaf descent.

From Unique Gluing to Coherent Gluing

For a sheaf of sets, compatible local sections glue to one unique global section.

For a stack, compatible local objects glue to a global object that is unique only up to
isomorphism.

But even that is not the whole story. The isomorphisms among possible gluings must
themselves be tracked coherently.

This marks a fundamental shift.
Set-valued descent is based on equality.
Groupoid-valued descent is based on isomorphism.
Higher descent is based on equivalence and all higher coherence.
The more faithfully symmetry is retained, the more elaborate the gluing law becomes.
The reward is that the resulting moduli object preserves the true structure of the problem.
Internal Groupoids
A groupoid can also be defined internally in a topos E.
An internal groupoid consists of:

e anobject G_0of objects;

e anobject ¢_7 of morphisms;

e source and target maps

s,t: G_1 - G_0;
e anidentity map
e:G 0-G_1;
e acomposition map on the pullback of composable arrows;

e aninverse map
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i:G_1-G_1;
with the groupoid laws holding internally.
In Set, this is an ordinary small groupoid.
In a sheaf topos, it is a sheaf-like family of groupoids varying over a space.
In an equivariant topos, it is a groupoid carrying compatible ambient symmetry.

Internal groupoids therefore combine the groupoid principle with the relative ontology of the
surrounding topos.

They are central in descent theory, stacks, foliation theory, and generalized quotient
constructions.

Groupoid Objects and Quotients

An internal groupoid can be interpreted as an equivalence relation with possibly many arrows
witnessing equivalence.

A quotient of the groupoid attempts to identify objects connected by arrows.
If one forms only the coarse quotient, stabilizer information may be lost.

The more faithful quotient is often not an ordinary object of the topos but a stack or higher
object.

This is the categorical reason quotient stacks appear.

Given a group action on an object X, the action groupoid
GxX3X

contains both orbit and stabilizer information.

The quotient stack retains that groupoid data.

The ordinary quotient object may retain only the orbit relation.

A higher quotient remembers not only which points are identified but the transformations
identifying them.

Gauge Symmetry

Gauge theories provide a physical illustration of the same principle.
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A field configuration may admit transformations that leave all observable structure invariant.
Two configurations related by a gauge transformation represent the same physical state in an
appropriate sense.

But the gauge transformations themselves form groups or groupoids. Configurations can
possess stabilizers. Families of configurations may glue through gauge equivalences.

A mere set of gauge-equivalence classes can develop singularities and lose local structural
information.

The groupoid of configurations and gauge transformations is often the more faithful object.
Whether one applies this in physics, geometry, or algebra, the lesson is similar:

Quotienting by symmetry should preserve the symmetry responsible for the quotient whenever
that symmetry affects the structure of families.

Groupoids are the first categorical tool for doing so.
Identity and Automorphism
In a set, the identity of an element is rigid.

In a groupoid, an object can have nontrivial automorphisms. This means that the object can be
identified with itself in several structurally distinct ways.

The phrase “identified with itself” should not be confused with saying that several literal
equalities exist in ordinary set theory. Rather, the groupoid has several invertible
endomorphisms.

Homotopy type theory will reinterpret this more radically. There, the identity type
[d_A(x, x)

may itself contain many elements.

Those elements behave like loops or automorphisms.

Thus the groupoid model anticipates a foundational shift:

automorphisms of an object — self-identifications in a type.
The distinction between external isomorphism and internal identity begins to narrow.
The Groupoid Model of Type Theory

A fundamental semantic development showed that dependent type theory can be interpreted
using groupoids.
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Types are interpreted as groupoids.

Terms are interpreted as objects.

Dependent types are interpreted as groupoid-valued families or fibrations.
Identity types are interpreted through morphisms in the groupoid.

If xand y are objects of a groupoid 4, then the identity type between them is modeled by the
set of morphisms

Hom_A(x, y).
Because A is a groupoid, these morphisms are invertible.

This model demonstrates that identity proofs need not collapse to a single undifferentiated
proof. A type can contain nontrivial self-identifications.

The groupoid interpretation therefore breaks with purely set-based semantics while remaining
only one-dimensional.

Failure of Uniqueness of Identity Proofs

In a set-based interpretation, one often expects identity proofs to be irrelevant: if x =y, there is
essentially only one proof of that equality.

This principle is sometimes called uniqueness of identity proofs.
Groupoid semantics shows that dependent type theory does not force this principle.

An object can possess several automorphisms. These provide several inhabitants of its identity
type.

For example, if a type is interpreted by a one-object groupoid with automorphism group G, then
the sole object has as many self-identifications as there are elements of G.

Thus identity can carry algebraic information.

This discovery is one of the conceptual openings through which homotopy type theory
emerged.

Transport Along Identity
In dependent type theory, a family B(x) depending on x: A can be transported along an identity

p: Id_A(x, y).

The identity induces a map
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transport_B(p): B(x) = B(y).
In groupoid semantics, this is interpreted as transport along a morphism
p:X—V.

A groupoid-valued family assigns fibers to objects and transports those fibers along
isomorphisms.

Thus the type-theoretic rule of substituting equals for equals becomes categorical transport
along paths.

This is more than a reinterpretation of a familiar logical principle. The path itself can influence
the transport. Distinct identifications between xand ymay induce distinct transformations
between the fibers.

Identity acquires operational content.
Path Dependence
Suppose there are two morphisms

p,q:Xx—=y
in a groupoid.
Transport along p need not equal transport along g.
The difference may record monodromy or symmetry.

For a local system on a circle, transporting a fiber around different loops can act by different
automorphisms.

Thus a dependent family can detect which path was used.

In set-based reasoning, equality usually carries no memory of its proof. In groupoid and
homotopical reasoning, transport can be path-dependent.

This is one reason higher identity cannot be treated as merely a more elaborate truth value. It
acts on the structures depending on it.

Equivalence of Groupoids
Two groupoids may be equivalent without being isomorphic as categories.
A functor

F:G-H
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is an equivalence when it is fully faithful and essentially surjective.
Fully faithful means that it induces bijections
Hom_G(x,y) = Hom_H(Fx, Fy)
for every pair of objects.
Essentially surjective means that every object of His isomorphic to some F(x).

An equivalence preserves the groupoid’s structure of objects, paths, and automorphisms
without requiring literal equality of presentations.

For example, a connected groupoid is equivalent to a one-object groupoid determined by the
automorphism group of a chosen object.

The choice of object produces a simpler presentation, but the original groupoid may have no
canonical distinguished object.

Equivalence preserves the world while changing its coordinates.

Skeletons

A skeleton of a groupoid selects one representative from each isomorphism class.
The resulting full subgroupoid has no two distinct isomorphic objects.

Every groupoid is equivalent to a skeleton under ordinary choice assumptions.

But passing to a skeleton requires choices and can hide symmetry in the selection of
representatives.

The automorphism groups remain, so a skeleton is richer than the set of isomorphism classes.
Nevertheless, it is one particular presentation.

The original groupoid may encode natural relationships among several equivalent objects that a
skeleton replaces with one chosen representative.

This again illustrates the difference between simplification and invariant structure.
A skeleton can be useful for calculation.

The equivalence class of the groupoid is the more canonical object.

Categories Versus Groupoids

A general category contains both invertible and noninvertible morphisms.

Invertible morphisms represent symmetries or equivalences.
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Noninvertible morphisms may represent processes, inclusions, irreversible transformations, or
information loss.

A groupoid retains only the reversible portion.
Every category C’has a maximal subgroupoid, often called its core:
Ch=,
It has the same objects as C, but only the isomorphisms.
The core extracts the moduli aspect of the category: the objects and their equivalences.
For many classification problems, the core is what one wants.
For processes and directed structure, it is insufficient because it discards noninvertible maps.

This distinction will matter later. Homotopy type theory principally models infinity-groupoids,
not arbitrary directed infinity-categories.

To model genuinely directed mathematics internally, additional structure is required.
The Core of a Category

Consider the category of vector spaces and linear maps.

Its core contains the same vector spaces but only invertible linear maps.

The full category records linear transformations, kernels, images, projections, and irreversible
rank changes.

The core records classification up to change of basis and the automorphism groups of vector
spaces.

These are different mathematical questions.

Similarly, the category of topological spaces contains continuous maps of every kind. Its core
contains only homeomorphisms.

The category of groups contains homomorphisms. Its core contains only group isomorphisms.

The groupoid perspective is therefore not a universal replacement for category theory. It
isolates equivalence structure.

This is precisely the structure most relevant to identity and moduli.
Groupoids and Topoi

The relationship between groupoids and topoi appears in several forms.
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A small groupoid G determines a presheaf topos
Set”(G"op).
This is the topos of sets carrying transport along the arrows of G.

An internal groupoid in a topos can present a quotient stack or another generalized geometric
object.

A groupoid object can determine a simplicial object through its nerve.
Sheaves on a groupoid can describe equivariant sheaves or sheaves on a quotient geometry.

Thus groupoids enter both as inhabitants of topoi and as indexing structures that generate
topoi.

They mediate between symmetry, locality, and generalized spaces.
Topological Groupoids

A topological groupoid is a groupoid whose objects and morphisms form topological spaces and
whose structural maps are continuous.

It can present spaces with local symmetry, including orbifolds and foliation quotients.
Instead of forming a coarse orbit space, one studies sheaves or stacks on the groupoid.

Different topological groupoids can present the same quotient stack, just as different sites can
present the same topos.

The appropriate notion of equivalence is therefore not necessarily isomorphism of groupoids
but a Morita-style equivalence preserving the presented generalized space.

Again, presentation gives way to invariant structure.
The repeated appearance of this pattern prepares the way for univalence.
Orbifolds
An orbifold locally resembles a quotient
U/G
where Uis a manifold and G'is a finite group acting on it.
Points can have nontrivial stabilizers.
The underlying quotient space alone does not record those stabilizers.

A groupoid or stack presentation retains them.
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Thus two points that look identical in the coarse topological quotient may carry different
isotropy groups.

Orbifolds demonstrate that local symmetry is geometric data, not optional annotation.

Groupoids provide the first language capable of preserving that data throughout gluing and
coordinate change.

One-Dimensional Coherence

Groupoids encode composition of paths, but the associativity of composition is strict at the
categorical level:

(hog)of=ho(go0.

In geometry, path concatenation is usually associative only up to homotopy unless one chooses
special models.

A strict groupoid compresses some coherence information into literal equations.

For homotopy 1-types, this strictification does not lose essential homotopy information. Every
weak 1-groupoid can be modeled by a strict groupoid up to equivalence.

In higher dimensions, strictification becomes more difficult and often impossible in the same
simple form.

Higher groupoids therefore require weak composition and coherence data.

The transition from groupoids to infinity-groupoids is not merely the addition of arrows
between arrows. It requires a systematic theory of composition up to higher equivalence.

Higher Identifications
Suppose pand g are two paths from xto y.
In a groupoid, they are simply two distinct morphisms unless they are equal.
In a space, there may be a homotopy between them.
That homotopy is a two-dimensional identification.
Two such homotopies may themselves be connected by a higher homotopy.
The structure continues:
points, paths, homotopies between paths, homotopies between homotopies, ...

A groupoid stops after the first nontrivial level.
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An infinity-groupoid retains all levels.

Homotopy types are therefore not fully captured by ordinary groupoids unless they are 1-
truncated.

The Homotopy Hypothesis

The homotopy hypothesis proposes that infinity-groupoids are equivalent, in the appropriate
sense, to homotopy types.

A topological space carries points, paths, homotopies, and higher homotopies.
An infinity-groupoid provides an algebraic or categorical organization of the same data.
Different models include:

e Kan complexes;

suitable simplicial sets;

complete Segal groupoids;

globular infinity-groupoids;

other equivalent frameworks.

No single strict definition is privileged in every context. The invariant content is the homotopy
type.

The homotopy hypothesis extends the correspondences:
sets = 0-types, groupoids = 1-types, infinity-groupoids =~ homotopy types.
This is the conceptual bridge into higher topos theory.
Why Higher Topoi Need Spaces
An ordinary Grothendieck topos consists of sheaves of sets.

Set-valued sheaves can record whether local sections agree, but they cannot retain higher
spaces of identifications among sections.

A higher topos replaces sets with homotopy types or spaces.
A presheaf now has the form
F: C*op — S,

where Sis the infinity-category of spaces.
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For each context U, F(U) is not merely a set of sections. It is a space of sections.

Its points are sections.

Its paths are equivalences between sections.

Its higher paths are coherences among those equivalences.

The local data therefore carry their full homotopical symmetry.

Descent must preserve that structure.

Groupoid-Valued Presheaves as an Intermediate Stage

Before passing to arbitrary spaces, one can consider presheaves of groupoids.

Such a presheaf assigns a groupoid F(U) to every context.

Objects of F(U) are local structures.

Morphisms are local isomorphisms.

Restriction transports both structures and isomorphisms.

A stack is a groupoid-valued presheaf satisfying descent.

This is the 1-truncated version of an infinity-sheaf.

It retains automorphisms but not higher automorphisms among those automorphisms.

Stacks therefore occupy a bridge between ordinary sheaves and higher sheaves:
sheaves of sets — stacks of groupoids — sheaves of spaces.

The progression follows increasing dimensions of identity.

The Moduli Problem Revisited

Suppose a moduli problem assigns to each test object {/a collection of structures over U.

If the structures have no nontrivial automorphisms, a set-valued sheaf may suffice.

If they have automorphisms but no essential higher automorphisms, a groupoid-valued stack is
appropriate.

If the structures possess higher symmetry, derived deformation data, or higher gauge
transformations, a space-valued higher stack may be required.

The dimension of the target is determined by the dimension of identity present in the objects
being classified.
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Thus the move to higher topoi is not motivated merely by a desire for abstraction.
It is forced by the symmetry structure of moduli.

Equality, Isomorphism, and Equivalence

The transition from sets to groupoids clarifies three terms that are often blurred.
Equality is literal identity within a fixed presentation.

Isomorphism is an invertible morphism inside a category.

Equivalence is the appropriate structural sameness between categories, groupoids, types, or
higher objects.

In a set-based foundation, equality is primitive, while isomorphism is an external relation among
structured sets.

In category theory, isomorphism often matters more than equality.

In higher category theory, equivalence replaces strict isomorphism as the stable notion of
sameness.

In univalent foundations, equivalence can be represented by identity in a universe.

The path from groupoids to univalence therefore passes through a progressive internalization of
structural sameness.

Structuralism and Symmetry

Mathematicians routinely say that isomorphic objects are “the same for all structural purposes.”
Yet conventional foundations distinguish them as unequal sets.

This distinction creates a gap between mathematical practice and foundational identity.
Groupoids reduce the gap by retaining isomorphisms as first-class morphisms.

Instead of collapsing all isomorphic objects into one representative, the groupoid preserves the
network of equivalences among them.

The resulting structure is more faithful to mathematical structuralism.

A mathematical object is not isolated from its isomorphic copies. It belongs to a field of
presentations connected by transformations.

Its identity includes its symmetries.
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Rezk Completion and Univalence

In higher category theory, one can distinguish a raw presentation from a completed structure in

which equivalences are correctly recognized.

For suitable categorical objects, Rezk completion produces a complete or univalent version in

which equivalences of objects correspond to paths in the space of objects.
This idea is closely related to univalence in type theory.
A precategory may have objects that are isomorphic but not internally identified.
A univalent category satisfies a principle of the form
(a=Db) =Iso(a, b).
The equality type of objects corresponds to the type of isomorphisms between them.
This is a categorical-level version of the univalence principle for types.

The move from groupoids to completed higher structures therefore continues the same

conceptual direction: equivalences should not remain external accidents of presentation.

Groupoids as the First Univalent Intuition

A groupoid does not by itself make isomorphic objects literally equal. But it teaches the
essential lesson that the space of identifications matters.

Between two objects xand y, one considers
Hom_G(x,y)
rather than only the proposition that they belong to the same isomorphism class.
The collection of identifications can have structure.
Self-identifications form a symmetry group.
Composition of identifications matters.
Transport along identification matters.
These are precisely the features later carried by identity types.

The groupoid is therefore the first manageable model in which identity begins to behave
geometrically.

The Limits of the Groupoid Stage

Groupoids cannot model all homotopy types.
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The 2-sphere has nontrivial second homotopy group:
m_2(S"2) =7

An ordinary groupoid cannot retain this information because it has no independent two-
dimensional morphisms.

Similarly, spaces with nontrivial higher homotopy require paths between paths and further
coherence.

Groupoids are therefore a decisive but limited enlargement.

They show that identity can have multiplicity and symmetry.

They do not yet show identity with arbitrarily high dimension.

The next step is not another ordinary category with more objects. It is an infinity-groupoid.
From Groupoids to Types as Spaces

The groupoid interpretation suggests the following dictionary:

type < groupoid or space, term < object or point, identity proof < path, identity between
identity proofs < homotopy between paths.

At the groupoid level, the dictionary stops after paths.

At the space level, it continues indefinitely.

This is the central semantic idea of homotopy type theory:
Types behave like spaces, and identity behaves like paths.

The statement is not merely illustrative. It can be formalized through models in simplicial sets,
cubical sets, infinity-groupoids, and higher topoi.

A Change in the Meaning of Element

In Set, an element of A4 is a point with no internal symmetry unless additional structure is
externally imposed.

In a groupoid, an object may carry an automorphism group.

In a homotopy type, a point may lie in a space of loops, higher loops, and coherent
transformations.

Thus the meaning of “element” becomes richer as the ambient world changes.

An element is no longer merely a member of a collection.
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It is a point situated within a geometry of identifications.

This is the higher analogue of the earlier topos-theoretic transition from global elements to
generalized elements in context.

First, elements became contextual.

Now, identities among elements become spatial.

A Change in the Meaning of Classification

In set-based classification, one seeks a set of equivalence classes.
In groupoid-based classification, one seeks a moduli groupoid.

In higher classification, one seeks a moduli space or higher stack.
The progression preserves increasingly complete information:

classes only, classes and automorphisms, classes, automorphisms, and higher deformation
data.

The correct classifier depends on what kinds of symmetry and coherence the objects possess.
This gives a practical criterion for when ordinary set-valued mathematics is insufficient.

If equivalence has internal structure, the classifier must have enough dimension to retain it.
The First Higher Horizon

The passage from sets to groupoids reveals several themes that will govern the remaining
chapters.

Identity can carry data.

Automorphisms are part of an object’s structure.
Quotients should retain stabilizers.

Moduli problems require groupoids or higher spaces.
Descent must glue identifications as well as objects.
Type-theoretic identity can be modeled by paths.
Equivalence is more fundamental than literal presentation.

These ideas point beyond ordinary topoi.
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A Grothendieck topos of set-valued sheaves captures local variation but truncates identity at the

level of propositions. A higher topos retains the spaces of local sections and their higher
identifications.

The next chapter develops the central interpretation more directly:

types as spaces

A type will no longer be viewed primarily as a collection of elements. It will be viewed as a
homotopy type whose points, paths, and higher paths form an infinity-groupoid.

309



Chapter 16
Types as Spaces

The passage from sets to groupoids revealed that identity can carry structure. Two objects may
be connected by several distinct isomorphisms. An object may possess nontrivial
automorphisms. Transport along one identification may differ from transport along another.

Homotopy type theory extends this idea beyond the groupoid level. A type is interpreted not
merely as a set or a groupoid but as a space, more precisely as a homotopy type or infinity-
groupoid.

Under this interpretation:

type <= space, term < point, identity < path, identity between identities <= homotopy
between paths.

The sequence continues without a predetermined endpoint.

A path between points can itself be compared with another path. A homotopy between paths
can be connected to another homotopy. Each identity type is itself a type and therefore
possesses its own identity types.

Identity is recursive.

This interpretation changes the foundational picture. A type is not primarily a container whose
elements can be listed. It is an environment of points related by paths, higher paths, and
coherent symmetries.

The word space should not be restricted here to ordinary point-set topology. The relevant
notion is invariant under homotopy. Distances, coordinates, and specific geometric embeddings
are secondary. What matters is the pattern of connectedness, loops, higher-dimensional holes,
and transport.

A type behaves like a space up to homotopy.
From Propositions as Types to Types as Spaces
The propositions-as-types correspondence begins with a logical interpretation.
A proposition is represented by a type.
A proof of the proposition is a term of that type.
If Pis a proposition, then
p: P
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means that pis evidence for P.
Logical operations correspond to type-forming operations.

A conjunction

PAQ
is represented by a product type

P x Q.
A proof consists of a pair

(p, @)
An implication

P=Q
is represented by a function type

P-Q.

A proof is a function transforming evidence for Pinto evidence for Q.
An existential statement
Ix: AP(x)
is represented by a dependent sum
Y (x:A) P(x).
A term consists of a witness xtogether with evidence for P(x).
A universal statement
vx: A P(x)
is represented by a dependent product
[LL(x: A) P(x).
A term assigns evidence for P(x) to every x: A.

This logical correspondence already turns proofs into mathematical objects. The spaces
interpretation goes further. It says that all types, not only propositions, can carry homotopical
structure.
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Propositions are then recognized as a special class of types: those containing no relevant
distinctions among their proofs.

Propositions as the Simplest Spaces
A proposition may be interpreted as a space that is either empty or contractible.
If the proposition is false, its type has no points.

If it is true, its type has at least one point, and all of its points are identified in a unique
homotopical way.

Thus a proposition has no internal geometry beyond truth or falsity.
A type Pis proposition-like when
[I.pa:P) (p=0q)
is inhabited.
This says that any two proofs of Pare equal.

The proposition may possess many syntactic proof terms, but from the internal homotopical
viewpoint they carry no distinguishable information.

Propositions therefore correspond to homotopy (-1)-types.
They form the lowest nontrivial layer of the hierarchy of homotopy types.
Sets as Discrete Types
A type Ais set-like when every identity type
Id_A(x, y)
is a proposition.

There may be many elements of 4, but there is at most one relevant identification between any
two of them.

This reproduces ordinary set-level identity.

A set-like type is called a homotopy 0-type or a set in the homotopy-type-theoretic sense.
Thus ordinary sets are recovered inside the wider universe of types.

They are not rejected. They are characterized by a truncation condition:

isSet(A) = [[_(x, y: A) isProp(x = y).
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The defining property is not that 4 has no structure. It may carry algebraic operations, order, or
topology externally. The property concerns identity itself: the paths between its points have no
higher multiplicity.

Identity Types
For a type A and terms
X, V: A,
the identity type is written
Id_A(X, y).
Its terms are identifications or paths from xto y.
The type always contains reflexivity:
refl_x: [d_A(x, x).
Reflexivity is the constant path at x.

In ordinary extensional reasoning, an equality proof may be treated as a mere certificate that
two expressions denote the same object. In intensional type theory, the identity proof remains
available as data.

Different terms of

Id_A(x, y)
may represent different ways of identifying x with y.
The identity type is itself a type, so for paths

p, q: Id_A(%, y)

one can form another identity type:

Its terms are paths between paths.

The recursive structure of identity is the source of higher-dimensional geometry.
Reflexivity as the Basic Path

The primitive constructor for identity is reflexivity.

For every x: A,
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refl x: x = x.

All general reasoning about identity is generated from this basic case through the elimination
principle for identity types.

Geometrically, every point has a constant path to itself.

The significance of reflexivity is not that every path is literally constant. Rather, the rules
governing identity say that to define a construction depending on an arbitrary path, it is enough
to define it for reflexivity in a coherent dependent manner.

This principle is called path induction or the Jfrule.
It is one of the most important operations in intensional type theory.
Path Induction

Suppose a family of types depends on

X, y: A
and on a path
p:xX=Yy.
Write the family as
Cx v, p)-

To construct an element of C(x, y, p) for all x;, y, and p, it is enough to give, for every x: A, an
element of

C(x, x, refl_x).
Schematically,
(T-(x: A) C(x, x, refl x)) = (TI(x, y: A) [1_(p: x =y) C(X, y, p))-
This is path induction.
It says that an arbitrary identity can be analyzed through the universal case of reflexivity.

The principle may appear to collapse every path to reflexivity, but that is not its meaning. It
does not assert that every path is equal to a reflexivity path while holding both endpoints fixed.
Instead, it permits dependent constructions to be generated from the reflexive case as the
endpoints vary.

The distinction is subtle and essential. Path induction is compatible with nontrivial loop spaces.
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Inverse Paths

Every path

has an inverse
pM-l:y =x
The inverse is defined by path induction. For reflexivity,
(refl_x)"-1 = refl_x.

Geometrically, the inverse traverses the same path in the opposite direction.
The operation satisfies laws such as

(p*-D7-1=p
up to the appropriate identity.
Thus identities are reversible.

This is why each type behaves like an infinity-groupoid rather than an arbitrary directed
category. ldentity paths can always be reversed.

Composition of Paths

Given paths
p:X=y
and
qQ:y =12
one can form their composite
pq:x =7z

This operation corresponds to concatenating paths.
Reflexivity acts as a unit:

refl_x-p = p, p-refl_y = p,
up to identity.

Composition is associative:
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(p-q) T =p-(qT),
again as an identity inhabiting a higher identity type.

The qualifications “up to identity” and “in a higher identity type” become increasingly
important. In a type, the groupoid laws are generally not imposed as rigid external equations at
every level. They are witnessed by paths, whose coherence is witnessed by higher paths.

The type behaves as a weak infinity-groupoid.
The Infinity-Groupoid Structure of a Type
For every type A:

e its terms are objects;

e paths are morphisms;

e paths compose;

e every path is invertible;

e paths between paths act as 2-morphisms;

e higher identities act as higher morphisms.
This structure continues indefinitely.

The laws of composition, units, and inverses are themselves accompanied by higher
identifications. Those identifications satisfy further coherence laws, again witnessed at higher
levels.

The full weak infinity-groupoid structure is not manually attached to a type. It is generated by
the identity-type rules.

This is one of the most remarkable conclusions of the homotopical interpretation:
The ordinary rules of intensional identity already contain the architecture of higher groupoids.

Type theory was not initially designed as a language of homotopy. The homotopical structure
was discovered within its identity rules.

Loop Spaces
For a pointed type (A, a), the loop space at ais the identity type
Q(A,a) =1d_A(a, a).

Its points are loops beginning and ending at a.
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The loop space is itself a type and therefore has its own loops.
The second loop space is
O%(A, a) = Q(Q(A, a), refl_a).
One can continue iteratively:
Q*n(A, a).

The connected components of these loop spaces correspond to homotopy groups in suitable
settings.

Thus repeated identity types recover familiar topological invariants.

The type does not need an externally supplied topology. Its identity structure already behaves
homotopically.

Connected Components
A space may have several connected components.
Two points lie in the same component when there exists a path between them.

For a type 4, the set of connected components is obtained by 0-truncation, often written
schematically as

lAIl_O.

This operation retains the points of 4 only up to path-connectedness and discards higher path
information.

At a still lower level, propositional truncation

1Al
retains only whether A is inhabited.
The progression is:

A - [IAl_0 - [IAll

The original type may contain points, paths, loops, and higher structure.
Its O-truncation retains only the set of components.
Its propositional truncation retains only existence.

Truncation therefore controls how much identity structure is forgotten.

317



Mere Existence

In propositions-as-types, an existential statement can be represented by a dependent sum:
Y (x:A) P(x).

A term of this type contains both a witness and evidence.

Sometimes one wants to assert only that a witness exists without retaining the witness as
usable data.

This is expressed through propositional truncation:
IY_(x: A) P(X)Il.
The truncated type records mere existence.

It is inhabited when a witness exists, but its inhabitants are all identified propositionally. One
cannot generally extract a specific witness without additional assumptions.

This distinction separates constructive data from mere truth.

It is especially important in homotopy type theory because a raw existence type may carry
multiple witnesses and paths among them. Propositional truncation deliberately discards that
structure.

Contractible Types

A type Ais contractible when it has a point a: A such that every point of 4 is equal to a:
isContr(A) =) _(a: A) [[.(x: A) (a =x).

The point ais a center of contraction.

A contractible type may have many terms and many syntactic descriptions, but homotopically it
behaves like a single point.

The unit type is contractible.

A proposition is inhabited precisely when it is contractible, under the usual proposition
condition.

Contractibility plays a central role in defining equivalences. A map is an equivalence when each
of its homotopy fibers is contractible.

This formulation captures the idea that every target point has one preimage up to a uniquely
coherent identification.
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Fibers of Functions
Let
f:A-B
be a function and let b: B.
The homotopy fiber of fover bis
fib_f(b) =) _(a: A) (f(a) = Db).

A point of the fiber consists of:

e anelementa:A;

e apath from f(a) to b.
This differs from the strict set-theoretic fiber

faeA|f(a) =b}

only superficially when A and Bare sets. In higher types, the path witnessing f(a) = b can carry
significant information.

Different paths may produce different points of the homotopy fiber.
Thus fibers retain the geometry of identification rather than imposing literal equality.
Equivalences
A function
f:A-B

is an equivalence when it preserves the entire homotopy type.
One robust definition is:

isEquiv(f) = []_(b: B) isContr(fib_f(b)).
Every homotopy fiber must be contractible.

This means that for each b: B, there is essentially one a: A mapping to it, with the appropriate
path data, and that this choice is coherent.

The type of equivalences is written
Equiv(A, B)
or
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A=B.

An equivalence is stronger than a function that is merely bijective on a chosen set of points. It

preserves paths, higher paths, and the complete homotopical structure.
For set-like types, equivalence reduces to ordinary bijection.
For groupoid-like types, it corresponds to equivalence of groupoids.
For general types, it is homotopy equivalence.
Quasi-Inverses
Another way to describe an equivalence is through a quasi-inverse.
A function
f:A-B

has a quasi-inverse when there is a function

gB-oA
together with homotopies
gof~id A
and
fog~id_B.

Here a homotopy between functions h, k: A — B is a dependent function

H: [L(x: A) (h(x) = k(x)).

Thus the composites need not be literally equal to the identities as syntactic functions. They are

pointwise connected to them by paths.

The quasi-inverse description captures the geometric idea of reversible deformation.

However, the raw type of quasi-inverse data can contain redundant coherence. For foundational

purposes, definitions based on contractible fibers or half-adjoint equivalences often behave

better.

The several formulations are equivalent at the level of existence, but their internal identity

structures can differ.
Homotopies Between Functions

Given functions
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f,g:A—B,
a homotopy from fto gis
f~g=T(xA) (f(x) = g(x)).
It assigns a path from f(x) to g(x) for every x: A.
This is the type-theoretic analogue of a continuous deformation between maps.
In ordinary topology, a homotopy is usually a map
AXI—-B

depending on an interval parameter. In homotopy type theory, pointwise identity provides the
synthetic form.

Under function extensionality, homotopies between functions correspond to identities in the
function type:

(f=g) =({f~g).
Function extensionality follows from univalence in standard formulations.
Thus functions are identified when they act identically up to paths on every input.

Functions as Maps of Spaces

A function
f:A—-B
is interpreted as a map of spaces.
It sends points to points.
It also acts on paths. Given
p:X=Y,

there is an induced path
ap_f(p): f(x) = f(y).
The notation ap stands for the action of a function on paths.

The induced operation preserves reflexivity, composition, and inverse up to the appropriate
identities:

ap_f(refl x) = refl_(f(x)), ap_f(p-q) = ap_f(p)-ap_f(q), ap_f(p”-1) = ap_f(p)"-1.
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Thus every function automatically respects the infinity-groupoid structure of its domain and
codomain.

A type-theoretic function is continuous in the synthetic homotopical sense because it preserves
paths by construction.

Dependent Functions and Transport

Let

B:A-U
be a family of types indexed by A.
For a path

p:X=Y,

transport gives a function
transport_B(p): B(x) — B(y).

Transport along reflexivity is the identity:

transport_B(refl_x) = id_(B(x)).
Transport along a composite corresponds to composite transport:

transport_B(p-q) = transport_B(q) o transport_B(p),

up to the conventional order and appropriate identity.
Transport along an inverse path gives the inverse transport.

Thus a dependent type behaves like a fibration over A4. Paths in the base induce equivalences
between fibers.

This is the type-theoretic form of parallel transport.
Dependent Types as Fibrations
A family
x: A - B(x) type
corresponds geometrically to a fibration
p: E—A.

The total space is represented by the dependent sum
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E=)_(x:A) B(x).
The projection is
m_1:) _(x:A) B(x) = A.
Its fiber over xis equivalent to B(x).
A dependent term
s: [[.(x: A) B(x)
corresponds to a section of the fibration:
X - (%, s(x)).

The connection with slice topoi is immediate. In ordinary categorical semantics, dependent
types are objects over a context. In the homotopical semantics, they are fibrations over a space.

The same structural idea has gained higher identity.
Dependent Sums as Total Spaces
The dependent sum
Y _(x:A) B(x)

contains pairs

(x,b)
with x: A and b: B(x).
Geometrically, it is the total space of the family B.
Its paths are more informative than componentwise equality in an ordinary Cartesian product.
A path from

(x,b)
to

™9
consists, in an appropriate formulation, of:

e apathp:x=y;

e a path identifying the transport of balong pwith ¢
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Schematically,
(x,b) = (¥
corresponds to
Y (p:x=y) (transport B(p)(b) = o).

Thus equality in a total space combines movement in the base with compatible movement in
the fiber.

This is precisely the geometry expected of a fibration.
Dependent Products as Spaces of Sections
The dependent product
[LL(x: A) B(x)

is the type of dependent functions assigning

b_x: B(x)
to every x: A.
Geometrically, it is the space of sections of the fibration associated with B.
Its points are sections.
Its paths are homotopies between sections.
Its higher paths are higher homotopies.

Thus the dependent product is not merely a collection of choice functions. It can possess
substantial topology.

The space of sections of a bundle may have several connected components, nontrivial loops, or
higher homotopy.

Type theory retains this structure automatically.

Ordinary Products and Function Types

When B(x) does not actually depend on x, the dependent sum becomes the ordinary product:
Y (xxA)B=AXB.

The dependent product becomes the function type:

[[.(x:A)B=A—-B.
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Thus ordinary products and exponentials are special cases of dependent constructions.
This mirrors the role of slices and local Cartesian closure in topos theory.
The higher interpretation enriches the correspondence:

e the product is a product of spaces;

e the function type is a mapping space;

e dependent sums are total spaces;

¢ dependent products are spaces of sections.
The familiar type constructors acquire direct geometric meaning.
Mapping Spaces
The function type

A-B

is interpreted as the mapping space from Ato 5.
Its points are functions.
Its paths are homotopies between functions.
Its higher paths are higher homotopies.
Thus mapping objects are themselves spaces.

This differs from ordinary category theory, where the morphisms between two objects form a
set.

In an infinity-category, the maps between objects form a space.

Homotopy type theory naturally reflects this enrichment because its function types possess
identity types.

The mapping space is not added externally. It is the ordinary function type viewed through its
own path structure.

The Interval Intuition
A path is often imagined as a function from an interval:

[- A
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In some semantic models, especially cubical type theories, an interval object is explicit. A path
from xto yis a function

p:1—>A
satisfying endpoint conditions
p(0) =x,p(1) =y.

In intensional Martin-Lof type theory, the identity type is primitive rather than defined from an
interval.

The two approaches can support closely related homotopical interpretations, but they organize
computation differently.

Cubical systems often provide more direct computational behavior for univalence and paths.

The important conceptual point is stable: identity is treated geometrically as a path-like object,
not merely as an external Boolean relation.

Higher Inductive Types
Ordinary inductive types are generated by point constructors.
The natural numbers, for example, are generated by
0:N
and
succ: N — N.
Higher inductive types may also include path constructors and higher-path constructors.
A synthetic circle can be generated by:
base: S1
and
loop: base = base.
The loop constructor gives the circle nontrivial identity structure.

The type is not defined as a set of coordinates satisfying an equation. It is specified directly by
one point and one generating loop.

Higher inductive types allow spaces, quotients, truncations, and cell complexes to be
constructed within type theory.
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They demonstrate the generative power of treating paths as first-class constructors.

The Synthetic Circle
The circle $71 is the simplest important example.
It has a base point:
base: S™1.
It has a distinguished loop:
loop: base = base.
The loop can be composed with itself:
loop”2, loop”3,
and inverted:
loop”-1.
The resulting loop structure gives
n_1(S*"1) =7Z

in the synthetic theory.

The calculation can be carried out internally using a family of types over the circle and transport

around the generating loop.

This is a striking achievement. A classical topological invariant emerges from the identity

structure of a type defined by generators.

Quotients as Higher Constructions

Ordinary set quotients collapse equivalent elements and discard the identifications responsible

for the collapse.
A higher quotient can retain those identifications as paths.
Suppose a relation R(x, y) is given on A. A higher inductive quotient may include:

e a point constructor sending each a: A into the quotient;

e a path constructor identifying the images of xand ywhenever R(x, y) holds.

The quotient then remembers the generated path structure.

Further truncation may be imposed when only a set-level quotient is desired.
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This distinction separates:
homotopy quotient
from
set quotient.

The homotopy quotient retains stabilizers and coherence.
The set quotient retains only equivalence classes.
Truncation as Controlled Forgetting
Truncation allows higher information to be removed deliberately.
A type may be replaced by:

e its propositional truncation;

e its set truncation;

e its groupoid or 1-truncation;

e its n-truncation.
The n-truncation retains homotopy information only through dimension .
This produces a ladder:

A= [[All_.n = IAll_(n-1) = --- = [IAl_0 — [IAIl

Each step forgets one or more dimensions of identity.

Ordinary set-based mathematics can therefore be recovered by truncating higher objects rather
than denying their higher structure from the beginning.

Truncation becomes a modality: a systematic change in which distinctions remain visible.
The Hierarchy of Types

The homotopy levels can be summarized recursively.

A type is contractible when it has exactly one point up to coherent identity.

A type is a proposition when all of its points are equal.

A type is a set when all of its identity types are propositions.

A type is a groupoid-like 1-type when all of its identity types are sets.
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A type is an n-type when all identity types are (n-1)-types.
An unrestricted type may contain nontrivial homotopy in arbitrarily high dimensions.
The hierarchy is determined entirely through identity.

This is one of the most elegant structural features of homotopy type theory. Dimension is not
introduced by external coordinates. It is measured by the depth of nontrivial equality.

Intensional and Extensional Identity

In extensional type theory, propositional equality is often tightly identified with definitional
equality. An equality proof can force two terms to become interchangeable at the judgmental
level.

In intensional type theory, definitional equality and identity types remain distinct.

Definitional equality is a relation recognized by computation or reduction. It is part of the
metatheory.

Propositional equality is represented by an identity type inside the theory.

Thus

>
Il
<

may denote definitional equality, while
p: Id_A(x,y)
denotes an internal path.

The distinction allows identity types to contain nontrivial structure. If every propositional
equality collapsed automatically into definitional equality, the homotopical interpretation would
be severely restricted.

Intensionality makes room for geometry within identity.
Judgmental Equality

Judgmental or definitional equality expresses that two terms compute to the same expression
according to the rules of the theory.

Examples may include:

(Ax.t)(a) =t[a/x],

or the computation of a recursively defined function on a constructor.
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Judgmental equality is not itself a type. It does not have terms or higher identities.
It is checked by the type system.
Propositional equality, by contrast, is an internal type and can be inhabited in multiple ways.

The two notions interact. Definitional equality usually permits reflexivity to inhabit the
corresponding identity type. But not every propositional equality is judgmental.

The separation between computation and path structure is central to the design of homotopy
type theories.

Universes
A universe Uis a type whose terms are themselves types, subject to size and closure conditions.
If
A: U,
then Ais a small type classified by the universe.

The universe can contain codes or representatives for products, function types, dependent
sums, dependent products, and other constructions.

In set-theoretic foundations, one may imagine a universe as a large collection of smaller sets. In
homotopy type theory, Uis itself a type and therefore a space.

Its points are types.

Its paths are identities between types.

The central question becomes:

What should a path between two types mean?

Univalence answers that it should correspond to an equivalence.
The Space of Types

If types are treated as points of a universe, the universe cannot be a discrete set unless
equivalent types are artificially separated.

There are many presentations of the same mathematical structure.
A two-element type may be represented by different labels or constructions.

Two contractible types may have different syntactic definitions.
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Equivalent function spaces may arise through different decompositions.

From a structural viewpoint, equivalent types should lie in the same connected region of the
universe.

The universe should remember not only that they are equivalent but the space of equivalences

between them.
This is the motivation for viewing U/as a moduli space of small types.
Its paths should carry structural identifications.
Identity of Types Produces Equivalence
Even without assuming univalence, any path
p: Id_U(A, B)

induces an equivalence

idtoequiv(p): A = B.
The construction follows by path induction.
For reflexivity,

idtoequiv(refl_A) = idEquiv_A.

Thus identity of types always gives equivalence.
The difficult direction is the converse:

A=B-Id_U(A B).

In ordinary foundations, an equivalence or bijection does not imply literal equality of the
underlying sets.

Univalence asserts that in the universe, equivalence is exactly the correct identity structure.
The next several chapters will develop the setting in which this principle is meaningful.
Types as Moduli Objects
The universe Ucan be regarded as a moduli space of small types.
For each point A: U, the loop space

Id_U(A, A)

should correspond under univalence to
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Equiv(A, A),
the automorphism space of 4.
Thus the self-symmetries of a type become loops in the universe.
This is precisely the moduli principle encountered earlier.
A moduli set loses automorphisms.
A moduli groupoid retains them as arrows.
A moduli space retains automorphisms and higher symmetries.

A univalent universe is a moduli space whose identity structure correctly represents
equivalence.

The Two-Element Type
Consider a two-element type 2.
It has a nontrivial automorphism exchanging its two elements.
Under univalence, this automorphism corresponds to a nontrivial loop:

1d_U(2, 2).
Thus the universe is not set-like.
Its identity types contain nontrivial paths arising from automorphisms of the types it classifies.
This example makes the geometric meaning of univalence vivid.
The universe contains a point representing 2.
The symmetry of 2 appears as a loop at that point.
More complicated types produce richer loop spaces and higher automorphism structures.
The universe is a genuine higher moduli space.
Structural Transport
Suppose

P:U->V

is a construction assigning another type P(A) to every small type A.

A path
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p: Id_U(A, B)
induces transport:
P(A) - P(B).
Under univalence, an equivalence
e:A=~B

produces such a path and therefore transports all definable structures and properties from Ato
B.

This formalizes the mathematical principle that equivalent structures are interchangeable in
invariant constructions.

One no longer needs to prove separately that every definable property respects equivalence.
Transport along identity provides the mechanism.

Univalence converts structural invariance into ordinary substitution of identicals.
Invariance by Construction

Traditional mathematics often proceeds by choosing concrete representatives and later proving
that the result is independent of the choice.

A basis is chosen, a coordinate chart is chosen, a presentation is chosen, or a representative of
an isomorphism class is chosen. One then proves invariance.

In a univalent setting, sufficiently structural constructions are invariant because equivalences
correspond to paths.

A construction defined on the universe automatically transports along those paths.

This does not eliminate all coherence work. The definition must still be formulated at the
correct level, and directed structures may require additional categorical machinery.

But the foundational default changes.

Equivalence is no longer something the system must be persuaded to respect externally. It is
built into identity.

Types Versus Sets with Structure
A common misunderstanding is that a type is simply a set equipped with extra topology.

The homotopical interpretation is more radical.
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A type is not first a set whose elements are later connected by paths. Its points and identity
types are given together as one dependent structure.

The identities may themselves contain higher identities.
There need be no underlying set that captures the whole type without truncation.
One can extract a set of connected components, but that operation loses information.
Thus the relation is not:
type = set+paths.

It is closer to:

type = homotopy-coherent space of points and identifications.
The set-like shadow appears only after truncation.
Synthetic Homotopy Theory

Homotopy type theory is called synthetic because spaces and homotopical constructions can be
studied directly through type-theoretic rules.

One does not always begin with point-set spaces, open sets, continuous functions, and quotient
constructions.

Instead, one reasons with:

types;
e paths;
e dependent types;
e transport;
¢ higher inductive types;
e truncations;
e equivalences;
e universes.
Topological theorems can then be formulated and proved internally.

This resembles synthetic geometry, where geometric objects are studied through axioms rather
than coordinates.
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The semantic models ensure that the rules correspond to genuine homotopical structure.
Synthetic reasoning can avoid technical artifacts tied to one model of spaces.

Semantic Models

The statement “types are spaces” is an interpretation, not a literal syntactic equation.

A formal type theory consists of rules for forming types, terms, identities, and dependent
constructions.

A semantic model interprets those rules in a mathematical category or higher category.
Important homotopical models include:

e simplicial sets;

e cubical sets;

e suitable model categories;

e categories of fibrant objects;

¢ infinity-topoi;

o related presheaf and sheaf constructions.

In these models, types are interpreted by space-like objects and dependent types by fibrations.

Different models may implement computation and coherence differently while validating a
common core theory.

The type theory is synthetic.

The model provides an external geometric realization.
Simplicial Semantics

A simplicial set is a presheaf

X: A%op — Set.

Its simplices encode points, edges, triangles, tetrahedra, and higher-dimensional coherence.

Kan complexes are simplicial sets satisfying horn-filling conditions. They provide a model of
infinity-groupoids or homotopy types.

In simplicial semantics:

e atypeisinterpreted by a Kan complex or related fibrant object;
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e aterm isinterpreted by a point or section;
e anidentity type is interpreted by a path-space construction;
o dependent types are interpreted by fibrations.
This gives a precise mathematical realization of the types-as-spaces dictionary.

Simplicial sets are themselves objects of a presheaf topos, but the homotopical semantics
requires more than the underlying ordinary topos structure. Weak equivalences and fibrancy
must be recognized.

The higher meaning is produced by a homotopical localization.
Cubical Semantics
Cubical sets are presheaves on a category of cubes.

They include explicit interval dimensions, making paths resemble functions of an interval
variable.

Cubical type theories can give computational content to univalence and higher inductive
constructions.

A path may be represented as
i:IFp():A

with endpoints

p(0) =x,p(1) =y.
Higher paths use additional interval dimensions.
A square represents a path between paths.
A cube represents a higher coherence.
The cubical model makes the geometry of identity visually direct.

It also illustrates how presheaf worlds built from simple finite shapes can support sophisticated
higher mathematics.

Ordinary Topoi and Higher Topoi

An ordinary topos has set-valued hom-sets. Its internal equality is proposition-like in the usual
extensional interpretation.

A higher topos has mapping spaces. Objects can possess nontrivial higher automorphisms.
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One should not conclude that ordinary topoi become irrelevant.

Every ordinary topos can be viewed as a truncated part of a higher environment.
Sheaves of sets sit among sheaves of spaces as the 0-truncated objects.

Ordinary propositions sit among higher types as (-1)-truncated objects.

The classical theory is therefore embedded in the higher theory through truncation.
The higher region contains the classical one as a stable low-dimensional layer.
Set-Valued Sheaves as Truncated Higher Sheaves

Let (C,]) be a site.

An ordinary sheaf assigns a set F(U) to every context.

A higher sheaf assigns a space F(U).

If every F(U) is O-truncated and the descent data remain set-like, the higher sheaf behaves as
an ordinary sheaf of sets.

Thus
Sh(C,])

can be recovered as the subcategory of 0-truncated objects in the associated higher sheaf
world, under the appropriate formulation.

This is the precise sense in which ordinary Grothendieck topoi are the set-like shadows of
infinity-topoi.

The higher world does not merely resemble the classical one. It contains it through a truncation
level.

Descent of Spaces
For a sheaf of sets, compatible local sections form an equalizer.
For a sheaf of spaces, descent requires a homotopy limit over the full Cech nerve.
Given a cover {U_i = U}, the local data include:
e points over the U J;
e pathsidentifying their restrictions on pairwise overlaps;

e homotopies among those paths on triple overlaps;
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e higher coherence on higher intersections.
The global section space is recovered from this entire coherent diagram.

Equality on overlaps is no longer enough because the space of identifications may contain
several points and higher paths.

The sheaf condition has become higher descent.

This is the direct bridge from types as spaces to infinity-topoi.

Local Systems Revisited

An ordinary local system can be described as a locally constant sheaf of sets.
A higher local system can take values in spaces.

Transport around loops can act not only by permutations of a set but by self-equivalences of a
homotopy type.

Higher monodromy may contain transformations among transformations.

The local system therefore carries a representation of the fundamental infinity-groupoid of the
base into a higher category of spaces.

This is the natural generalization of group actions and groupoid transport.
The types-as-spaces viewpoint makes such higher local variation conceptually unavoidable.
Identity as Geometry

The most important change can now be stated directly.

In set-based foundations, geometry is structure placed on sets.

In homotopy type theory, geometry is already present in identity.

A point’s loop space records symmetry.

Paths govern transport.

Higher paths govern coherence.

Connected components arise by truncation.

Equivalences preserve homotopy type.

Universes become moduli spaces.

338



This does not mean that every type resembles a familiar physical space. The word geometry
refers to the structured pattern of identification.

The geometry may be finite, algebraic, combinatorial, logical, or higher-dimensional.

Identity has become the carrier of form.

The Boundary of the Groupoidal Interpretation

Standard homotopy type theory principally describes infinity-groupoidal structure.

Every identity path is reversible.

This makes the theory well suited to spaces, equivalences, and homotopy-coherent symmetry.
It does not by itself internalize arbitrary directed morphisms.

A category contains noninvertible maps.

A causal process, computation step, inclusion, or information-losing transformation may not be
reversible.

To model directed mathematics synthetically, one needs directed type theory, synthetic infinity-
category theory, Segal types, or related additional structures.

Thus:
HoTT=synthetic infinity-groupoid theory,
not automatically full synthetic infinity-category theory.
The distinction protects the landscape from another false identification.
Types as spaces concern reversible identity.
Categories require directed morphism structure beyond identity.
The Foundational Promise
The types-as-spaces interpretation offers several foundational advantages.
It treats structural equivalence as primary.
It retains automorphisms and higher symmetry.
It gives dependent types a geometric interpretation as fibrations.
It supports synthetic homotopy theory.

It organizes propositions, sets, groupoids, and higher types in one truncation hierarchy.
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It makes universes into moduli spaces.
It prepares the statement of univalence.

But these advantages require an ambient semantic world capable of supporting higher descent,

mapping spaces, and coherent localization.
That world is an infinity-topos.

The next chapter develops the higher analogue of the sheaf-theoretic route. Presheaves will
take values in spaces rather than sets. Covering families will impose homotopy-coherent
descent. The resulting infinity-category will function as a mathematical world whose inhabitants

possess paths and higher paths internally.
The classical route was:

site — sheaves of sets — Grothendieck topos.
The higher route is:

higher site — sheaves of spaces — infinity-topos.
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Chapter 17
Higher Sheaves and Infinity-Topoi

The classical sheaf construction begins with a category of contexts and assigns a set of sections
to each context. Restriction maps connect those sets, and the sheaf condition says that
compatible local sections glue uniquely.

This set-valued framework is powerful, but it cannot retain all forms of symmetry and higher
identification. If local objects possess automorphisms, equality on overlaps is too rigid. If
identifications among local objects can themselves be identified in several ways, even groupoid-
valued descent is insufficient.

The higher route replaces sets with spaces.
A higher presheaf on a category Chas the form
F: C*op — S,
where Sdenotes the infinity-category of spaces or homotopy types.
For each context U, the value F(U) is a space of sections.
Its points are local sections.
Its paths are identifications between sections.
Its paths between paths are higher coherences.
The hierarchy continues without a fixed upper bound.

A higher sheaf satisfies descent not merely for points but for this entire space of local data. The
gluing operation must preserve objects, equivalences, equivalences among equivalences, and all
further coherence.

An infinity-topos is, broadly, a higher-categorical world built from such homotopy-coherent
sheaves or characterized by equivalent higher-categorical axioms.

The classical sheaf route therefore lifts to a new dimension:
contexts and covers+space-valued presheaves+higher descent — infinity-topos.

The word higher here has a precise meaning. The inhabitants of the world possess nontrivial
identity structure in arbitrarily high dimensions.

From Sets of Sections to Spaces of Sections

Let F'be an ordinary sheaf of sets on a space X.
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For each open set U C X, one has a set

F(U).
Two sections are either equal or unequal.
If they agree on overlaps, they glue uniquely.

Now replace F(U) by a space.

The points of F(U) may represent geometric structures defined over U. A path between two

points may represent an isomorphism or equivalence between those structures. A loop at one

point may represent an automorphism. Higher loops may represent higher symmetries.

The local object is therefore no longer described by a bare collection of possibilities. It is

described by a moduli space of possibilities and identifications.

This change is essential whenever the objects being classified have symmetry.

A set of isomorphism classes forgets automorphisms.
A groupoid retains automorphisms but not higher relations among them.
A space can retain the full hierarchy.
Space-Valued Presheaves
Let Cbe a small category or infinity-category of contexts.
A space-valued presheaf is a functor

F: C*op — S.
For every object Uof C, there is a space F(U).
For every morphism

:Vv-1U,

there is a restriction map

F(U) - F(V).
This map preserves the complete homotopy structure.

A point of F(U) restricts to a point of F(V).

A path between two sections restricts to a path between their restrictions.

A homotopy between paths also restricts.
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The entire infinity-groupoid of local data moves coherently under change of context.

Thus a higher presheaf is a variable space rather than a variable set.

The Infinity-Category of Presheaves

The collection of space-valued presheaves forms an infinity-category commonly written
PSh_co(C) = Fun(C”op, S).

Its objects are higher presheaves.

Its mapping objects are themselves spaces of natural transformations and higher
transformations.

This differs from the ordinary presheaf category
Set”(C"op),

where morphisms form sets.

The higher presheaf world is enriched from the beginning.

Between two presheaves Fand G, there is not merely a set of natural transformations. There is
a mapping space

Map(F, G).

Its points are natural transformations.
Its paths are homotopies between natural transformations.
Its higher paths are higher coherent transformations.
The world is therefore higher both internally and externally.
Higher Yoneda
The Yoneda embedding also has a higher form:

y: C = Fun(C”op, S).
An object Uis sent to the representable higher presheaf

yU = Map_C(-, U).

If Cis an ordinary category, each mapping space is discrete, and this reduces to the ordinary
representable presheaf.

If Cis an infinity-category, the value

343



yU(V) = Map_C(V, U)

is a genuine space.
It contains maps V — U, homotopies between those maps, and all higher coherences.
The higher Yoneda lemma states, in the appropriate form,

Map(yU, F) = F(U).
A section of Fover Uis equivalent to a map from the representable probe yU into F.
The relational principle remains unchanged, but the relation now has higher dimension.
Classical Sheaves as Truncated Higher Sheaves
An ordinary set can be regarded as a discrete space.

Therefore every set-valued presheaf determines a space-valued presheaf whose values have no
nontrivial paths.

Likewise, an ordinary sheaf of sets can be regarded as a higher sheaf whose values are 0-
truncated spaces.

Under the appropriate construction, the ordinary sheaf topos appears as the full subcategory of
0-truncated objects in the corresponding infinity-topos.

Schematically,
Sh(C,]) = (Sh_eo(C,]))_( = 0).

The notation on the right means the 0-truncated objects.
This relation is conceptually important.
The higher world does not discard the ordinary topos.
It contains it as its set-like layer.
The classical theory is therefore recovered by controlled truncation.
Why Pairwise Agreement Is No Longer Enough
For an ordinary sheaf, a family of local sections

s_ie F(U.i)
glues when the restrictions agree:

s_i|_(U_inUjj) =s_j|_(U_inU_j).
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Equality is a proposition, so once pairwise agreement is known, no further choice of
identification is required.

For a higher sheaf, local sections may not be literally equal on overlaps. Instead, one gives paths

or equivalences
¢_ij: s_i|_(U_ij) = s_j|_(U_ij).

On triple overlaps, the two composites from s_ito s kmust themselves be coherently
identified:

¢_jko d_ij = ¢_ik.

On quadruple overlaps, the possible homotopies among these identifications must satisfy a
further coherence.

The pattern continues indefinitely.
Higher descent must therefore inspect the full tower of intersections and coherences.
The Cech Nerve
Let
{U_i-> U}
be a cover.
The Cech nerve organizes the cover into a simplicial object.
At level zero, it contains the covering pieces:
U_0=]].iU_i
At level one, it contains pairwise overlaps:
U_1=]]_(i,j) U.i x_UU,j.

At level two, it contains triple overlaps:

U2=]]_(G,j,k)U.Lix UU_jx_UULk.
The pattern continues.
A higher presheaf sends this simplicial object to a cosimplicial diagram of spaces:

F(U_0) 3 F(U_1) [-; —-; =] F(U_2) --

The higher sheaf condition says that the global section space F(U) is recovered as the
homotopy limit of this full diagram:
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F(U) = holim_([n] € A) F(U_n).
This is the higher analogue of the ordinary equalizer condition.
Homotopy Limits
An ordinary limit imposes strict equality among compatible pieces.
A homotopy limit retains the space of ways in which the pieces are made compatible.
Suppose two maps of spaces are given:
X3Y.
The ordinary equalizer contains points of Xon which the two maps are literally equal.
The homotopy equalizer contains:
e apointx:X;
e apathin Ybetween the two images of x.
The path is part of the data.
This distinction is representative of higher mathematics.
Strict equations are replaced by specified equivalences.
The equivalences are not forgotten.
Their coherence becomes part of the resulting object.
Thus higher descent is not ordinary descent with weaker standards. It retains more information.
Descent Data
A descent datum for a higher sheaf may be pictured as an expanding hierarchy.
First, choose local objects
x_i e F(U_D).
Second, choose equivalences on pairwise overlaps:
b_ij: X_i|_(U_ij) = xj|_(U_ij).
Third, choose homotopies on triple overlaps identifying
$_jko ¢_ij

with

346



d_ik.

Fourth, choose higher homotopies ensuring that the triple-overlap coherences themselves
agree on quadruple overlaps.

This process continues.
A global object determines such data automatically.

The higher sheaf condition says that every coherent descent datum comes from a global object,
and that the entire space of global realizations agrees with the space of descent data.

Existence and uniqueness are replaced by equivalence of spaces.
Uniqueness Becomes Contractibility
For a sheaf of sets, a compatible local family has exactly one global amalgamation.

For a higher sheaf, there may be several presentations of a global amalgamation connected by
equivalences.

The correct replacement for uniqueness is contractibility.
The space of global amalgamations should be contractible when the descent datum is fixed.
This means:
e an amalgamation exists;
e any two amalgamations are equivalent;
e any two equivalences between amalgamations are themselves coherently equivalent;
¢ the hierarchy continues without residual ambiguity.
Contractibility is therefore higher uniqueness.

It does not erase the possible descriptions. It says that all of them belong to one coherently
trivial space of choices.

Hyperdescent
Cech descent for ordinary covers is not always the strongest form of higher descent required.
Higher topology also uses hypercovers.

A hypercover refines a context not merely by one family of covering objects but through a
simplicial system in which each level covers the matching data generated by earlier levels.
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A higher sheaf satisfies hyperdescent when it can be reconstructed from every suitable
hypercover.

This distinction has no exact analogue at the ordinary set-valued level in many common
situations because truncation collapses much of the higher coherence.

For space-valued sheaves, however, higher-dimensional information can require refinement
beyond ordinary Cech nerves.

An infinity-topos may be described using sheaves satisfying the appropriate form of descent or
hyperdescent, depending on conventions and the chosen presentation.

The difference is technical but conceptually important: higher locality itself can require higher-
dimensional covers.

Higher Sites
An ordinary site is a category equipped with a Grothendieck topology.

A higher site may be an infinity-category equipped with an appropriate Grothendieck topology
or coverage.

The objects are higher contexts.
The mapping objects are spaces.
Covering families satisfy higher-categorical stability and transitivity conditions.
One can then form higher sheaves:
Sh_oo(C, ]).

In many applications, an ordinary site already suffices as a presentation. One simply replaces
set-valued sheaves by space-valued sheaves.

In other applications, the context category itself must be higher.

The distinction mirrors the two locations where higher structure can enter:
o the values of the presheaf;
e the category of probes.

Both may carry nontrivial homotopy.
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Definition by Higher Sheaves

One major definition of an infinity-topos is an infinity-category equivalent to a left exact
accessible localization of a presheaf infinity-category:

E = L(Fun(C”op, S)).
Here Lis a localization preserving finite limits.

This is the higher analogue of the classical description of a Grothendieck topos as a left exact
localization of a presheaf category.

The similarities are exact in form:
classical: Set*(C”*op) — Sh(C, ]), higher: S*(C*op) — Sh_oo((C, ]).
The difference lies in the ambient categorical dimension.
Sets become spaces.
Hom-sets become mapping spaces.
Natural transformations acquire higher transformations.
Limits become homotopy-coherent limits.
Accessible Localization
The word accessible is a size and generation condition.

It ensures, roughly, that the localization is controlled by a manageable collection of data and
interacts well with sufficiently filtered colimits.

As in the classical Grothendieck setting, the world may be extremely large while still being
generated from a small or accessible presentation.

The requirement prevents the definition from admitting arbitrary pathological reflective
subcategories.

The core conceptual ingredients are:
e a presheaf infinity-category;
e alocalization;
o finite-limit preservation;

e controlled generation.

These together produce a higher mathematical world with a robust internal logic and geometry.
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Left Exactness in the Higher Setting
The localization functor
L: Fun(C”op,S) = E

is left exact when it preserves finite limits.
Finite limits in an infinity-category are homotopy-coherent limits.
Thus left exactness preserves:

e terminal objects;

e homotopy pullbacks;

e higher equalizer structures;

o finite compatibility data.
This condition is essential for interpreting dependent type theory.

Identity types, dependent sums, substitution, and finite logical structure depend on stable
pullbacks and related limits.

A higher localization that failed to preserve finite limits could destroy the geometry of identity.
The same structural principle therefore survives from ordinary topoi:

Localizing the world must preserve the finite architecture of context and compatibility.
Infinity-Topoi as Higher Worlds

An infinity-topos behaves like a universe of varying homotopy types.

Its objects are higher generalized spaces.

Its mapping objects are spaces.

Its slices are again infinity-topoi.

It has higher analogues of subobject classifiers, though propositions and general subobjects
must be interpreted through truncation.

It supports dependent sums and products.
It admits geometric morphisms in a higher-categorical sense.
It has modalities and reflective subworlds.

It possesses an internal language closely related to homotopy type theory.
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Thus the classical topos concept is not discarded but categorified.

The world still has objects, predicates, functions, localizations, and relative contexts.

Each of these now carries higher identity.
Mapping Spaces
For objects A, B € E, the morphisms from Ato Bform a space
Map_E(A, B).
Its points are maps
A—-B.
Its paths are homotopies between maps.
Its higher paths are higher homotopies.
Composition is coherent up to higher equivalence.

This is the external higher-categorical structure of the infinity-topos.

Internally, the function type between two objects similarly behaves as a mapping object.

The distinction between external and internal mapping spaces remains, but both reflect the

same higher geometry.

A world whose maps form spaces can represent mathematical transformations without forcing

all higher relations into literal equality.
Slices of an Infinity-Topos
Given an object X € E, the slice
E/X

is again an infinity-topos.
Its objects are maps

A-X
These are interpreted as families of spaces varying over X.
Pullback along

f.Y->X

gives reindexing:
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fA* E/X - E/Y.

Under the appropriate hypotheses, this functor has dependent-sum and dependent-product
adjoints:

DEE DRI
The same adjoint architecture encountered in elementary topoi now operates homotopically.
The fibers are spaces.
Transport occurs along paths.
Dependent functions form spaces of sections.
The slice is the higher categorical environment of dependent types.
Local Cartesian Closure
Infinity-topoi are locally Cartesian closed in the higher sense.
Every slice admits internal mapping objects.

This structure supports dependent products and dependent function types.

Suppose
p:A—-X

and

q:B—-A.
The dependent product

[IpB-X
has a fiber over x: X behaving like

[[.(a € Ax)B_a.

But the indexing fiber A xis itself a space, and the product is homotopy coherent.

An element is not merely a pointwise assignment. It must vary coherently over paths and higher
paths in the index.

Thus dependent functions automatically respect the homotopy structure of their domains.
Objects as Families of Homotopy Types
In Set, a map
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represents a family of sets indexed by X.
In an infinity-topos, a map
A-X

represents a family of homotopy types indexed by the higher space X.
For each point x: X, there is a fiber 4_x.
For each path

p:X=Yy,
there is transport

Ax=Ay.

For each homotopy between paths, the corresponding transports are coherently identified.

The family therefore contains a complete system of monodromy and higher coherence.
This is the semantic content of a dependent type in a higher world.
Higher Subobjects
In ordinary category theory, a subobject is represented by a monomorphism.
In an infinity-category, the corresponding notion uses (-1)-truncated maps.
A map
m: A— B

is (-1)-truncated when each homotopy fiber is a proposition-like space: either empty or
contractible.

Such a map behaves like the inclusion of a subobject.
Thus predicates correspond to (-1)-truncated families.

A general map may have fibers containing nontrivial homotopy and therefore represents a
dependent type rather than a mere predicate.

The distinction between propositions and types becomes categorical:
predicate over B = (-1)-truncated map into B.

This is the higher analogue of subobjects as predicates.
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Truncated Objects

An object Xis n-truncated when the map

is n-truncated.

Equivalently, its identity types have no nontrivial homotopy above level n-1.

The infinity-topos contains nested subcategories:
E(Z<-1)CE(Z0)CE(<1)c- - cE

Here:

E_( £-1) consists of propositions;

E_( < 0) consists of set-like objects;

E_( < 1) consists of groupoid-like objects;

higher levels retain increasingly rich identity.
The ordinary topos associated with £'appears in the O-truncated layer.
The truncation hierarchy is therefore built into the architecture of the world.
Truncation Modalities
For each suitable n, there is a truncation operation
T.(<n):E-E_(<n).

It sends an object to its best n-truncated approximation.
For a space:

e T_( <0) retains connected components and set-level information;

e T_(<1)retains the fundamental groupoid;

e higher truncations retain homotopy groups only up to the specified dimension.
Truncation is a reflective localization.
It is therefore a modality.

This connects higher type theory with the earlier study of Lawvere-Tierney topologies and
subtopoi.
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The elementary local operator was a proposition-level modality.
Higher topoi possess modalities acting on all dimensions of objects.
Connectedness and Truncation

A map can also be classified by connectedness.

An n-connected map has fibers whose n-truncations are contractible in the appropriate sense.

Truncated and connected maps form a factorization system.
A general map can be factored into an n-connected map followed by an n-truncated map:
A-C-B.

This separates the part carrying higher connected variation from the part carrying limited-
dimensional fibers.

Such factorizations generalize familiar distinctions among surjections, coverings, and localic
maps.

They provide a systematic geometry of how much homotopy a map contains.
Effective Epimorphisms
In an ordinary topos, epimorphic families express covering.
In an infinity-topos, effective epimorphisms play the corresponding role.
A map
f:U-X

is an effective epimorphism when Xcan be recovered as the colimit of the Cech nerve of £
Schematically,

X~collim(U3UX XU=2UXxXUXXU:-).
This means that U covers X, together with all higher overlap data.
Effective epimorphisms internalize the notion of cover inside the higher world.
They are essential in descent and higher geometric morphisms.
Groupoid Objects and Effective Quotients
A groupoid object in an infinity-topos can often be realized by a quotient object.

Its simplicial nerve encodes objects, arrows, composable arrows, and coherence.
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The colimit of that nerve forms the geometric realization or quotient.

Because the ambient world is higher, the quotient can retain stabilizers and higher symmetry
rather than collapsing them into a set of orbits.

This is the higher analogue of the difference between
X/G

and

X//G.
The quotient is a homotopy quotient.
Its loop spaces remember the groups that fixed points.
Its higher structure remembers the coherence of the action.
Infinity-topoi therefore provide natural homes for quotient stacks and derived moduli objects.
Higher Stacks

A higher stack is a higher sheaf on a site, often with additional geometric representability
conditions.

For each test object U, it assigns a space of objects over U.
These spaces satisfy higher descent.
Examples include moduli of:

e principal bundles;

e vector bundles;

e complexes;

e higher gerbes;

e derived schemes;

o field configurations;

e higher categorical structures.

A higher stack can possess nontrivial automorphisms, transformations among automorphisms,
and deformation spaces.
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The space-valued sheaf is therefore not an optional refinement of a moduli set. It is often the
correct object of classification.

Stacks as Truncated Higher Sheaves

An ordinary groupoid-valued stack can be regarded as a 1-truncated higher sheaf.
Its values have no essential homotopy above dimension one.

Thus the hierarchy is:

sheaf of sets = 0-truncated higher sheaf, stack of groupoids = 1-truncated higher sheaf,
higher stack = possibly untruncated higher sheaf.

This organizes several theories that are often introduced separately.

Sheaves, stacks, and higher stacks are levels of one descent framework distinguished by the
dimension of identity they retain.

Higher Geometric Morphisms

A geometric morphism between infinity-topoi has an inverse-image functor
fA*: F—>E

that preserves finite limits and has a right adjoint
f*E-FE

Thus
R B

The formal pattern is the same as in ordinary topos theory.

The functors now operate between infinity-categories, and the adjunction includes coherent
equivalences rather than set-level bijections of hom-sets.

The inverse image preserves higher geometric structure, including homotopy pullbacks and the
interpretations of suitable type-theoretic constructions.

The map of worlds has been lifted to the higher setting without changing its essential direction.
Points of an Infinity-Topos
A point of an infinity-topos £'is a geometric morphism
S—E,
where Sis the infinity-topos of spaces.
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Its inverse-image functor
E-S
extracts the space-valued fiber of each object at the point.
This generalizes the ordinary definition
Set — E.
The base observer is no longer Set but the world of homotopy types.

A point therefore reveals not merely a set of stalk elements but a stalk space with paths and
higher paths.

For higher sheaves on a topological or geometric site, this produces higher stalks.
Higher Stalks
For an ordinary sheaf £ the stalk at a point is a colimit of sets over neighborhoods.
For a higher sheaf, the stalk is a homotopy colimit of spaces:
F_x =~ hocolim_(x € U) F(U).
The result is a space.
Its points are germs of local sections.
Its paths are germs of local equivalences.
Its higher paths are germs of higher coherence.

A morphism of higher sheaves may be tested on higher stalks when the topos has enough
suitable points.

But, as in the classical case, points need not always be sufficient. The intrinsic higher categorical
structure remains primary.

Shape
An infinity-topos may have an associated shape or fundamental pro-homotopy type.

For sheaves of spaces on an ordinary topological space X, the shape is related to the homotopy
type of X.

The shape functor extracts the global homotopical organization of the topos while forgetting
some of its local sheaf structure.

This complements points.

358



Points probe the world locally.
Shape records a global homotopy type.
The internal objects may be far richer than either summary.
The topos therefore has several levels of geometric information:

o local stalks;

¢ internal mapping spaces;

e subobjects and modalities;

¢ global shape.
Postnikov Towers
Every sufficiently well-behaved space can be approximated by its truncations.
The sequence

o T (Z2) X1 (SDX-> 1 (20)X

is a Postnikov tower.
Each stage retains homotopy information only up to a bounded dimension.

The original object may be reconstructed as a limit of its truncations under appropriate
conditions.

Infinity-topoi support internal Postnikov towers.
Thus an untruncated object can be studied layer by layer:
e components;
o fundamental groupoid;
e second homotopy data;
e higher homotopy data.
The ordinary topos sees only one low-dimensional layer of this tower.
Higher topos theory retains the entire structure.
Hypercompletion

Not every infinity-topos is automatically determined by all of its truncations in the strongest
possible way.
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Hypercompletion is a localization that forces objects to be recoverable from their Postnikov
towers.

An infinity-topos may therefore have a hypercomplete subtopos.
The distinction is related to hyperdescent.

In a hypercomplete infinity-topos, maps inducing equivalences on all homotopy sheaves are
equivalences.

Without hypercompleteness, there may be subtle objects invisible to every finite truncation.

This phenomenon has no direct ordinary set-level analogue because a set is already fully
determined at truncation level zero.

Higher identity creates new forms of incompleteness and localization.
Homotopy Sheaves
For a pointed object Xin an infinity-topos, one can define homotopy sheaves
m_n(X).
These are ordinary sheaf-like objects capturing the n-dimensional homotopy information of X.
The sheaf m_0(X) records connected components.
The sheaf m_1(X) records local fundamental-group information.
Higher m_nrecord higher local symmetries.

A map inducing isomorphisms on all homotopy sheaves is a natural candidate for equivalence,
though hypercompleteness determines whether this criterion is fully conservative.

Homotopy sheaves provide a bridge between higher objects and ordinary sheaf theory.

They decompose the higher world into classical invariants while not exhausting it in every
setting.

Local Systems of Spaces

A locally constant higher sheaf assigns homotopy types that are locally equivalent to one fixed
space.

Transport along loops in the base acts by self-equivalences of the fiber.
This monodromy is now higher.

The automorphisms of the fiber form a space or higher group, not merely an ordinary group.
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A local system of spaces can therefore encode:

e actions on points;

e actions on paths;

e coherent actions on higher homotopy.
This is the infinity-groupoid version of an equivariant object.
The fundamental infinity-groupoid of the base acts on the fiber.
Infinity-Topoi and Homotopy Type Theory

An infinity-topos possesses much of the structure required to interpret dependent type theory
homotopically.

Objects interpret types.

Sections interpret terms.

Maps into a base interpret dependent types.

Pullback interprets substitution.

Dependent sums interpret sigma types.

Dependent products interpret pi types.

Diagonal or path constructions interpret identity types.

Mapping objects interpret function types.

Truncation modalities interpret propositional and set truncations.
Suitable universes classify families of small objects.

The internal language is therefore closely related to homotopy type theory.

An infinity-topos is not merely a category containing models of HOTT as selected objects. Its
entire architecture behaves like a semantic universe of dependent homotopy types.

Universes as Classifiers

A universe in an infinity-topos can be represented by a map
p:U-U

classifying a selected class of small families.

Given a map
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A-X
belonging to the classified class, there is a classifying map
X->U

such that A — X is obtained by pulling back p.
Thus Uis a moduli object for small types, and U is the generic small type.
The construction parallels:

o the subobject classifier for predicates;

e the classifying topos for models;

e auniversal bundle for families.
A universe is a higher classifier internal to the topos.
For HoTT, its identity structure must correctly encode equivalence.
That is the role of univalence.
Univalent Families
A family

p:E—-B
is univalent when paths in the base B correspond to equivalences between fibers.
For points x, y: B, there is a canonical map
(x=y) = Equiv(E_x, E_y).

Univalence requires this map to be an equivalence.
Thus the base Bbehaves as a correct moduli space for the fibers.
Two fibers are connected by a path in the classifier precisely when they are equivalent.

The classifier does not distinguish equivalent fibers merely because they were presented
differently.

A univalent universe is the most important instance.
The Object Classifier

An infinity-topos has forms of object classification extending the ordinary subobject classifier.
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The subobject classifier governs proposition-valued families.
A universe governs a selected class of general type-valued families.
Higher classifying objects can retain automorphism spaces and other moduli information.
This progression may be summarized:
Q) classifies predicates, U classifies types or families.

In the classical set-like world, f2is central because predicates are the primary variable truth
values.

In the higher world, universes become equally central because families themselves carry higher
identity.

The move from f2to Ureflects the move from propositions to general homotopy types.
Higher Modalities
Reflective localizations of an infinity-topos produce modalities.
Examples include:

e propositional truncation;

e p-truncation;

e hypercompletion;

e localization at selected maps;

¢ shape-like or discrete-like modalities in cohesive settings.
A modality sends each object to its reflection in a full subworld.
The modal objects are those already satisfying the chosen condition.
The unit

X-(0OX

expresses how the original object appears after the modality is imposed.
This is the higher continuation of Lawvere—Tierney topology.
The elementary theory acted primarily on truth values and sheaves.

The higher theory acts on complete homotopy types.
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Cohesive Structure

Some infinity-topoi carry additional modalities relating homotopy types to geometric or
cohesive structure.

A cohesive environment may distinguish:
e discrete objects;
e codiscrete objects;
¢ underlying shapes;
e genuinely cohesive spaces.
Adjoint chains can connect these modes.

The details belong to a more specialized region of higher topos theory, but the conceptual point
fits the landscape.

A mathematical world may contain several layers of spatiality.

An object can have both an underlying homotopy type and additional cohesive structure
connecting its points.

Modalities separate or recombine those layers.
Synthetic Differential Geometry
Special ordinary or higher topoi can support infinitesimal objects not available as ordinary sets.
For example, one may have an object D of infinitesimals satisfying a relation such as
d"2=0
internally, without forcing every d'to vanish.
Within such a world, smooth maps can possess exact infinitesimal expansions.
Differential geometry can be developed synthetically.
Higher cohesive topoi can combine infinitesimal, homotopical, and geometric structure.

This illustrates how choosing an ambient topos can make a mathematical principle internally
natural even when it appears impossible in Set.

The topos changes the ontology in which the equations are interpreted.
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Derived Geometry

Derived algebraic geometry replaces ordinary rings and spaces with objects carrying
homotopical or chain-level information.

A derived intersection retains higher data measuring nontransversality instead of collapsing it
into an ordinary intersection.

Derived stacks are higher sheaves on suitable derived sites.
Their tangent and deformation information is encoded homotopically.
Infinity-topoi provide the ambient language for this geometry.

The move from ordinary schemes to derived stacks parallels the move from set-valued moduli
to space-valued moduli.

Hidden equations and redundancies become higher structure rather than being discarded.
Higher Topos Theory as Local Homotopy Theory
One way to summarize the subject is:
higher topos theory = homotopy theory organized by locality
Homotopy theory supplies spaces, paths, equivalences, and higher coherence.
Sheaf theory supplies contexts, covers, restriction, and descent.
Higher topos theory combines them.
A higher object can vary locally.
Its identifications can vary locally.
Its higher homotopies can vary locally.
The entire homotopy type is reconstructed by descent.
Thus locality no longer governs only values. It governs identity itself.
The Classical World Recovered
The relationship between ordinary and higher topoi can now be stated more precisely.
The propositions of an infinity-topos are its (-1)-truncated objects.
Its sets are its O-truncated objects.

Those set-like objects form an ordinary topos under suitable conditions.
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Groupoid-like objects occupy the 1-truncated level.
General objects may have unlimited homotopy dimension.
Thus the classical world is recovered internally:
ordinary topos = set-like layer of an infinity-topos.
This relation explains both continuity and difference.
The classical definitions remain valid at low truncation.
The higher theory reveals structure that the classical theory necessarily forgets.
A Genuine Dimensional Passage

The passage from a Grothendieck topos to an infinity-topos is unlike slicing or forming a
subtopos.

A slice changes the base.

A subtopos changes the modality.

An infinity-topos changes the dimensional nature of objects and maps.

Set-valued sections become spaces of sections.

Equality-based descent becomes equivalence-based descent.

Hom-sets become mapping spaces.

Automorphisms become loops.

Coherences become higher paths.

This is why the higher route deserves to be represented as a dimensional lift in the landscape.
The Next Question

An infinity-topos supplies the semantic architecture of a world of homotopy types. But how
does one reason inside such a world?

The answer is an internal language based on dependent types, identity types, equivalences,
truncations, and universes.

Homotopy type theory provides such a language.

The next chapter turns from the external construction of higher sheaves to the internal
mathematics of an infinity-topos.
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The guiding shift is:
external higher categorical world — internal synthetic reasoning.

From outside, one sees space-valued sheaves, localizations, mapping spaces, and higher
descent.

From inside, one sees types, terms, paths, dependent functions, and equivalences.
These are not two separate theories.

They are two views of the same higher mathematical world.
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Chapter 18
Internal Homotopy Type Theory

An infinity-topos can be described externally through higher categories, space-valued sheaves,
homotopy-coherent descent, accessible localizations, and mapping spaces. From inside,
however, the same world can be approached through types, terms, dependent families, paths,
equivalences, and universes.

This internal language is homotopy type theory.

The relationship parallels the one encountered earlier between an elementary topos and
intuitionistic higher-order logic. Externally, an elementary topos is a category with finite limits,
exponentials, and a subobject classifier. Internally, one reasons with objects, functions,
predicates, conjunctions, quantifiers, and truth values.

For an infinity-topos, the correspondence is richer.

Externally, one sees objects with mapping spaces and homotopy-coherent pullbacks.
Internally, one sees types with identity types.

Externally, one sees fibrations and families over a base.

Internally, one sees dependent types.

Externally, one sees homotopy limits and higher descent.

Internally, one sees coherent transport and dependent elimination.

Externally, one sees equivalences of objects.

Internally, one sees equivalences of types.

The internal language allows higher mathematics to be conducted without constantly referring
to a particular model of spaces. One can reason synthetically, using the type-forming operations
and identity principles available inside the world.

The infinity-topos is the environment.
Homotopy type theory is the language spoken by its inhabitants.
Judgments

Type theory begins not with one undifferentiated notion of statement but with several forms of
judgment.

A basic judgment asserts that A is a type:
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A type.
Another asserts that ais a term of A4:
a: A.
One may also have judgments of definitional equality:
A=Btype,a=b: A

These are judgments of the formal system itself. They are not propositions represented by
types.

The distinction between

o
I
o

and
p: Id_A(a, b)
is fundamental.

The first says that the two expressions are definitionally or computationally the same according
to the rules of the theory.

The second says that there is an internal path from ato b.
Definitional equality belongs to the metatheoretic operation of checking expressions.
Propositional equality belongs to the internal mathematical world.
The homotopical richness of identity depends on keeping these two levels distinct.
Contexts
Judgments are made in contexts.
A context may begin with a variable declaration:
x: A
A second variable may depend on the first:
x: A, y: B(x).
A third may depend on both:
x: A, y: B(x), z: C(X, y).
The resulting sequence
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x: A, y: B(x),z: C(X,y)

is not merely a list of independent variables. It is a tower of dependencies.
Categorically, a context corresponds to an iterated object over objects:

C->B->A-1.
Each extension adds a dependent family.
The internal language therefore builds the structure of slice categories directly into its syntax.
A context is a world relative to previously introduced parameters.
Types in Context
A judgment

x: A + B(x) type
means that Fis a type depending on x.
Semantically, Bis interpreted by a family

p: E—A.

The fiber over xis the interpretation of B(x).
A term judgment

x: A Fb(x): B(x)
is interpreted by a section

s:tA->E
of p.
Thus the most basic semantic dictionary is:
context <= base object, type in context <= family over the base, term in context < section.

This is the higher form of the slice-topos interpretation developed earlier.
The difference is that the base, fibers, and spaces of sections may now possess higher paths.
Substitution
Suppose

x: A - B(x) type
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and
y: C - f(y): A
Substitution forms the new type
y: C = B(f(y)) type.
Categorically, this is pullback.
If B— Ais the family interpreting B(x), then the substituted family is
Cx_AB-C.
The same operation acts on terms and identities.

Substitution is therefore not an informal replacement of symbols. It is a geometric change of
base.

The coherence of substitution is guaranteed by the functoriality of pullback.
Nested substitutions correspond to composite pullbacks.

Identity substitution corresponds to identity pullback.

The syntax inherits its stability from the geometry of slices.

Structural Rules

Contexts support familiar structural operations, although their exact formulation depends on
the type theory.

A variable may often be weakened by introducing an additional unused variable.
Variables may be exchanged when dependency permits.
Repeated occurrences may be controlled through substitution.

In ordinary dependent type theory, variables can generally be reused, reflecting Cartesian
structure.

Other type theories, such as linear or affine type theories, modify these structural rules to
model resources.

Homotopy type theory in its standard form retains the dependent Cartesian setting.

This matters because the logical interpretation assumes that hypotheses may be duplicated or
discarded in the usual way.
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The ambient world is homotopical, but not automatically linear, probabilistic, or resource-
sensitive.

Those require additional structure.

Formation, Introduction, Elimination, and Computation

Each type constructor is governed by several kinds of rules.

A formation rule says when the type can be constructed.

An introduction rule says how its terms are formed.

An elimination rule says how the terms may be used.

A computation rule says how elimination behaves on introduced terms.

For a product-like type, formation produces the type, introduction forms pairs, elimination
extracts or uses their components, and computation ensures that the projections recover those
components.

For identity types, formation gives
Id_A(x, y).
Introduction gives reflexivity:
refl_x: [d_A(x, x).
Elimination is path induction.
Computation says that path induction reduces appropriately on reflexivity.

This rule-based organization is one reason type theory works as both logic and programming
language. Construction and use are connected computationally.

Sigma Types
Given
x: A F B(X) type,
the dependent sum is written
Y (x:A) B(x).
Aterm is a pair

(a b)
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where

and
b: B(a).
Semantically, the sigma type is the total space of the family B — A.
The first projection is
m_1:) (x:A) B(x) = A.
The second component is dependent:
n_2(z): B(m_1(2)).
When Bis constant, the sigma type reduces to an ordinary product:
Y (x:A)B=AXB.
Sigma types therefore combine pairing with dependency.
They interpret existential data, total spaces, indexed sums, and context extension.
Pi Types
For the same family B(x), the dependent product is
[L(x: A) B(x).
A term is a dependent function
f: TI_(x: A) B(x)
assigning
f(x): B(x)
to every x: A.
Semantically, the pi type is the space of sections of the family B — A.
When Fis constant,
[[L(x:A)B
is the ordinary function type

A - B.
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Pi types interpret universal quantification and dependent functions.

Their homotopical meaning is richer than a set of assignments. The type of sections may itself
have paths and higher paths.

Two dependent functions may be connected by a homotopy.
Those homotopies may themselves carry higher coherence.

Function Application

If
f: TI_(x: A) B(x)
and
a: A,
then application gives
f(a): B(a).

A dependent function can be introduced by lambda abstraction:
Ax. b(x): [[_(x: A) B(x).
The computation rule gives
(Ax. b(x))(a) = b(a).
This is a definitional equality.
It expresses computation rather than a separately proved path.

The distinction is important for formal proof assistants. Definitional equalities can be reduced
automatically, while propositional equalities require terms witnessing them.

The design of computation rules influences how usable a type theory is in practice.
Function Extensionality

Mathematical practice treats two functions as equal when they produce equal outputs for every
input.

In type-theoretic form, one wants a correspondence between
f=g

and
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[1L(x: A) (f(x) = g(x)).
The right side is the type of pointwise homotopies:
f~g.
Function extensionality asserts that the canonical map
(f=g)—(f~g)
is an equivalence.
This principle does not follow from the bare identity rules of intensional type theory.

It can be postulated separately, and it follows from univalence in standard homotopy type
theory.

Function extensionality says that the identity structure of a function type agrees with its
interpretation as a mapping space.

Paths between functions are homotopies.
Product Identity
For ordinary products, paths can be analyzed componentwise.
Given
(a,b), (@', b"): A X B,

there is an equivalence

((@b)=(a, b)) =(a=a") x (b=b").
Thus an identity between pairs consists of identities between their components.
For dependent pairs, the situation is subtler.
Given

(a,b), (a',b"): Y¥_(x: A) B(x),

an identity corresponds to:

Y. _(p:a=a") (transport_B(p)(b) =b").
The first component moves in the base.
The second compares the fiber components after transport.
This formula is one of the clearest places where dependent identity reveals geometric structure.
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Equality in a total space is path plus compatible fiber motion.
Identity as an Inductive Family
The identity type can be treated as an inductively generated family.
For each x: A, reflexivity supplies

refl_x: x = x.

Path induction expresses that every construction depending on identity is determined by what it
does to reflexivity.

This does not mean all paths are definitionally reflexivity.

Rather, reflexivity is the generating constructor, and dependent elimination propagates
constructions from it.

The situation resembles an inductive type with one constructor but dependent indices.

The homotopical interpretation reveals that this apparently sparse rule is sufficient to generate
a weak infinity-groupoid structure.

Inverses, concatenation, transport, and coherence can all be derived.

Transport
For a family

B:A-U
and a path

p:X=Yy,

transport gives
transport_B(p): B(x) — B(y).
The operation is defined by path induction.
For reflexivity,
transport_B(refl_x) = id_(B(x)).
Transport expresses the substitutivity of identity.

But in the homotopical interpretation, it is more than logical replacement. It is movement along
a path in the base.
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A dependent type is a fibration.
A path in the base induces equivalence between fibers.
Different paths may induce different transports.
The family can therefore detect the loop structure of the base.
The Action on Paths
Every function

f:A-B
acts on identity paths:

ap_f: (x=y) = (f(x) ={(y)).
For dependent functions, one obtains a dependent action on paths.
If
f: TI_(x: A) B(x)

and

p:X=Y,
then the values f(x) and f(y) lie in different fibers. One therefore compares

transport_B(p)(f(x))
with
f(y).

The resulting path expresses the naturality of a dependent section under transport.

These operations show that terms automatically respect the higher identity structure of their
types.

A function cannot act arbitrarily on points while ignoring paths. Its action on paths is generated
internally.

Homotopies
For functions

f,ggsA—-B,
a homotopy is
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H: TIL(x: A) (f(x) = g(x)).
Homotopies compose pointwise and can be inverted pointwise.
A homotopy between homotopies is another dependent identity.
The hierarchy continues.
Under function extensionality,
(f=g)=(f~g.
Thus the function type behaves as the correct mapping space.

This correspondence is important for internal category theory, algebra, and topology. It ensures
that constructions defined pointwise can be promoted to paths of functions.

Unit and Empty Types

The unit type 1 has one canonical term:

* 1.

It is contractible.
The empty type 0 has no terms.
A function

0—-A
exists uniquely by empty elimination.
A function

A-0
represents a proof that Ais empty.
Negation is defined by

-A=A-0.

These types provide the basic internal meanings of truth and falsity.

But unlike the subobiject classifier £2 of an elementary topos, the universe of all types contains
far more than propositions. Only proposition-like types serve as truth values in the logical sense.

Coproduct Types
Given types 4 and B, their coproduct is
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A+B.
It has constructors
inl: A—> A+B, inr: B - A+B.
A term of A+B records which side was chosen and supplies a term of that side.

For propositions, coproduct resembles constructive disjunction, but the raw coproduct may
carry more information than a mere proposition.

If one wants a proposition asserting only that 4 or Bis inhabited, one may use propositional
truncation:

[IA+BIl.
This distinction separates data-rich alternatives from mere logical disjunction.

The propositions-as-types correspondence must therefore be interpreted with attention to
truncation level.

Natural Numbers
A natural numbers type N has constructors
0: N, succ: N —- N.
Its elimination principle supports induction and recursion.
The natural numbers are set-like: their identity types are propositions.
Internally, one can define arithmetic functions and prove their properties.

An infinity-topos does not automatically supply every chosen inductive or higher inductive type
without additional conditions or constructions. When an internal natural numbers object is
available, it supports arithmetic in the expected way.

This parallels the earlier observation that a natural numbers object is not part of the minimal
elementary-topos definition.

The ambient world may support the type constructor, but one should not confuse common
availability with definitional necessity.

Inductive Types
Inductive types are generated by constructors.

A list type over A may have constructors
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nil: List(A), cons: A — List(A) — List(A).
Trees, finite sequences, syntax, and algebraic data types can be defined similarly.
Their elimination principles express induction.

In homotopy type theory, ordinary inductive types are generally set-like when their constructors
introduce only points and the intended identity structure is truncated appropriately.

Higher inductive types extend the pattern by introducing paths and higher paths as
constructors.

The boundary between algebraic generation and topological generation is thereby crossed
internally.

Higher Inductive Types
A higher inductive type may contain constructors in several dimensions.
The circle has:

base: S*1, loop: base = base.

A suspension may introduce two points and paths connecting them for every point of another
type.

A pushout can be generated by points from two types together with paths identifying images of
a third.

A quotient can be generated by points and relation paths.

Truncations can themselves be introduced as higher inductive types, adding paths that force
identity to collapse above a selected level.

Higher inductive types allow colimits and spaces to be described synthetically.

Their availability and computational behavior depend on the formal system and semantic
model.

They are powerful additions, not consequences of identity types alone.
Pushouts
Given maps

f:C—->AgC-B,

a homotopy pushout can be generated by constructors
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in: A->PinrB->P
and paths
glue(c): inl(f(c)) = inr(g(c)).
The pushout retains the identifications used in gluing.

It does not merely identify points in a set-theoretic quotient and forget how the identification
occurred.

Its elimination principle says that to define a map from P2, one gives maps from Aand B
together with a homotopy making them agree along C.

This is the synthetic form of a homotopy colimit.
It mirrors higher sheaf descent: objects are glued together with specified paths and coherence.
Truncation
Propositional truncation sends a type A to a proposition
LAl

There is a map

| -|: A— Al
The target records only whether 4 is inhabited.

Its elimination principle allows maps from [|A|l into propositions, but not generally into arbitrary
types.

This restriction prevents one from extracting a specific witness from mere existence.
Set truncation

IAII_0
retains the connected components of 4 while discarding higher path structure.
More generally, n-truncation retains structure only through dimension n.
Truncation is controlled forgetting.

It provides a systematic bridge from higher mathematics back to ordinary propositions, sets,
and groupoids.
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Propositions
A type Pis a proposition when

isProp(P) =[[.(x, y: P) (x=y).
All inhabitants of Pare equal.

The type may be empty or contractible.

Logical connectives should often be truncated so that their outputs remain propositions.

For example, conjunction of propositions can be represented directly by

P x Q,
because the product of propositions is a proposition.
Implication is

P-Q.
Universal quantification is

[[L(x: A) P(x),
when every P(x) is a proposition.
Existential quantification as a mere proposition is

1> _(x:A) P(x)Il.
Disjunction as a mere proposition is

IP+QIl.

The truncation distinguishes logical truth from witness-carrying data.

Constructive Logic Revisited
Homotopy type theory is constructive in its standard form.
The law of excluded middle,

[1_(P: Prop) (P+—P),
or its appropriately truncated form, is not derivable in general.
Double-negation elimination is not automatic.

Choice principles are not automatic.
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This constructive character is compatible with the internal logic of topoi.

But homotopy type theory adds a further dimension. A proposition is only one special kind of
type.

Many constructions produce data-rich types rather than mere propositions.
The theory therefore unifies logic and geometry without reducing geometry to truth values.
A proof can be a point.
An equality proof can be a path.
A theorem about paths can have higher homotopical content.
Sets
A type Ais a set when
isSet(A) = [[_(x, y: A) isProp(x = y).
The natural numbers are sets.
Many familiar algebraic carriers are sets.

A group in homotopy type theory is commonly defined using a set-like carrier with
multiplication, identity, inverse, and laws.

The set condition ensures that the equations among elements do not carry uncontrolled higher
ambiguity.

But one can also study higher groups whose carriers are not set-like.

A loop space is a natural example of a higher group-like structure.

The hierarchy of truncation therefore organizes both ordinary and higher algebra.
Groupoids and Higher Types

A type is a 1-type when all of its identity types are sets.

Such a type behaves like a groupoid.

Its points are objects.

Its paths are morphisms.

The sets of paths between points can contain several elements, but paths between paths are
proposition-like.
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A general type need not stop at this level.
Its identity types may themselves have higher structure.

The internal language does not require one to choose a separate formalism for sets, groupoids,
and spaces.

All are types distinguished by truncation properties.
This is one of HOTT’s strongest unifications.
Contractibility
A type Ais contractible when
isContr(A) =Y _(a: A) [L.(x: A) (a =x).
A contractible type contains one point up to uniquely coherent equivalence.
Contractibility provides the higher meaning of uniqueness.

If a construction is claimed to exist uniquely, the corresponding type of choices should be
contractible.

This is stronger and more appropriate than merely asserting that a set of choices has one
element.

The type may contain several descriptions connected by paths, but the complete space of
choices is homotopically trivial.

Contractibility appears throughout equivalence theory, universal properties, and descent.
Universal Properties
In ordinary category theory, a universal object is characterized by unique morphisms.

In higher category theory and internal HoTT, uniqueness becomes contractibility of mapping or
choice spaces.

A product A X B, for example, is characterized by an equivalence of mapping spaces:

Map(X, A X B) =~ Map(X, A) X Map(X, B).
A universal construction is correct when the appropriate space of mediating data is contractible.
This higher formulation retains all coherence.

It does not merely count morphisms.

384



The internal language can express many such universal properties through equivalences of
types.

Equivalences of Types
For a function

f: A - B,
the type asserting that fis an equivalence can be defined through contractible fibers:

isEquiv(f) = []_(b: B) isContr(},_(a: A) (f(a) =b)).
The type of equivalences is
A=~B=)_(f: A—- B)isEquiv(f).

For set-like types, this reduces to bijection.
For groupoid-like types, it captures equivalence of groupoids.
For general types, it captures homotopy equivalence.
The definition is internal. One need not leave the type theory to state structural sameness.
Properties and Structures
A useful distinction can be made between a property and a structure.
A property of 4is proposition-valued.
For example,

isSet(A)
is a proposition.
If it holds, there is no relevant choice among different proofs.
A structure on A may contain data.
A group structure includes multiplication, identity, inverse, and proofs of laws.
There may be several different group structures on the same carrier.
The type of structures can therefore have multiple points and symmetries.

This distinction matters in univalence. Equivalent carriers transport structures, while mere
properties are invariant without introducing extra choices.

The type theory makes the difference visible through truncation level.
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Structure Identity
Suppose a type of structured objects is formed as
Y._(A:U) Str(A).
A point consists of a carrier 4 and a chosen structure on it.
An identity between
(A 5)
and
(B,
contains:
e anidentity p: A=B;
e compatibility between the transported structure p_*(s) and .
Under univalence, the carrier identity corresponds to an equivalence
A=B.

For suitably defined structures, the identity type of structured objects corresponds to structure-
preserving equivalence or isomorphism.

This is the basis of the structure identity principle.
It generalizes the slogan that isomorphic structures should be identical.
Internal Algebra
Groups, rings, modules, and other algebraic systems can be defined internally.
A group may consist of:
G:Um:GXG—-G,e:Gi:G-G,
together with associativity, unit, and inverse laws.
When Gis a set, the law types are propositions.
The resulting type of groups behaves as a moduli space of group structures.

Under univalence and appropriate structure identity results, paths between groups correspond
to group isomorphisms.

The internal language therefore aligns algebraic identity with structural equivalence.
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This is one of the clearest practical consequences of univalent foundations.
Internal Categories
One can define categories inside homotopy type theory.
A precategory has:
e atype of objects;
¢ hom-sets between objects;
e identity morphisms;
e composition;
e category laws.
The hom-types are required to be sets so that morphism equality remains proposition-like.
A category is called univalent when identity of objects corresponds to isomorphism:
(a=Db) =Iso(a, b).
This condition is not automatic for an arbitrary precategory.
It can be imposed or obtained through a completion process.

A univalent category treats isomorphic objects as internally identical in the precise type-
theoretic sense.

Directed Structure Is Additional

The identity types of HoTT are always reversible.

Thus they behave like paths in an infinity-groupoid.

Categorical morphisms need not be reversible.

A function that forgets information, an inclusion, a quotient, or a causal transition is directed.

Therefore an ordinary category cannot be represented merely by taking its morphisms as
identity paths.

One must define directed hom-types separately.

Standard HoTT supplies the ambient infinity-groupoidal equality of objects and morphisms,
while categorical direction is additional structure.
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Synthetic infinity-category theory, Segal types, directed type theory, and related systems
attempt to internalize this directed structure more fundamentally.

The distinction remains essential:
identity path=arbitrary categorical morphism.
Local Reasoning

Because HOTT can serve as an internal language of an infinity-topos, its statements may be
interpreted locally.

A type may represent a higher sheaf.

A term may exist only over a context.

A family may have local sections without a global section.
An existential proposition may hold by local witnesses.
Paths and equivalences may also be local.

From inside the infinity-topos, these objects and witnesses are ordinary inhabitants of the
world.

From outside, they may be represented by space-valued sheaves satisfying descent.

The type-theoretic language suppresses the site presentation while preserving its local
semantics.

This is the higher analogue of Kripke—Joyal reasoning.
Internal and External Universes
The word universe can refer to two different levels.

Externally, one may work in a metatheoretic universe controlling the size of categories and
infinity-categories.

Internally, a universe Uis a type classifying a selected class of small types.
These should not be conflated.

The external universe is part of the foundational framework in which the semantic model is
constructed.

The internal universe is an object inside that model.

A hierarchy may be used:
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U o0:0U1:U02::--

with each universe classifying types small relative to the next.

Careful universe management prevents paradoxes analogous to treating the collection of all sets

as a set.
Universe Closure
A universe may be closed under selected type constructors.
If
A:U
and
x:AFB(x): U,
then closure under sigma types gives
Y (x:A) B(x): U.
Closure under pi types gives
[1_(x: A) B(x): U.
Closure under identity types gives
Id_A(x,y): U.

Other closures may include finite coproducts, natural numbers, truncations, and higher
inductive types.

These closure properties are not all automatic from the abstract idea of a universe.
They must be supplied by the theory or model.
A universe is therefore a classifier with specified stability properties.
Universes as Moduli Spaces
An internal universe Uis not merely a list of type codes.
It behaves as a moduli space of small types.
A point
A:U

represents a type.

389



A path
p: Id_U(A, B)

transports elements and structures between 4 and 5.
The loop space at 4,

Id_U(A, A),
contains self-identifications of A.
Under univalence, it is equivalent to the automorphism space

A=A

Thus the geometry of the universe reflects the symmetry of its inhabitants.

A universe containing a type with nontrivial automorphisms cannot itself be set-like.

Classifying Families
Semantically, a universe is often represented by a family
p:U-U.
The base Uclassifies small types.
The total object U classifies pointed small types or elements of the classified fibers.

Given a small family

E-X
there is a classifying map
x E:X->U
such that
E->X
is equivalent to the pullback of
U-U.

This is the higher counterpart of the subobject classifier.
The subobject classifier classifies proposition-valued families.

A universe classifies general type-valued families.
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Identity-to-Equivalence
Given
p: Id_U(A, B),
transport in the universal family yields an equivalence
idtoequiv(p): A =~ B.
For reflexivity,
idtoequiv(refl_A) = idEquiv_A.
Thus identity of types always produces equivalence.
This direction follows from ordinary identity elimination.
The converse does not.

An equivalence

does not automatically produce a path
Id_U(A, B)
in bare intensional type theory.
Univalence asserts that it does, in a coherent and exact way.

The Internal Language Is Not One Fixed Syntax

There is not only one formal system called homotopy type theory.

Different versions may vary in:
e universe structure;
e higher inductive types;
e truncations;
e computational rules;
¢ interval objects;
e resizing principles;

e choice or classical axioms;
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o directed extensions;
e modalities.
Some systems are axiomatic.
Some are cubical and computational.
Some are designed for proof assistants.
Some emphasize semantic interpretation in infinity-topoi.

The phrase internal homotopy type theory therefore refers to a family of closely related
languages rather than one immutable syntax.

The common center includes dependent types, identity types, equivalences, and higher
interpretation.

Soundness

An internal type theory is sound for a semantic model when every derivable judgment receives
a valid interpretation in that model.

A well-formed type becomes an object or family.

A term becomes a section.

Definitional equality becomes equality or specified coherence in the semantic structure.
Identity types become path objects.

Sigma and pi types become dependent sums and products.

A proof of an equivalence becomes an actual equivalence.

Soundness ensures that internal reasoning produces externally meaningful constructions.

It permits mathematicians to work synthetically while relying on the semantic model for
consistency and interpretation.

Completeness Is More Delicate

Soundness does not mean that every external property of an infinity-topos can be expressed or
proved in one chosen internal language.

The syntax may omit some colimits, modalities, universes, or higher inductive constructions
available semantically.

Different semantic models may validate different additional principles.
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Some external statements concern the infinity-topos as an object in a larger higher category and
are not directly internal.

Thus the internal language is powerful but not exhaustive.
It reveals what inhabitants of the world can express using the supplied type constructors.

External category theory remains necessary for comparing models, constructing localizations,
and studying global semantic properties.

Synthetic Proof
A synthetic proof uses the internal language directly.
To prove that a construction preserves paths, one applies its action on identity.

To define a function on a higher inductive type, one specifies its behavior on point and path
constructors.

To show that a type is contractible, one gives a center and contractions.

To prove that a function is an equivalence, one shows that its fibers are contractible or
constructs suitable inverse data.

To transport algebraic structure across equivalence, one invokes univalence and identity
transport.

The proof avoids choosing coordinates or a specific simplicial or cubical presentation unless
needed.

Its conclusions then apply in every semantic model validating the relevant rules.

External Proof

An external proof works in a model of the type theory.

One may construct an infinity-topos of sheaves of spaces.

One may verify that a universe is univalent.

One may prove that dependent products preserve a selected class of maps.

One may construct a higher inductive type through a homotopy colimit.

One may establish that a localization preserves finite limits.

These tasks require higher category theory, model categories, or related semantic machinery.

The external proof establishes that the internal language is available.
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The internal proof then uses that language without repeating the semantic construction.
The two approaches are complementary.

Internal Geometry

Types support synthetic geometry through their identity structure.
A path space is an identity type.

A loop space is a self-identity type.

A fibration is a dependent type.

A section is a dependent function.

A total space is a sigma type.

A mapping space is a function type.

A homotopy fiber is a sigma type involving identity.

A homotopy quotient can be a higher inductive type.

A truncation is a modality.

The internal language therefore reconstructs a large portion of homotopy theory from a small
number of type-theoretic primitives.

Geometry has become logical syntax with homotopical semantics.
Internal Topology

The word topology in homotopy type theory does not generally refer to open subsets of an
underlying point-set space.

A type is already treated up to homotopy.
Its identity structure records paths rather than neighborhoods.

When open-set or locale-like structure is needed, it must be introduced as additional internal
structure.

One can define internal locales, modalities, cohesive structure, or synthetic differential objects
inside a higher topos.

Thus types-as-spaces should not be confused with types as ordinary topological spaces.

The internal geometry is homotopical first.
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Point-set topology is one possible external or internal refinement.
Internal Logic and Higher Identity

The internal logic of HOTT contains ordinary proposition-level reasoning as its (-1)-truncated
layer.

But it also permits statements whose types carry higher data.

A theorem may have several proofs connected by paths.

A construction may possess a nontrivial space of choices.

An equality theorem may classify paths or automorphisms.

A universal property may assert contractibility rather than mere existence and uniqueness.

The distinction between theorem and object becomes less rigid because propositions and
general types inhabit one universe.

Logical reasoning is embedded within a broader geometry of evidence.
Proof Irrelevance Is Localized
For propositions, proof irrelevance is internal:
[1.(p, q: P) (p = .
For general types, terms are not proof-irrelevant.
Different witnesses may carry different data.
Different paths may induce different transport.

Thus HoTT does not reject proof irrelevance. It restricts it to the types that are actually
propositions.

This is conceptually cleaner than treating every type as though it were a truth value or every
equality proof as though it were automatically irrelevant.

The truncation hierarchy says exactly where information remains.
Choice
Several forms of choice can be formulated in type theory.

A fully data-rich statement such as

(1. A) 2_(y: BG)) R(x%, y)) = X (B T1_(x: A) B()) [1.(x: A) R(%, f(x))
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may be constructively provable because the premise already supplies a witness y for each x.
But if the existential statements are propositionally truncated,
[T.(x: A) I1X_(y: B(x)) R(x, ),
extracting a global choice function is not generally possible.
The distinction lies between having witnesses and merely knowing they exist.
This clarifies many apparent paradoxes around constructive choice.

Choice is not one single principle. Its validity depends on the truncation and dependency of the
statement.

Classical Axioms

One may add excluded middle or selected choice principles to homotopy type theory.

These additions need not contradict univalence.

Classical reasoning and univalent identity address different structural issues.

However, adding classical principles changes computational and constructive interpretations.
A proposition may become decidable without the higher types becoming set-like.

Univalence can coexist with classical proposition-level logic while retaining nontrivial paths in
universes and higher types.

Thus the opposition is not simply:

classical logic versus homotopy.
The dimensions of logical decidability and higher identity are partly independent.
Computation

For type theory to function as a programming language or proof-assistant foundation, rules
should compute.

A term defined by recursion should reduce on constructors.
Transport along reflexivity should reduce to identity.
Function application should beta-reduce.

Higher inductive types should have usable computation rules.
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Univalence presents a special challenge. In purely axiomatic formulations, an application of
univalence may not reduce computationally in a direct way.

Cubical type theories were developed partly to provide computational interpretations of paths
and univalence.

The difference between propositional validity and computational behavior is practically
important.

A principle may be mathematically sound yet difficult to use for normalization or program
extraction unless its computation rules are explicit.

Cubical Internal Language
Cubical type theory introduces an interval object or interval dimension.
A path can be represented by a term varying over an interval coordinate:

i: 1 +p(i): A
The endpoints satisfy

p(0) =x,p(1) =v.

A square uses two interval coordinates.
A cube uses three.
Higher paths become literal higher-dimensional terms.
Composition and filling operations provide the Kan-like structure needed to solve partial boxes.

In this setting, univalence can be given computational meaning through constructions that turn
equivalences into paths.

The internal language becomes visibly geometric.

Simplicial and Cubical Views

Simplicial and cubical semantics are different presentations of homotopy types.
Simplicial sets use simplex shapes.

Cubical sets use cube shapes and often an explicit interval.

Both can model higher identity.

Both can support univalent universes under suitable constructions.

They differ in technical convenience, computation, and the organization of coherence.
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The internal theory should not be identified with either presentation.

Just as a topos is not one chosen site, homotopy type theory is not one chosen combinatorial
model.

The model supplies coordinates for the higher world.

The type theory expresses its invariant internal reasoning.

Local Universes and Coherence

Interpreting dependent type theory in a category or infinity-category requires coherence.
Substitution should behave associatively and unitaly.

Chosen pullbacks, dependent products, and universes must interact correctly.

A semantic structure may possess the necessary constructions only up to equivalence rather
than strict equality.

Local-universe and related methods can organize these choices into a model satisfying the
syntactic rules.

This is one place where external technical work is substantial.

The internal language appears simple because the semantic coherence has been resolved
behind it.

The apparent ease of substitution rests on a carefully structured higher categorical foundation.
Internalization and Compression

The internal language compresses large diagrams into familiar notation.

An external pullback becomes substitution.

A section becomes a term.

A fibration becomes a dependent type.

A homotopy pullback becomes a sigma-type identity calculation.

A contractible mapping space becomes a unique construction.

A classifier becomes a universe.

This compression is not merely shorthand. It changes how problems can be conceived.
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Instead of manipulating an elaborate external model, one reasons in a language whose
grammar already reflects the model’s geometry.

Topos logic performed this compression for sheaf worlds.

HoTT performs it for higher sheaf worlds.

A World Reasoning About Its Own Paths

An infinity-topos contains paths and equivalences externally through its mapping spaces.
Its internal type theory allows inhabitants to reason about those paths as identity types.
The world therefore possesses a language for its own higher structure.

A point can reason about a loop.

A family can transport along that loop.

A universe can contain the type and represent its automorphisms as self-identities.

A higher inductive type can generate new paths.

A truncation can deliberately erase them.

The internal language makes the geometry reflexive: the world can formulate and manipulate
the structures by which its own objects are identified.

Identity Remains Type-Relative
A path
Id_A(x, y)
is always identity within a specified type A.
The same underlying terms may inhabit different types with different identity structures.

For example, a structured object can be considered in a type that remembers its structure or in
a truncated type that remembers only an equivalence class.

The available identities differ.
Identity is therefore not an unqualified relation among raw objects.
It depends on the ambient type or moduli problem.

This is analogous to the earlier topos-theoretic observation that truth depends on the ambient
world and context.
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In higher foundations, sameness itself becomes contextual.
The Role of Univalence

The internal language described so far can express equivalences between types and identities
between types.

It can always map identity to equivalence:
Id_U(A, B) -» (A = B).

But without an additional principle, it cannot conclude that every equivalence is an identity in
the universe.

The universe might distinguish two types that are structurally equivalent but differently
presented.

Univalence removes this mismatch.
It asserts:
Id_U(A, B) =~ (A =~ B).

The identity structure of the universe is exactly the equivalence structure of the types it
classifies.

This is the culmination toward which the types-as-spaces interpretation has been moving.
More Than an Extensionality Principle

Univalence is sometimes described as a strong extensionality axiom.

That description is correct but incomplete.

Function extensionality says functions are identical when pointwise identical.
Propositional extensionality says logically equivalent propositions are identical.
Univalence says equivalent types are identical in the universe.

But the statement also determines the loop spaces of the universe.
Automorphisms of a type become self-identifications.

Higher equivalences become higher paths.

The universe becomes a moduli space with correct homotopy structure.

Univalence is therefore geometric as well as logical.
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It does not merely authorize replacing equivalent objects. It specifies the path structure of the
space of types.

The Threshold of Chapter 19

We now possess the ingredients needed to state univalence precisely.
Types behave as spaces.

Identity types behave as path spaces.

Universes classify types.

A path between types induces an equivalence.

Equivalences preserve complete homotopy structure.

Transport carries constructions along identity.

The remaining step is to identify the path space of the universe with the equivalence space of
its fibers.

The next chapter examines that principle in detail.
It will ask:
¢ how an equivalence becomes a path;
e why automorphisms produce loops in the universe;
¢ how univalence implies function and propositional extensionality;
e how structure transports across equivalence;
¢ why univalent categories recognize isomorphism as identity;
¢ how univalence changes the practice of mathematical foundations.
The governing equation is:
Id_U(A, B) = Equiv(A, B)
This is not merely another theorem inside the landscape.

It changes what the landscape means by the identity of its worlds.
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Chapter 19
Univalence

A universe contains types as its points. Each type carries its own points, paths, loops, and higher
paths. The universe must therefore do more than list possible types. It must organize their
structural relationships.

Given two types

A B: U,
there are two ways to compare them.
The first is through identity in the universe:
Id_U(A, B).
The second is through equivalence:
A=B.

Identity allows substitution. If Aand B are identical, every construction involving A4 can be
transported to one involving B.

Equivalence expresses structural sameness. It says that 4 and 5 have the same homotopy type,
including their points, paths, higher paths, and coherence.

Bare intensional type theory supplies a canonical map
idtoequiv_(A, B): Id_U(A, B) — (A = B).
A path between types always induces an equivalence by transport.
Univalence asserts that this map is itself an equivalence:
Id_U(A,B) =~ (A= B)
Thus identity and equivalence coincide at the level appropriate to the universe.

Equivalent types are not collapsed into one syntactic expression. They may still have different
definitions, names, and computational presentations. Univalence instead says that the internal
path structure of the universe recognizes precisely their structural equivalences.

The universe becomes a moduli space of types.
Its points are types.

Its paths are equivalences.
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Its loops are automorphisms.
Its higher paths encode identifications among equivalences.

Univalence is therefore not merely an axiom about substituting isomorphic objects. It is a
statement about the geometry of the space of types.

Identity Always Gives Equivalence
Suppose
p: Id_U(A, B).
Transport in the family
XX
gives a function
transport(p): A — B.
Because paths are reversible, transport along p”-1 gives a function
B- A
The two transports are inverse up to homotopy. Thus p determines an equivalence
idtoequiv(p): A = B.
For reflexivity,
idtoequiv(refl_A) = idEquiv_A.
This construction follows from identity elimination alone. No univalence principle is required.
The asymmetry lies in the converse direction.
Given an equivalence
e: A =B,
bare identity theory does not produce a path
Id_U(A, B).

Univalence supplies such a path and guarantees that it is inverse, up to higher identity, to
idtoequiv.

A commonly used name for the reverse map is
ua: (A =~ B) - Id_U(A, B).
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It sends an equivalence to the corresponding path in the universe.
The Univalence Axiom
The univalence axiom can be stated as
isEquiv(idtoequiv_(A, B))
for all A, B: U.
Equivalently,
Id_U(A, B) =~ (A = B).

The statement concerns a universe U. A type theory may contain several universes, and
univalence may be asserted or constructed separately for each.

The principle does not say that equivalent terms of an arbitrary type are identical. It concerns

types classified by a universe.

Nor does it say that any vaguely similar structures are equal. The comparison must be an
equivalence in the precise homotopical sense.

For sets, equivalence means bijection.
For groupoid-like types, it means equivalence of groupoids.
For arbitrary types, it means equivalence of complete homotopy types.

Univalence identifies exactly the notion of sameness that preserves all internally relevant
structure.

Not Literal Syntactic Equality
Suppose two types are defined by different expressions:
A =Bool, B=1+1.
They may be equivalent without being definitionally equal.
Univalence gives a path
Id_U(A, B).

This does not rewrite the source code of 4 into the source code of B. It does not erase their
different constructions at the metatheoretic level.

Definitional equality remains a computational judgment.

Univalent identity is propositional or path identity inside the universe.
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The distinction allows a formal system to preserve computation while recognizing structural
sameness.

Thus three levels must be kept separate:

A=B
means definitional equality;
Id_U(A, B)
means a path in the universe;
A=B

means structural equivalence.

Univalence equates the last two up to equivalence of types. It does not identify either with
definitional equality.

The Universe as a Moduli Space

A moduli space should contain mathematical objects as points while retaining their
automorphisms and higher symmetries.

A set of isomorphism classes fails this test. It records only components.
A groupoid of objects and isomorphisms retains automorphism groups.

A higher moduli space retains automorphisms, transformations among them, and all further
coherence.

A univalent universe has precisely this form.
For a point A: U, its loop space is

Q(U,A) =1d_U(A A).
By univalence,

Id_U(A A) =~ (A=A).
Thus loops at 4 are self-equivalences of A.

The universe does not merely know that A exists. It knows how 4 can be transformed into itself
without changing its homotopy type.

Every automorphism becomes geometry in the universe.
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The Two-Element Type
Let 2 be a type with two distinct elements.
There are at least two self-equivalences:
o theidentity;
¢ the transposition exchanging the two elements.
Under univalence, these give two paths
1d_U(2, 2).
The transposition produces a nontrivial loop at the point 2 in the universe.
Therefore the universe cannot be a set-like type.
If it were a set, every identity type
Id_U(A, B)
would be a proposition, and there could be at most one relevant path between any two types.
But a type with nontrivial automorphisms produces multiple loops.
Univalence forces the universe to retain those symmetries.

This simple example proves conceptually that a universe of sets is not itself merely a set when
its identity structure reflects bijections.

The moduli space of sets has groupoidal structure.
The moduli space of arbitrary types has higher structure.
Automorphisms as Loops
For any type A4, define its automorphism type by
Aut(A) = (A=A).
Univalence gives
Aut(A) =~ 1d_U(A, A).

Composition of self-equivalences corresponds to concatenation of loops, subject to the
orientation conventions used in defining ua.

The identity equivalence corresponds to the reflexivity path.
The inverse of an equivalence corresponds to reversal of a path.
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Thus the algebra of automorphisms becomes the loop-space algebra of the universe.
This is the same pattern seen with classifying spaces:
G = QBG.
A type and its symmetries determine local geometry in the universe.
Univalence internalizes this relation at the foundational level.

Equivalent Types Have Equivalent Properties

Suppose

P:U-V
is a type-valued construction.
Given an equivalence

e: A =B,

univalence gives a path
ua(e): Id_U(A, B).
Transport along this path gives a function
P(A) - P(B).
Because the path is reversible, this transport is itself an equivalence:
P(A) = P(B).
Thus every definable construction on types respects equivalence.

This is not an additional theorem proved separately for each 2. It follows from the general
substitutivity of identity.

Univalence converts the mathematical principle
equivalent types have the same invariant properties
into ordinary transport along identity.

The force of the principle depends on the construction being genuinely defined on the universe.
An externally chosen operation that depends on coding details may not be invariant because it
is not a well-defined internal construction on types.

Univalence therefore favors structural definitions.
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Transporting Elements

Let

The path
ua(e): Id_U(A, B)
allows elements of A4 to be transported into 5.
The transported function agrees, up to the appropriate path, with the underlying function of e:
transport_(X - X)(ua(e)) ~e.

This is a computational or propositional compatibility principle, depending on the formal
system.

Conceptually, it says that the path assigned by univalence does not merely certify abstract
sameness. Transport along that path performs the given equivalence.

The geometry of the universe acts concretely on its fibers.
A path between types changes inhabitants by the equivalence it represents.
Transporting Structure

Suppose a structure on a carrier A is represented by a type

Str(A).
Examples include:
e group structures;
e ring structures;
e orders;
e topologies;
e actions;
o algebraic operations satisfying laws.
An equivalence
e:A=B

induces
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Str(A) = Str(B)
through transport along ua(e).

A group structure on A can therefore be transferred to 5.

The multiplication on Bis obtained by moving elements through the equivalence, multiplying in

A, and moving back, together with the corresponding transported laws.

This formalizes the familiar mathematical practice of transporting structure across a bijection or

equivalence.
Univalence makes the transport canonical at the level of identity.

Invariance of Properties

Suppose
P(A)
is a proposition about a type A.
If
A =B,
then
P(A) = P(B).

Since both sides are propositions, this means they are logically equivalent.

Examples of invariant properties include, when correctly formulated:
e contractibility;
e being a proposition;
e being aset;
e being n-truncated;
e being finite in an appropriate structural sense;
¢ admitting a specified algebraic structure;
¢ having a certain homotopy group.

Univalence ensures invariance for every internally defined property.

This reduces the need for repeated “well-defined up to equivalence” proofs.
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The property is well-defined because it is a function on the universe, and functions respect
identity.

Structural Versus Presentation-Dependent Definitions
Not every external description defines a structural property.

Consider an external coding of types by natural numbers or syntactic expressions. A property
such as

the code of Ais even
may distinguish equivalent types with different codes.

Such a property is not genuinely a property of the type as a point of a univalent universe. It is a
property of its chosen presentation.

Univalence exposes this distinction sharply.

A structural construction must transport along every equivalence.
A presentation-dependent construction may fail to do so.

This is not a weakness. It is a criterion of mathematical meaning.

The universe recognizes types through their homotopy-invariant structure, not through
accidental labels in an external encoding.

Function Extensionality
Univalence implies function extensionality.
For functions

f, g TI.(x: A) B(x),
there is always a map

happly: (f = g) = [I_(x: A) (f(x) = g(x)).
It sends a path between functions to its pointwise action.
Function extensionality states that this map is an equivalence:
(f=g) =[l.(x: A) (f(x) = g(x)).

Thus paths between functions are exactly homotopies.

Why should univalence imply this?
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At a high level, a family of fibers whose points are function values can be compared through an
equivalence of suitable total spaces. Univalence turns fiberwise equivalence into path
information, allowing pointwise homotopy to determine identity of sections.

The detailed proof requires internal constructions, but the conceptual result is simple:
A function is determined structurally by what it does to every input.
The function space therefore behaves as the correct mapping space.
Propositional Extensionality
For propositions Pand @, logical equivalence is
P Q

or, type-theoretically,

(P-Q)x(Q-P).

Because propositions have no relevant higher proof structure, a logical equivalence is also an
equivalence of types:

P=Q.
Univalence then yields
Id_UP, Q) = (P=Q).
Thus logically equivalent propositions are identical as propositions in the universe.
This is propositional extensionality.

It means that a proposition is determined by its truth conditions rather than by its syntactic
form.

For example, if Pand Qimply one another, they can be substituted as identical proposition-
valued objects.

Again, definitional equality is not implied. The formulas may remain syntactically different. Their
identity is a path in the universe of propositions.

Subsets and Predicates
A subset of a set-like type A can be represented by a predicate
P: A — Prop.

Two predicates Pand Qdefine the same subset when they are logically equivalent pointwise:
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[IL(x:A) (P(x) « Q(x)).
Propositional extensionality turns each pointwise logical equivalence into an identity
P(x) = Q(x).
Function extensionality then gives
P=Q.

Thus extensionally equal predicates are identical.
This recovers the familiar principle that subsets are determined by membership.
But the derivation is now structural:

logical equivalence — identity of propositions — identity of predicates.

Univalence and function extensionality supply the foundation for extensional set-like reasoning
inside an intensional theory.

Set Extensionality
If sets are represented as types with set-truncated identity, a bijection
A=B
produces a path
Id_U(A, B)
by univalence.

This is stronger than ordinary extensionality formulated through shared elements, because two
types need not inhabit one ambient membership hierarchy.

They are identified through structural equivalence.
Set-theoretic extensionality says that sets with the same elements are equal.

Univalent extensionality says that set-like types related by a bijection are identical in the

universe.

The second is closer to structural mathematical practice, where finite sets of equal cardinality
are treated as interchangeable though not literally the same encoded set.

The universe records the bijection as the path of identification.

412



Equivalence Induction
Univalence supports a powerful reasoning principle sometimes called equivalence induction.
Suppose one wishes to prove a statement about every equivalence

e:A=~B.

Because equivalences correspond to paths, path induction reduces the problem to the identity
equivalence

idEquiv_A: A =~ A.
Schematically, to prove
C(A B, e)
forall A, B, and e: A = B, it is enough to prove
C(A, A, idEquiv_A).
This is the equivalence-level analogue of path induction.

It says that structurally invariant arguments about equivalences can be generated from the
reflexive case.

This principle greatly simplifies proofs that would otherwise require arbitrary choices of quasi-
inverses and coherence.

The Structure Identity Principle
Suppose structured objects are pairs
(4 s),
where A: U is a carrier and
s: Str(A)
is structure on A.
One would like identity of structured objects to correspond to structure-preserving equivalence.
Under suitable conditions on Str, univalence yields an equivalence
((A,s) = (B, t)) = Equiv_Str((4A, s), (B, t)).
The right side may be:

e group isomorphisms;
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e ring isomorphisms;

e order isomorphisms;

¢ homeomorphisms;

e equivalences of categories;

e another appropriate notion of structure-preserving equivalence.
This is the structure identity principle.

It is not one single theorem applying without qualification to every possible structure. The
structure must be formulated so that transport corresponds to the intended notion of
preservation.

When that is done, isomorphic structures become identical inside their moduli type.
Groups
Let Group denote a type of groups.
A point is a group
(G,m, e, i, ...).
A path between groups should correspond to a group isomorphism.
Under univalence and the relevant structure identity theorem,
(G =H) = Iso_Grp(G, H).
Thus a group isomorphism can be used as an identity path between group objects.
Any property or construction defined on Group automatically respects group isomorphism.
For example, a definable assignment
G~ Z(G)
to the center of a group transports along group isomorphisms.

The familiar theorem that isomorphic groups have isomorphic centers becomes an instance of
identity transport.

Rings and Modules
The same reasoning applies to rings.

For a suitable type Ring,
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(R=S) = Iso_Ring(R, S).

A ring isomorphism transports ideals, modules, polynomial constructions, and internal
properties.

For modules, the situation may involve both the carrier module and its base ring. One can
formulate a type of pairs

(R, M)
where Mis an R-module.
Identity between such pairs combines:

e aringisomorphism;

e acompatible transported module isomorphism.
Univalence organizes this dependency through sigma-type identity.
The result is a moduli space rather than a set of separately encoded structures.
Categories
A precategory in HoTT has:

e atype of objects;

¢ aset of morphisms between each pair;

e identity morphisms;

e composition;

e category laws.

For objects a, b, there is a canonical map
(a=Db) = Iso(a, b).
It sends identity to the identity isomorphism.
A precategory is univalent when this map is an equivalence:
(a=Db) =Iso(a, b).
Such a structure is often called a univalent category.

In a univalent category, isomorphic objects are identical internally.
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This does not mean that all isomorphic objects are definitionally the same. It means that the
object type has precisely the path structure required to represent isomorphisms.

Precategories and Categories

The distinction between precategories and univalent categories reflects the difference between
a raw presentation and a completed moduli object.

A precategory may contain isomorphic objects that remain disconnected in its identity type.
Its categorical structure recognizes them as equivalent, but its object type does not.
A univalent category aligns these two notions.
The map

(a=Db) > Iso(a,b)
is always available.
Univalence of the category asserts that no isomorphism remains external to object identity.
Thus the category recognizes its own structural equivalences.
This is the categorical analogue of a univalent universe recognizing equivalences of types.
Skeletal Categories Are Not Enough

A skeletal category is one in which isomorphic objects are equal in the external set-theoretic
sense.

This may seem similar to univalence, but the concepts differ.
Skeletalization chooses one representative from each isomorphism class.

It removes redundant objects but does not generally retain the space of isomorphisms as the
identity type.

A univalent category does not merely choose representatives. It equips the type of objects with
paths corresponding to all isomorphisms.

If an object has nontrivial automorphisms, these become nontrivial loops in the object type.
A skeletal set of representatives cannot represent such loops if its equality is proposition-like.
Univalence retains symmetry.

Skeletalization often suppresses it.
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Rezk Completion
A precategory can, under suitable conditions, be completed to a univalent category.
This process is often called Rezk completion.
There is a functor
C-C
that is fully faithful and essentially surjective in the appropriate sense, while C is univalent.
The completion changes the identity structure of objects so that isomorphisms become paths.

It does not merely discard duplicate objects.

The completed category presents the same categorical content in a form that recognizes its own
equivalences.

This resembles sheafification:

e araw presentation is localized;

e certain external equivalences become internal identities;

o the resulting object satisfies a completeness condition.
The analogy is conceptual rather than literal, but it reveals a recurring architecture.
Univalence and Rezk Completeness

In higher category theory, Rezk completeness says that equivalences among objects are
correctly represented by paths in the object space.

A complete Segal space, for example, has a space of objects and a space of morphisms satisfying
Segal composition and completeness.

Completeness identifies the path structure of the object space with the equivalence structure
extracted from the morphisms.

This is a higher-categorical form of univalence.
The shared pattern is:
identity of objects =~ equivalence of objects.

Univalence for universes, univalence for categories, and Rezk completeness are different
realizations of this principle.

They belong to one structural family.
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Equivalence Versus Isomorphism
For set-level algebraic structures, the relevant equivalences are often ordinary isomorphisms.
For categories, equivalence of categories is weaker than isomorphism of categories.

For infinity-categories, equivalence is weaker than strict isomorphism and includes higher
coherent data.

Univalence must always use the correct notion of structural equivalence for the object being
classified.

A universe of plain types uses equivalence of homotopy types.
A type of groups uses group isomorphism.

A universe of categories should use categorical equivalence, not literal equality of object and
morphism types.

A type of higher categories must use the relevant higher equivalence.
Thus the slogan
equivalent objects are identical
is incomplete unless “equivalent” is specified at the correct structural level.
Identity in a Moduli Type
Suppose Mis a type intended to classify mathematical objects.
For Mto be a faithful moduli type, one wants
[d_M(x,y)

to represent the appropriate equivalences between xand y.
Then:

e points of Mare objects;

e paths are equivalences;

e loops are automorphisms;

¢ higher paths are equivalences among equivalences.
A mere set of isomorphism classes is the 0-truncation

(IMI|_0.
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It remembers only connected components.

The full moduli type retains the geometry of symmetry.

Univalence is therefore a criterion of moduli correctness.

It says that the classifier’s identity structure matches what it claims to classify.

Families Classified by a Universe

Let
p:U-U
be a universe family.
For each A: U, the fiber
U_A
is the type classified by A.
Given a path
q: Id_U(A, B),

transport gives an equivalence between fibers:
U_A=UB.
Thus there is a canonical map
Id_U(A, B) - Equiv(U_A, U_B).
The family is univalent when this map is an equivalence.

This formulation shows that univalence is not limited to one universal type of all types. It is a
property of a classifier family.

A family is univalent when the base classifies its fibers without distinguishing equivalent
presentations.

Univalent Families
Consider a family

p: E— B.
For x, y: B, there is a map

x=y)—-> (Ex=Ey).
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It sends a path in the base to transport equivalence between fibers.

The family is univalent when this map is an equivalence for all x, y.

Then the base Bis a correct moduli space for the fibers of p.

Any equivalence between two fibers arises from a path between their classifying points.
Distinct paths correspond to distinct equivalences.

Self-equivalences of a fiber correspond to loops at its classifying point.

Univalent families generalize the universe principle and clarify its geometric content.
Classification Without Redundant Labels

Suppose a family is indexed by a set Bwhose equality is proposition-like.

If one fiber has a nontrivial automorphism, that automorphism cannot be represented by a
nontrivial loop in B.

Therefore the family cannot be univalent.

A univalent classifier must have enough path structure to record all fiber symmetries.
This is why moduli spaces are often groupoids or higher spaces rather than ordinary sets.
A set can classify rigid objects with no nontrivial automorphisms.

Objects with symmetry require loops.

Objects with higher symmetry require higher paths.

Univalence turns this heuristic into a precise condition.

The Universal Bundle Analogy

A universal bundle over a classifying space BG has fibers carrying G-related structure.
Maps into BG classify principal G-bundles.

Loops in BG recover the group G.

A univalent universe resembles an all-purpose higher classifying space.

Its universal family

classifies small types.

420



Loops at A recover the self-equivalences of 4.
Maps into Uclassify families of small types.
Pullback of the universal family produces the corresponding dependent type.

The analogy is not exact in every formal detail, but it captures the central geometry: a universe
is a classifying object whose path structure records automorphisms of its fibers.

Univalence and Classification

Suppose

B:X—-U
is a family of types over X.
It defines a map into the universe:

B:X-U.
A path

p:X=y

in the base induces
ap_B(p): Id_U(B(x), B(y)).
By univalence, this corresponds to an equivalence
B(x) = B(y).

Thus a family over Xdetermines a representation of the path structure of Xby equivalences of
fibers.

Loops in Xact by automorphisms.
Higher paths impose coherence among those actions.

A dependent type is therefore a homotopy-coherent local system of fibers, although general
dependent types need not be locally constant.

Univalence makes the transport representation explicit.
Monodromy
Let Xbe a type with base point x 0, and let

B:X-U
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be a family.
Every loop
p:x 0=x0
induces an automorphism
B(x_0) =~ B(x_0).
This is monodromy.
The assignment respects loop composition up to coherent identity.

If Xis the circle, a family over Xcan be described in terms of a type A together with an
automorphism

e: A=A
The generating loop of the circle acts by e.
Univalence allows one to construct such a family by converting einto a path
ua(e): Id_U(A, A)
and using the circle’s elimination principle.
Thus equivalences can generate geometric variation.
The Circle and Univalence
Let the circle be generated by
base: S*1, loop: base = base.
To define a family
B:S*"1 - U,
one specifies:
e atype A: U at the base point;
e apathId_U(A, A) corresponding to the generating loop.
By univalence, specifying the path is equivalent to specifying an automorphism
e: A=A

Thus a family over the circle is controlled by a type with monodromy.
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This construction is central to synthetic calculations of the circle’s loop space.
It illustrates the direct interaction among:
e higher inductive types;
e universes;
e equivalences;
e transport;
e univalence.
Topology is generated internally from type-theoretic structure.
Encoding and Decoding
A standard method for computing identity types in HoTT is called encode—decode.
One defines a family of codes
code:A->A->U
intended to represent paths.
There is an encoding map
(x=y) — code(x,y)
and a decoding map
code(x,y) = (X =y).
One then proves that the two are inverse equivalences.

Univalence often enters when the code family must vary by equivalences rather than
definitional equality.

For the circle, a family over $/7 can be built whose transport along the generating loop acts by
successor on the integers.

The resulting encode—decode argument yields
Q(S™) = 7.

Univalence therefore contributes directly to internal homotopy calculations.
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Univalence Is Not Quotienting

It may be tempting to describe univalence as identifying equivalent types by quotienting the
universe.

That description is misleading.
A guotient set would collapse each equivalence class to one point and lose automorphisms.
Univalence does the opposite. It retains equivalences as paths.
If a type has several automorphisms, the universe has several loops at that type.
The equivalence relation is not flattened.
It is geometrized.
Thus univalence is not:

types modulo equivalence.
It is closer to:

the higher moduli space of types and equivalences.

The distinction is the same one encountered between an orbit set and an action groupoid.
Univalence Preserves Symmetry
Suppose A4 has automorphism group or automorphism space Aut(A).

A set quotient of types by equivalence would replace the entire equivalence class of A by one
point with no visible loops.

A univalent universe instead makes
Aut(A)
the loop space at A.
Symmetry is not erased.
It becomes part of identity.

This is perhaps the most important conceptual difference between univalence and the informal
slogan that one should “treat isomorphic objects as equal.”

Ordinary equality often appears rigid and proof-irrelevant.

Univalent identity can contain all automorphisms.
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The equality is richer because it has become higher-dimensional.
The Univalence Principle and Structuralism

Structural mathematics studies objects through their relations and invariant form rather than
through the accidental identity of their underlying elements.

A group is characterized by its multiplication and laws, not by the particular set used to encode
its carrier.

A topological space is studied up to homeomorphism or homotopy equivalence according to
context.

A category is studied up to categorical equivalence.
A topos is studied up to equivalence of categories or higher equivalence.

Conventional foundations accommodate this practice, but identity remains tied to set-theoretic
coding.

Univalence brings foundational identity closer to structural practice.

Equivalent types are linked by paths in the universe.

Isomorphic structures are linked by paths in their moduli types.

Invariant constructions transport automatically.

Structuralism becomes internal rather than merely methodological.

Identity Without Collapse

A common fear is that declaring equivalent objects identical will collapse all distinctions.
Univalence does not do this.

Two inequivalent types remain disconnected.

Two equivalent types may be connected by several different paths corresponding to different
equivalences.

An object’s automorphisms remain distinguishable as loops.
Higher relations among equivalences remain present.
The universe becomes richer, not poorer.

What disappears is only the unsupported distinction between equivalent presentations when
no additional structure justifies treating them differently.

425



Univalence removes artificial separation while preserving genuine symmetry.
Multiple Equivalences Give Multiple Paths
Suppose
el e?2:A=B

are distinct equivalences.
Univalence gives paths

ua(e_1), ua(e_2): Id_U(A, B).
These paths need not be equal.

A higher path between them corresponds, through the higher structure of univalence, to an
identification between the equivalences.

Thus the full space

is reproduced by the identity type
Id_U(A, B).

Univalence does not merely assert that equivalent types inhabit the same connected
component. It identifies their entire equivalence space with their path space.

This is a much stronger and more precise statement.
Univalence Is Itself a Proposition
For a fixed universe U, the assertion that idtoequiv is an equivalence is proposition-like.
The type
isEquiv(f)
is a proposition for any function £

Therefore the univalence condition does not introduce multiple incompatible ways for the
universe to be univalent at the level of property.

There may be computationally different constructions of univalent universes, but the property
that a specified universe family is univalent is proof-irrelevant internally.

This distinction reflects the earlier separation between structure and property.
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The universe contains rich identity.

The assertion that it has the correct identity structure is a proposition.

Univalent Universes in Semantic Models

To interpret univalence semantically, one constructs a universe object
p:U-U

classifying a chosen class of fibrations or small objects.

One then proves that the canonical map from paths in Uto equivalences of fibers is an
equivalence.

This has been achieved in major homotopical settings, including appropriate simplicial and
cubical models.

The technical work is substantial.
One must control:

e smallness;

fibrancy;
e closure under type constructors;
o classification of families;
e path objects;
e equivalence spaces;
e coherence.
The internal axiom is compact because the semantic construction absorbs these difficulties.

The existence of such models provides consistency evidence relative to the surrounding
mathematical foundations.

Axiomatic and Computational Univalence
In an axiomatic form of HOTT, univalence is introduced as a term asserting that
idtoequiv

is an equivalence.
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This supports mathematical reasoning but may not give direct reduction rules for expressions
involving ua.

Cubical type theories provide a more computational treatment.

Equivalences can be converted into paths through explicit interval-based constructions, and
transport along those paths can compute.

This distinction matters for proof assistants and program extraction.
A principle can be propositionally valid without having convenient judgmental computation.

Computational univalence aims to retain the mathematical meaning while improving executable
behavior.

Canonicity
A type theory has canonicity when closed terms of basic data types reduce to canonical forms.
For example, a closed term of the natural numbers should reduce to a numeral.

Adding axioms without computation rules can threaten straightforward canonicity because a
closed term may become stuck on an axiom.

Cubical formulations are designed to restore computational behavior for univalence and related
higher constructions.

The foundational objective is not merely consistency.

It is a system in which proofs, paths, and equivalences can be evaluated.
Univalence thereby becomes relevant to both ontology and computation.
Univalence and Choice

Univalence does not by itself imply the classical axiom of choice.

Nor does it contradict every form of choice.

The relationship depends on the precise formulation.

Data-level choice can be constructively valid when witnesses are already supplied.
Choice from merely truncated existence is stronger.

Classical choice may be added in some settings but can affect constructive or computational
properties.
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The crucial point is that univalence concerns identity and equivalence, while choice concerns
selection of representatives or witnesses.

Indeed, univalence often reduces the foundational motivation for choosing canonical
representatives. Equivalent objects can be handled directly without collapsing their moduli
space to a chosen skeleton.

Avoiding Arbitrary Representatives

Traditional arguments may proceed by choosing one representative from every isomorphism
class.

Such choices can be noncanonical and may require strong forms of choice.

They can also destroy naturality.

A univalent moduli type allows one to reason directly with all objects and their equivalences.
There is less pressure to replace a groupoid or higher space by a set of representatives.

The automorphisms remain available.

The construction stays invariant.

Univalence therefore supports a style of mathematics that avoids unnecessary rigidification.
This does not eliminate all uses of choice. It changes which choices are needed.

The Principle of Equivalence

One may formulate a broad methodological principle:

Every construction definable in a univalent foundation respects equivalence.

This does not mean every external algorithm or encoding is invariant.

It means that a well-typed internal function on a universe respects paths, and univalence turns
relevant equivalences into paths.

Thus invariance is secured by the ordinary congruence of functions.
The principle places a strong burden on definitions.

A construction that distinguishes equivalent objects cannot descend to the univalent moduli
type without additional marked structure explaining the distinction.

If one wishes to distinguish two equivalent presentations, the presentation must be included as
part of the object.
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Marked Structures

Sometimes the distinction among equivalent presentations is mathematically meaningful.

A vector space with a chosen basis is not the same structured object as the same vector space

without a chosen basis.

A group with a selected generator carries more structure than the underlying group.

A topological space with a chosen base point differs from the unpointed space.

Univalence does not erase these distinctions.
One defines a richer moduli type:
Y _(A: U) Mark(A).

Equivalences must preserve the marking.

Identity in the richer type corresponds to marked equivalence.

Thus univalence distinguishes structure from accident.

A difference survives precisely when it has been included as structure.

Pointed Types
A pointed type is a pair
(A a)
with
A: U a: A.

An equivalence of pointed types consists of an equivalence

e:A=B
together with a path
e(a) =b.
Under the structure identity principle,
(A,a) =(B,b)

corresponds to pointed equivalence.

An unpointed self-equivalence may fail to preserve the selected point and therefore fail to

produce an identity in the moduli type of pointed types.
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The chosen point is genuine structure.

This example shows how univalence handles additional data without ambiguity.
Ordered and Labeled Objects

A finite type may have many automorphisms.

Adding a linear order can eliminate some or all of them.

Adding labels can make the structure rigid.

The moduli type changes accordingly.

For an unlabeled n-element set, the loop space contains the symmetric group S _n.

For a completely labeled n-element set with fixed labels, the automorphism space may become
contractible.

Thus symmetry depends on what structure is remembered.

Univalence does not assign one universal identity criterion independently of context.

It says that identity corresponds to equivalence preserving the structure encoded by the type.
Rigidity

A structured object is rigid when its automorphism type is contractible.

In a univalent moduli space, a rigid object has a contractible loop space.

Its identity with itself contains no nontrivial symmetry.

A moduli type of rigid objects may therefore be set-like, provided equivalences between distinct
objects are also proposition-like.

Objects with nontrivial automorphisms force the moduli space above set level.

This gives a homotopical criterion for when classification by a set is adequate:

A set-valued classifier is appropriate only when the classified objects are sufficiently rigid.
Otherwise, groupoid or higher structure is necessary.

Univalence and Quotients

Suppose a group (G acts on a type X.

The set quotient retains only orbits.

The homotopy quotient retains paths generated by the action.
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At a point represented by x: X, loops in the quotient include the stabilizer of x.

A univalent foundation naturally accommodates the homotopy quotient as a type with path
constructors or as a higher colimit.

The resulting identity types record the action.

This is the quotient appropriate to moduli problems.

Set truncation can be applied later when only orbit classes are desired:
I1X//Gll_0.

The sequence makes the loss of information explicit.

Univalence and Sheaf Descent

In a sheaf or higher-sheaf setting, local objects may be glued by equivalences.

To express this internally, equivalences between fibers should correspond to paths in an
appropriate classifier.

Univalent families provide exactly this bridge.

A descent datum contains local fibers and equivalences on overlaps.
Univalence converts those equivalences into paths of classifying maps.
Higher coherence among equivalences becomes higher path coherence.
Thus univalence aligns moduli classification with higher descent.

It is not only a foundational principle about abstract types. It is a geometric principle governing
families.

Descent as Classification
Suppose a family of types is defined locally over a cover.
On overlaps, the local families are equivalent.

If the universe is univalent, these equivalences become paths between the local classifying
maps.

Coherent overlap data can then glue the classifying maps into a global map to the universe.
Pulling back the universal family yields the global family.

This is the classifier form of descent.
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The universe functions as a moduli object precisely because univalence turns fiber equivalence
into identity in the base.

Without univalence, equivalent local fibers might fail to glue at the classifier level because their
codes remain artificially distinct.

Object Classifiers in Infinity-Topoi
In an infinity-topos, suitable universes or object classifiers can be univalent.
A classifying map
X->U

represents a family over X.
Paths in Urepresent equivalences of fibers.
The object classifier is therefore a geometric realization of the univalence principle.
This links internal HoTT with external higher topos theory.
Internally, one states

Id_U(A, B) = (A = B).
Externally, one says that the universal family is univalent.
The two statements describe the same architecture from different sides.
Univalence and Topos Theory
Ordinary topoi already encouraged a shift from literal presentation to structural equivalence.
Different sites can present equivalent topoi.
A sheaf is defined up to isomorphism.
A geometric morphism is structured through adjunction.
Classifying topoi are invariant under Morita equivalence of theories.
Subtopoi are determined by local operators rather than chosen lists of objects.
Higher topos theory strengthens this tendency.
Mapping sets become spaces.
Equivalences acquire higher coherence.

Univalent universes then internalize the principle within the world.
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Topos theory prepared the geometry of mathematical universes.
Univalence gives those universes an identity structure matching their equivalences.
Univalence and the Book’s Landscape
The mathematical landscape described earlier contained several kinds of passage:
e construction;
e presentation;
o localization;
¢ slicing;
e geometric morphism;
e higher-dimensional lifting.
Univalence does not add one more region connected by one more ordinary arrow.
It changes how identity is understood throughout the higher region.
Equivalent presentations of a type become paths.
Automorphisms become loops.
Families are classified by maps into moduli spaces.
Structural transport becomes substitution.

A univalent landscape is therefore one in which the roads between equivalent forms are not
external annotations. They are part of the terrain’s own path structure.

Equivalence Is Not Always Identity at Every Level

Care is required.

Univalence says that equivalence of types corresponds to identity in a universe.

A univalent category says that isomorphism of objects corresponds to identity in its object type.

For categories themselves, the appropriate notion may be equivalence of categories rather than
isomorphism.

For topoi, the appropriate notion may be geometric equivalence.

For theories, it may be Morita equivalence.
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There is no single undifferentiated relation called equivalence that works at every structural
level.

The univalent method is to construct a moduli type whose identity corresponds to the correct
equivalence notion for its inhabitants.

The equivalence must be specified by the structure.
The Saturation Principle

A mathematical structure is saturated or complete in a univalent sense when its identity
recognizes all of its intended equivalences.

A raw presentation may contain equivalent objects not connected by identity.
Completion adds the missing paths.

For categories, this appears as Rezk completion.

For Segal-type structures, it appears as completeness.

For universes, it appears as univalence.

For moduli problems, it appears as retaining automorphisms and higher equivalences rather
than truncating prematurely.

The general principle is:
structural equivalence should be represented internally as identity

This does not force literal syntactic collapse.
It enriches identity until it has the correct dimension.
Mathematical Practice Under Univalence
Univalent reasoning changes the handling of familiar constructions.
One need not continually insert phrases such as:

e up to canonical isomorphism;

e independent of the chosen representative;

o after identifying naturally isomorphic structures;

e modulo equivalence.
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Instead, the relevant equivalence can produce an identity path, and transport supplies the
comparison.

Associative constructions may still involve coherence, especially in higher and directed settings.
Univalence does not magically turn every weak structure into strict definitional equality.

But it changes the default attitude.
The primary object is the moduli type, not a set of encodings.
The primary sameness is structural equivalence, not equality of codes.
Canonical Isomorphisms
Classical mathematics often relies on canonical isomorphisms.
For example,
AXx1=A A+B=B+A (AXB)xC=AX (B x ().
In a univalent universe, these equivalences produce paths between the corresponding types.
One may transport along those paths.

However, the paths are generally not judgmental equalities. Expressions do not necessarily
compute as though the types were syntactically identical.

Thus univalence internalizes canonical isomorphism without strictifying every operation.
It preserves flexibility while supporting substitution.
Coherence Problems

Category theory contains many coherence problems arising from associators, unitors, braidings,
and other natural isomorphisms.

Univalence can simplify some coherence by turning structural equivalences into paths.
But it does not eliminate the need to prove higher coherence.

Paths themselves can compose in different ways, and those composites may require higher
paths.

In a higher setting, coherence is not abolished. It is represented explicitly at the appropriate
dimension.

This is an improvement because coherence becomes part of the object rather than a hidden
metatheoretic burden.
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Yet formal development may still be technically demanding.
Univalence organizes coherence; it does not make all coherence trivial.
Univalence and Strictification

Strictification replaces weakly associative or equivalent structures by strictly equal ones when
possible.

Univalence takes a different route.

Rather than forcing structural equivalences into definitional equality, it permits them to inhabit
identity types with higher coherence.

This often avoids arbitrary choices of strict representatives.

Some structures can be strictified without loss.

Others cannot be strictified globally while preserving all higher information.

Univalence supports weak structures directly by giving equivalence foundational legitimacy.
The result is a foundation more compatible with higher category theory and homotopy theory.
Formal Proof Reuse

When a theorem is formulated structurally, univalence allows it to be transported across
equivalence.

Suppose a result has been proved for a type A4, and suppose
A=B.

If the result is represented by a family P: U - U’ or a proposition-valued family, transport gives
the corresponding result for 5.

This can reduce duplication in formal libraries.
The theorem need not be manually reproved for every equivalent presentation.
The proof assistant can use the identity path generated by univalence.

Practical efficiency depends on computation, elaboration, and library design, but the
foundational mechanism is direct.
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Representation Independence

In computer science, representation independence means that clients cannot distinguish two

implementations that satisfy the same abstract interface and are related by an appropriate
equivalence.

Univalence provides a mathematical analogue.
Equivalent representations of a type can be identified in a universe.

Constructions defined only through the abstract type transport across that equivalence.

A client that depends only on the structural interface cannot distinguish the implementations

except through additional marked data.

This connection has motivated applications of univalence to formalized programming-language

semantics and verified software architecture.

The central idea remains structural: abstraction barriers correspond to invariance under
equivalence.

Equivalence of Data Representations
Suppose natural numbers are represented in two equivalent ways:
¢ ordinary inductive natural numbers;
o finite lists of unit values;
e another canonical representation.
An equivalence between the representations can produce an identity path in the universe.
Functions and properties may then be transported.

However, computational performance may differ. Univalence does not claim that equivalent
representations have identical operational cost.

Cost is not preserved unless it is included as part of the structure.
This distinction is instructive.
Univalence identifies types according to the equivalence notion encoded by the universe.

To preserve complexity, memory layout, or evaluation behavior, those features must be
represented explicitly.
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Foundations and Implementation

A univalent foundation distinguishes mathematical identity from implementation identity.
Two data structures may be mathematically equivalent but computationally different.
Two categories may be equivalent but presented by different object types.

Two topoi may be equivalent but generated by different sites.

The mathematical theory may treat them as identical at the relevant moduli level.

The implementation layer can still retain their distinct encodings.

This separation mirrors the difference between path equality and definitional equality.
Mathematical interchangeability does not require syntactic or computational sameness.
Univalence and Classical Set Theory

Univalent foundations do not prove that classical set theory is unusable or conceptually
incoherent.

Classical set theory remains an extraordinarily successful foundation.
Categories, topoi, homotopy theory, and higher mathematics can all be developed within it.
The difference is one of foundational alignment.

Set theory encodes structures as sets and treats isomorphic encodings as distinct unless an
external equivalence relation is imposed.

Univalent foundations allow equivalence to become internal identity in suitable universes.

The two approaches can interact. Models of univalent type theory can be constructed using
conventional mathematics.

Univalence is therefore not a repudiation of classical foundations but an alternative organization
of mathematical identity.

Relative Consistency
Semantic models of univalent type theory provide relative consistency results.

Very roughly, if the metatheory used to construct a suitable model is consistent, then the
interpreted univalent type theory is consistent.

One must be precise about:
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e universe levels;
e large-cardinal assumptions;
e model structure;
e additional axioms;
¢ higher inductive types;
e resizing;
e computational principles.
There is no single blanket consistency theorem covering every possible extension called HoTT.

Nevertheless, the existence of robust simplicial and cubical models shows that univalence is
compatible with established mathematical foundations.

The principle is not merely philosophical speculation. It has concrete semantic realizations.
Univalence and Proof Assistants

Univalent ideas have been implemented in formal systems based on intensional and cubical
type theories.

Such systems can formalize:

homotopy theory;
e category theory;
e algebra;
¢ synthetic topology;
¢ higher inductive types;
e structural transport.
The practical experience reinforces several theoretical themes.
Definitions must be made invariant.
Universe levels matter.
Truncation conditions must be explicit.

Coherence appears in executable form.
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Univalence can simplify identity of structures while introducing higher-dimensional proof
obligations.

The foundation reveals the structure that informal mathematics often suppresses.
What Univalence Does Not Do
Univalence does not automatically prove every desirable equivalence.
One must still construct the equivalence
A=~B.
It does not decide whether two arbitrary types are equivalent.
It does not make all equality judgments computationally trivial.
It does not identify structures when the relevant equivalence fails to preserve their data.
It does not convert noninvertible maps into identities.
It does not eliminate universe-size issues.

It does not replace higher category theory with ordinary type theory without additional
structure.

Its role is precise: once an equivalence of types exists, the universe recognizes it as a path, and
conversely every path corresponds to an equivalence.

The Directed Boundary
A categorical morphism
f:A-B
need not be invertible.
Univalence concerns equivalences, not arbitrary maps.
Therefore it does not identify a source and target merely because a morphism connects them.
The universe remains groupoidal in its identity structure.
Directed relationships must be represented separately.

This distinction is essential for categories, computation, causality, rewriting, and information
flow.

A univalent universe is a moduli space of types and equivalences.
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It is not a directed graph of every possible function.

To internalize directed higher categories, one needs additional notions such as Segal structures
or directed type theories.

The Higher-Categorical Boundary
A universe of types classifies infinity-groupoidal objects.

A universe of infinity-categories would require a higher notion of directed structure and
categorical equivalence.

One cannot obtain full synthetic infinity-category theory merely by observing that types have
higher paths.

Identity paths are all invertible.
General categorical morphisms are not.

Univalence remains relevant, but it must be applied to a moduli object of structured directed
entities.

The principle then says that categorical equivalences correspond to identities in that moduli
object.

This is more elaborate than basic HoTT.
Univalence and Topos Equivalence
Topoi themselves are mathematical worlds with morphisms and equivalences.

A sufficiently developed univalent higher foundation should permit a moduli type of topoi in
which paths correspond to the appropriate equivalences of topoi.

For ordinary Grothendieck topoi, the relevant notion is not equality of chosen sites.
Different sites may present the same topos.

A univalent classification would therefore treat equivalent topoi as identical while preserving
their automorphisms and higher transformations.

This realizes at a higher foundational level the principle already practiced throughout topos
theory:

presentation is not identity.

The world should be recognized through its invariant structure.
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From Univalent Types to Self-Recognizing Worlds

An ordinary mathematical world can contain objects and equations without representing all
structural equivalences as identities.

A univalent universe goes further. It contains objects together with an identity structure that
recognizes how those objects are equivalent.

This is a limited but profound form of self-recognition.

The universe does not merely store its inhabitants.

It knows their symmetries through loops.

It knows their equivalences through paths.

It permits every internal construction to transport along those paths.
It therefore reflects its own structural invariance.

The final chapter of the main text develops this idea more broadly. It asks what it means for a
mathematical world to recognize its own equivalences, and how the progression from Set to
topoi, higher topoi, and univalent universes changes the architecture of mathematical
consciousness.

Toward the Final Synthesis

The route to univalence has crossed the entire landscape.
Sets supplied discrete identity.

Categories supplied morphisms and isomorphisms.

Topoi supplied alternative mathematical worlds and internal logic.
Sheaves supplied locality and descent.

Groupoids retained automorphisms.

Higher sheaves retained equivalences and coherence.
Infinity-topoi supplied ambient worlds of homotopy types.
Homotopy type theory supplied an internal language of paths.
Universes supplied moduli spaces of types.

Univalence identified their paths with equivalences.
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The progression can be summarized:

equality as proposition — isomorphism as external structure — equivalence as path —
transport as structural invariance.

The next chapter asks what kind of mathematics becomes possible when this progression is not
merely acknowledged externally but built into the identity structure of the world itself.
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Chapter 20
Mathematical Worlds That Recognize Their Own Equivalences

A mathematical world can contain objects without possessing an internal account of when
those objects are structurally the same.

Set provides a familiar example. Two sets may be related by a bijection, yet remain unequal
because their members or encodings differ. Two groups may be isomorphic while their
underlying sets are distinct. Two categories may be equivalent while having different object
collections. Two sites may present equivalent topoi while differing radically in their objects,
arrows, and coverings.

Ordinary mathematical practice handles these situations by moving between two levels.
At the foundational level, objects are represented by particular sets, formulas, or constructions.

At the structural level, mathematicians regard suitable equivalences as the meaningful form of
sameness.

This division is workable, but it creates a persistent burden. Every construction must be shown
to respect the relevant equivalence. Every choice of representative must eventually be proved
harmless. Every coordinate system must be separated from the invariant object it describes.

Topos theory already weakens the authority of presentation. A site is not identified with the
topos it presents. A category of sheaves may be equivalent to another category of sheaves built
from different local probes. A classifying topos represents a theory independently of one
particular syntactic formulation. A geometric morphism connects whole mathematical worlds
through structure-preserving transport.

Higher topos theory goes further. It replaces sets of objects with spaces of objects. Equivalences
become paths. Automorphisms become loops. Higher coherence becomes higher identity.

Univalence completes the central move:
Id_U(A, B) =~ (A =~ B).

A universe no longer merely contains types. Its identity structure recognizes exactly when those
types are equivalent.

The phrase recognizes its own equivalences must be used carefully. It does not imply
awareness, intention, or consciousness. A universe does not inspect two objects and make a
psychological judgment. Recognition is structural. It means that the internal identity type of the
classifier agrees with the externally intended equivalence type.
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A mathematical world recognizes its own equivalences when the paths by which its objects are
internally identified correspond precisely to the structural equivalences by which those objects
should be compared.

This chapter examines that principle as the culmination of the landscape developed throughout
the book.

Containment Is Not Recognition

A category may contain objects and isomorphisms without treating those isomorphisms as
identities of objects.

Let C'be a category. For objects a, b € C, one may have an isomorphism
az=h.

The isomorphism is a morphism with an inverse. It allows structure to be transferred between a
and b. Yet the object collection of C'may still treat them as distinct.

The category contains evidence of structural sameness but does not necessarily encode that
sameness in the identity type of its object collection.

This distinction becomes especially visible in type-theoretic foundations.

A precategory has a type of objects and sets of morphisms. There is always a canonical map
(a=Db) = Iso(a, b).

Any identity path produces an isomorphism.

The reverse direction need not hold.

The category may therefore possess more isomorphisms than its object identity recognizes.

A univalent category satisfies
(a=Db) =Iso(a, b).

Its object type has been aligned with its categorical structure.

The isomorphisms are no longer merely arrows available in the surrounding theory. They are
represented by paths among the objects themselves.

Containment has become recognition.
External Equivalence and Internal Identity

Every mathematical framework distinguishes, explicitly or implicitly, between what is visible
from outside and what can be expressed inside.
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Externally, one may observe that two categories are equivalent.
Internally to either category, that equivalence may not appear as an object or path.
Externally, one may prove that two site presentations yield equivalent topoi.
Internally to either presentation, the other site may be absent.
Externally, one may construct an equivalence between two types.
Internally to a nonunivalent universe, those types may remain disconnected.
Recognition occurs when an external structural relation is represented by an internal identity.
The pattern has the form

externally intended equivalence — internally represented path.
Univalence strengthens this to an equivalence of spaces:

internal paths = structural equivalences.

Nothing is lost in either direction.
Every path yields an equivalence.
Every equivalence yields a path.
Distinct equivalences can yield distinct paths.
Higher identifications among equivalences yield higher paths.

The internal identity structure reproduces the entire equivalence structure, not merely its
existence.

Recognition Is Classifier-Relative
Equivalence is never entirely unqualified. It depends on what kind of object is being classified.
For plain types, the appropriate relation is homotopy equivalence:
A =~B.
For sets, it is bijection.
For groups, it is group isomorphism.

For topological spaces, the relevant relation may be homeomorphism in one context and
homotopy equivalence in another.

For categories, it may be categorical equivalence rather than strict isomorphism.

447



For topoi, it may be equivalence as topoi, respecting the appropriate geometric structure.
For theories, it may be Morita equivalence through equivalent classifying topoi.

Thus the statement

equivalent objects should be identical

is incomplete.

One must ask:

Equivalent as what?

The classifier determines the answer.

A type of pointed spaces should recognize pointed equivalences.

A type of groups should recognize group isomorphisms.

A type of groups with chosen generators should recognize only isomorphisms preserving those
generators.

A type of computational implementations may require an equivalence preserving not only
mathematical output but operational structure.

Recognition is therefore relative to the structure encoded in the moduli problem.
The Moduli Principle
A moduli object is intended to classify mathematical structures.
A correct moduli object should contain:

e the structures as points;

e equivalences as paths;

e automorphisms as loops;

¢ higher relations among equivalences as higher paths.
If it contains only equivalence classes, it is a truncated classifier.
Let Mbe a moduli type. Its set of connected components is

[IM]|_0.

This set records which objects are equivalent.

But the full identity types
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Id_M(x, y)
record how they are equivalent.
The loop space

[d_M(x, x)
records the automorphisms of x.

A set of equivalence classes therefore gives only the broadest outline of the moduli problem. It
identifies the components but removes their internal symmetry.

A self-recognizing moduli world does not collapse equivalence. It geometrizes it.
Symmetry Requires Loops
Suppose an object 4 has a nontrivial automorphism.
If Ais classified by a point in a set-like moduli object, the identity type
A=A
is proposition-like. It cannot retain several distinct automorphisms.
The classifier is therefore too truncated.
A faithful classifier must possess nontrivial loops at 4.
For an n-element finite set, the automorphism group is the symmetric group
S_n.

A moduli set containing only the natural number n records cardinality but not permutation
symmetry.

A moduli groupoid contains one component for each cardinality and automorphism group S n
at the corresponding object.

A higher moduli space can retain still richer structure.

The necessary dimension of the classifier is determined by the symmetry dimension of what it
classifies.

Rigid objects can sometimes be classified by sets.
Objects with automorphisms require groupoids.

Objects with higher automorphisms require higher spaces.
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The Universe as a Self-Recognizing Classifier
A universe is represented semantically by a family
p:U-U.
The base U classifies small types.
The fiber over A: U is the type represented by A.
For two points A, B: U, every path
q:1d_U(A, B)

induces an equivalence of fibers:

This produces the canonical map
Id_U(A, B) - Equiv(U_A, U_B).
The universe is univalent when this map is an equivalence.
The classifier then recognizes its fibers correctly.
It does not treat equivalent fibers as unrelated codes.

It does not collapse them into one rigid point.

It connects them through a space of paths precisely matching their space of equivalences.

This is the technical center of self-recognition.
The Generic Family
The universe family is generic.
Every sufficiently small family
E-X
is obtained, up to the appropriate equivalence, by pulling back
U-U
along a classifying map
x E: X->U

One has a pullback diagram of the form
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[E-U;ll; X--x E- U]
The map y_E'tells the universe which type occurs over every point of X.
Paths in Xare sent to pathsin U.
By univalence, these paths correspond to equivalences among the fibers of £.
Thus the classifying map encodes transport.

A family is not merely an indexed list of fibers. It is a coherent map into the moduli space of
types.

The generic family makes the universe a mirror of all smaller families living inside the world.

Recognition Through Transport
Identity has practical force because it supports transport.

Given a family

P:U->V
and a path
q: Id_U(A, B),
transport gives
P(A) - P(B).
If g comes from an equivalence
e:A=B

by univalence, then every definable construction Pis transported along e.
This is the operational meaning of recognition.

The universe does not merely record that A and Fare equivalent. It permits every internal
structure depending on 4 to move coherently to 5.

Properties transport.
Elements transport.

Functions transport.

Algebraic structures transport.

Proofs transport.
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Families of further structures transport.
Recognition is therefore inseparable from substitutivity.
An equivalence becomes usable as identity.
Invariance Becomes Ordinary Congruence
In conventional structural mathematics, one repeatedly proves invariance.
A construction F'is defined on objects, and one must show that an equivalence
A=B
induces an equivalence
F(A) = F(B).

One must verify identity preservation, composition, coherence, and independence from
choices.

In a univalent foundation, an equivalence gives a path
A=B.
Every function respects identity automatically.
Thus
ap_F: (A=B) = (F(A) =F(B))
provides the required transport.

Univalence does not eliminate the need to define Fcorrectly. A construction dependent on
coding details may fail to descend to the univalent universe.

But once Fis genuinely defined on the structural object, invariance is inherited from the general
behavior of identity.

This changes the burden of proof.

Instead of repeatedly proving that a construction is invariant, one formulates it at the correct
structural level.

The Discipline of Structural Definition

A univalent foundation does not permit every externally imaginable rule to become a well-
defined function on a moduli type.
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Suppose equivalent types A and B have different external codes. A rule that inspects the code
and produces different outputs cannot define a structural function

F:U->V
unless the coding itself is included as part of the classified structure.
This provides a discipline of definition.
A genuine function on a univalent universe must respect all paths.
Since paths correspond to equivalences, the function must be invariant under equivalence.
If a distinction is to matter, it must be represented as data.
A vector space with a basis is a different structured object from a vector space without one.
A group with a distinguished element is a different structured object from the underlying group.
A site presentation is different data from the topos it presents.

Univalence removes accidental distinctions only when they are genuinely absent from the
structure.

Marking Restores Distinction

Suppose two equivalent objects should nevertheless remain distinguishable because one carries
a chosen marking.

One forms a richer type:
Y _(A: U) Mark(A).
A point is a pair
(A, m)
consisting of an object and its marking.
An identity
(A,m)=(B,n)
requires an equivalence A =~ B compatible with the markings.
Thus the unmarked objects may be equivalent while the marked objects are not.

Univalence does not declare every equivalence relevant at every level. It recognizes the
equivalences appropriate to the complete structure.
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The architecture is exact:

more remembered structure = fewer admissible equivalences. less remembered structure

= more symmetry.
The identity type adjusts accordingly.
Forgetful Maps and Fibers of Structure
Let Sbe a moduli type of structured objects and let
mS—->U
forget the structure and retain only the carrier.
The fiber over A4is the type of structures on A:
Str(A).
A path in Ucorresponding to an equivalence
A=~B
transports structures from Ato B.
The total type S combines:
e variation of carriers;
e variation of structures;
e equivalences preserving structure.
Its identity type is calculated through the general identity law for sigma types:
(As)=(B1
corresponds to a pair consisting of
p:A=B
and
transport_Str(p)(s) =t.
By univalence, p corresponds to an equivalence of carriers.

The second condition expresses preservation of structure.

The moduli type therefore derives its correct equivalence notion from dependent identity.
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Categories That Recognize Isomorphism

A univalent category is a direct example of a mathematical structure recognizing its own
equivalences.

For objects a, b, one has
(a=Db) =Iso(a, b).
This has several consequences.
An invariant property of objects automatically transfers along isomorphism.
A family of structures indexed by objects transports along isomorphisms.

Equivalent descriptions can be substituted without repeatedly inserting explicit conversion
maps.

Automorphisms of an object become loops in the object type.
The type of objects is therefore not generally a set.
If an object has several automorphismes, its self-identity type contains several points.

The category’s object collection has become a moduli groupoid or higher type rather than a
rigid list.

Categories That Recognize Equivalence

For categories themselves, isomorphism is often too strict.

Two categories can be categorically equivalent without being isomorphic as encoded categories.

A moduli object of categories should therefore recognize categorical equivalence.

This requires a higher classifier whose identity type satisfies a relation schematically like
(C=D) = CatEquiv(C, D).

The right side is a space of categorical equivalences and higher transformations.

Such a classifier must itself be higher-dimensional because categories have automorphisms,
natural isomorphisms, and higher coherence.

The principle is the same as ordinary univalence, but the structure being classified is richer.

One does not merely place categories inside a universe of raw records. One seeks a moduli
world whose paths represent categorical equivalences.
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Topoi That Recognize Equivalence
Topos theory itself is governed by equivalence rather than literal presentation.
A Grothendieck topos can be presented as

Sh(C,])
for many different sites.
The sites may vary in size, geometric meaning, and combinatorial structure.
Yet the associated topoi may be equivalent.

A faithful moduli world of topoi should therefore identify equivalent topoi through paths while
retaining their automorphisms and higher transformations.

Its identity type would correspond not to equality of sites but to geometric equivalence of
topoi.

Schematically,
(E =F) = ToposEquiv(E, F).

Constructing such moduli objects involves substantial size and higher-categorical issues. The
equation is therefore a guiding form rather than a casual assertion that all topoi already inhabit
one uncomplicated universe.

Still, the conceptual demand is clear.

The mathematical object is the topos, not one chosen site.

A self-recognizing landscape would encode that invariance internally.
Sites as Coordinates

A site behaves like a coordinate presentation.

Its objects provide probes.

Its arrows provide refinements or transformations.

Its coverings provide local evidence.

The sheaf category built from the site is the presented world.
Different coordinate systems can describe the same world.

Comparison lemmas and equivalences of topoi are the transition maps among these
presentations.
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A univalent moduli treatment would not erase the sites. Sites remain valuable computational
and conceptual data.

Instead, it would place them over the invariant topos they present.
The distinction resembles that between a manifold and an atlas.
The atlas is not the manifold.
But an atlas can be included as additional marked structure.
Likewise:

topos#site presentation,
while

(topos, chosen site)

is a legitimate richer object.
Recognition separates object from coordinates without forbidding coordinates.
Classifying Topoi and Semantic Recognition

A classifying topos B_Trecognizes models of a geometric theory 7through the universal
property

Geom(E, B_T) = Mod_T(E).
Every model in £'corresponds to a geometric morphism into B_7.

The classifying topos contains a generic model from which every other model is obtained by
inverse image.

This is another form of reflexive structure.

The world B_Tinternally contains the universal model of the theory it classifies.
Externally, maps into the world enumerate generalized models.

The classifier relates its internal generic object to all external realizations.

Univalence adds a further demand: equivalent models should be represented by paths in the
correct moduli object rather than collapsed into a set of classes or left as externally related
points.

Classification and univalence therefore address complementary questions.

Classification asks:
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Which maps correspond to models?

Univalence asks:

Which paths correspond to equivalences among the classified objects?
Genericity and Self-Description

A generic object is not one particular example chosen from a collection. It is universal under
pullback.

The generic model in a classifying topos represents every model.

The generic element in a slice represents every element after substitution.

The generic family in a universe represents every small family.

These generic objects give mathematical worlds a limited form of internal self-description.
The world contains an object whose changes of base generate all objects of a selected kind.

This should not be confused with a universal set containing literally everything. Size
stratification remains necessary.

Nor is it self-description in the semantic-paradoxical sense of an unrestricted language referring
to its own truth predicate.

It is controlled classification.

A universe classifies smaller types.

A classifying topos classifies models of a specified theory.

A slice classifies dependence on a specified base.

Self-description is always relative to a level and a class of objects.

Hierarchies of Universes

To avoid paradox, one commonly works with a hierarchy
Uo0:U1:U2:---.

The universe U_0classifies small types.

The universe U_1 may contain U_0and classify larger types.

The hierarchy can continue.

A universe therefore does not generally classify itself as an ordinary small inhabitant of itself.
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Recognition is stratified.

The world can contain a classifier for one level of its internal objects while a larger metaworld
contains that classifier.

This hierarchy limits the idea of complete self-recognition.

No single unrestricted object is assumed to contain all universes, all topoi, and all classifiers
without size control.

The architectural principle is reflective but not circular in an uncontrolled way.
Recognition Across Levels

The universe hierarchy creates several levels of equivalence.

Within U_0, small types are identified by equivalence.

Within U_1, the universe U_0Oitself may be an object possessing automorphisms and structural
relationships.

A type of U_0-small categories may live in U_1.
A type of UJ_(-small topoi may require a still larger universe or higher categorical setting.
Each level can recognize the equivalences of objects classified below it.
The progression resembles a tower of reflective viewpoints:
objects — classifiers of objects — classifiers of classifiers — ---
No final absolute viewpoint is required for the method to work.
Mathematics proceeds through controlled relative universes.
Internal and External Recognition

A world may recognize equivalence internally while the external metatheory still uses a different
equality.

In a semantic model of HOTT, the internal path
Id_U(A, B)
is represented externally by some geometric or combinatorial object.
The model-builder may still distinguish the external codes or fibrations representing 4 and 5.

Internal univalence says that the model’s universe has the correct path space.
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It does not require the external metatheory to identify the encodings literally.
Thus recognition is level-sensitive.
Externally distinct constructions can represent internally identical types.

This is not inconsistency. It is the normal relationship between syntax, semantics, and
invariance.

The same pattern occurred earlier with sites and topoi.

Different external sites can present one internally coherent world.

Completion as Recognition

Raw presentations often fail to recognize all intended equivalences.

Completion procedures repair this mismatch.

Sheafification forces local equivalences to become globally effective.

Rezk completion forces categorical equivalences of objects to become paths.

Univalent completion forces structural equivalence to align with identity.

Hypercompletion forces certain higher objects to be recoverable from all their truncations.

Localization at selected maps forces those maps to become equivalences.

These constructions differ technically, but they share an architectural pattern:
raw presentation — completed world

where previously external relations become internally effective.

Completion is not always addition. It may identify distinctions, add missing gluing data, or alter
identity.

The result is a world satisfying a stronger criterion of recognition.

Sheafification and Local Recognition

A presheaf may distinguish two sections that agree on a cover.

From the viewpoint of the chosen topology, the distinction is locally invisible.

Sheafification removes it.

A presheaf may also lack a global section corresponding to a compatible family of local sections.

Sheafification adds the required amalgamation.
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The resulting sheaf recognizes local agreement as sufficient for global identity and local
compatibility as sufficient for global existence.

Thus ordinary sheafification is already a form of recognition.

It aligns the object’s identity and existence conditions with the locality encoded by the topology.
Univalence performs a related alignment at a higher structural level.

It aligns type identity with equivalence.

Higher sheafification and univalence meet when equivalences among local fibers must glue into
paths in a classifier.

Descent as World-Level Recognition

Descent asks whether local presentations belong to one global object.

At the set level, equality on overlaps determines a unique amalgamation.

At the groupoid level, chosen isomorphisms on overlaps must satisfy cocycle conditions.
At the higher level, equivalences and all higher coherences must descend.

A world satisfying higher descent recognizes when a collection of local objects and equivalences
constitutes one global object.

This is a form of distributed identity.

The global object is not supplied independently of the local pieces. It is reconstructed from their
coherent pattern of equivalence.

The world recognizes unity across difference.

The local data remain different presentations, but their coherent equivalence structure
constitutes one global inhabitant.

Identity Across Local Presentations

Suppose a geometric object is described on regions U/ i.

On pairwise overlaps, the descriptions are related by equivalences
¢_ij.

On triple overlaps, the composites agree up to higher paths.

The global object need not possess one preferred local description.

461



Its identity consists partly in the network of transitions.
A set-theoretic quotient of the local descriptions would lose the transition data.
A higher sheaf retains it.

Thus one global object can be constituted by several local presentations without being reducible
to any one of them.

This pattern is central to geometry.

A manifold is not one chart.

A bundle is not one trivialization.

A stack is not one groupoid presentation.
A topos is not one site.

A higher object is not one strict code.

Recognition is the ability to treat coherent presentations as one object while retaining their
transition structure.

Equivalence as Path Through a Landscape

The landscape metaphor can now be interpreted literally at the level of identity.
In a univalent universe, equivalent types are joined by paths.

The space of paths may contain several components or higher loops.

Transport along a path moves structures and proofs.

Composing paths composes equivalences.

Reversing a path inverts an equivalence.

A loop records an automorphism.

Thus equivalence is not merely a comparison declared from outside the landscape. It is a route
within the landscape.

The world contains the roads connecting its structurally identical inhabitants.

This geometric picture is especially appropriate because paths may themselves have higher
relationships.
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There can be paths between roads, deformations between transitions, and coherence among
those deformations.

The landscape has depth.
Identity Is Not a Flat Relation

In ordinary set theory, equality is often modeled as a binary relation satisfying reflexivity,
symmetry, transitivity, and substitutivity.

In HOTT, identity has all these properties but is not exhausted by them.

For x, y: A, the type

can contain multiple paths.

Those paths can themselves be connected by higher paths.

Composition is associative through higher coherence.

Thus identity is not merely a truth value attached to a pair.

It is a structured space.

Univalence transfers this structure to equivalences of types.

The equivalence relation among types is therefore not flattened into yes or no.
The complete space of equivalences becomes the complete identity type.
Recognition is higher-dimensional.

Self-Recognition Without Self-Consciousness

The language of self-recognition can tempt an anthropomorphic reading.
A mathematical world does not observe, intend, judge, or become aware.
It does not compare two objects through an internal mental act.

The relevant notion is purely structural.

A classifier recognizes equivalence when its path object represents the correct equivalence
object.

A category recognizes isomorphism when its object identity agrees with its isomorphism type.
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A higher sheaf world recognizes local equivalence when coherent descent reconstructs a global
object.

A localization recognizes selected maps as equivalences when the localization makes them
invertible.

These are exact mathematical properties.

The philosophical resonance lies in the alignment of internal identity with external invariance,
not in a claim that formal worlds possess minds.

Structural Reflexivity
A more precise phrase than consciousness is structural reflexivity.

A world is structurally reflexive to the extent that it contains classifiers for its own kinds of
objects and represents their intended equivalences internally.

This reflexivity can occur at several levels.

An elementary topos contains a subobject classifier for its predicates.

A classifying topos contains a generic model for a theory.

A slice contains a generic element of its base.

An infinity-topos contains object classifiers and universes for selected families.
A univalent universe represents equivalences as paths.

These structures let the world internalize aspects of its own organization.

The world can speak about predicates, families, models, and identities using objects within
itself.

This is a mathematical form of reflection, constrained by size and structure.
The Subobiject Classifier as an Early Reflexive Object
The subobject classifier
Q
is one of the earliest forms of internal classification.
For every monomorphism
S A,

there is a characteristic map
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x.S:A- Q.
Predicates on A are represented by maps from A into one object of the world.
The topos therefore contains an internal object classifying its own subobjects.
This is already reflexive in a limited sense.

The world does not rely only on an external metatheory to speak about predicates. It possesses
an internal truth-value object.

A universe generalizes this pattern:
Q) classifies proposition-valued families, U classifies general type-valued families.
Univalence then ensures that the general classifier has the correct identity structure.
From Truth Recognition to Equivalence Recognition
A subobiject classifier recognizes predicates.
A Lawvere-Tierney topology modifies how those truth values are locally closed.

A sheafification functor changes which local predicates and sections count as globally
meaningful.

These structures govern truth.
A univalent universe governs equivalence.
The progression is:

classify truth values — classify locally stable truth — classify types — recognize
equivalences of types as identities.

Thus the historical and conceptual route from elementary topoi to univalent universes can be
read as an expansion of what a mathematical world can classify internally.

At first, it recognizes where propositions hold.

Eventually, it recognizes when whole types are structurally the same.
Modal Recognition

A modality determines which aspects of an object remain visible.

For a reflective localization

O:E-EQ,
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the unit
X - OX
sends an object to its modal reflection.
Two maps or points may become identical after applying the modality.
The modal world recognizes only distinctions stable under its chosen form of observation.
Examples include:

o sheafification;

double-negation localization;
e propositional truncation;
e set truncation;
e hypercompletion;
e localization at selected maps.
Recognition is therefore always accompanied by a criterion of relevance.

A modality does not indiscriminately collapse the world. It specifies which distinctions are
retained.

The resulting identity is observation-relative but mathematically exact.
Truncation and Degrees of Recognition
Truncation controls how much equivalence structure is recognized.
The propositional truncation
LAl

recognizes only whether A is inhabited.
The set truncation

IIAlI_O
recognizes connected components but forgets automorphisms.
The 1-truncation retains groupoid-level paths but forgets higher homotopies.

Higher truncations retain successively more dimensions.
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Thus recognition has degrees.

A set of isomorphism classes recognizes which objects are equivalent but not how.
A groupoid recognizes isomorphisms and automorphisms.

An infinity-groupoid recognizes all higher coherence.

The appropriate truncation depends on the mathematical task.

One should not always retain all higher structure. But one should know when information is
being discarded.

The Cost of Premature Truncation

Premature truncation can make constructions fail.

A set of isomorphism classes may not satisfy descent.

A coarse quotient may hide stabilizers.

A moduli set may develop singularities caused by forgotten automorphisms.

A set-valued invariant may fail to distinguish higher structures.

A chosen skeleton may destroy naturality.

These failures share one cause: the classifier has been forced into too low a dimension.

The identities among objects contain more information than the truncated representation
permits.

Higher mathematics repairs the failure by retaining the missing paths.
The lesson is not that truncation is wrong.

It is that truncation should be a deliberate operation applied after the relevant structure has
been understood.

Directed Relations Remain Outside Identity
A self-recognizing world does not identify every relationship with identity.
An arbitrary function
f:A-B
need not be invertible.

It may forget information, embed one object into another, or implement an irreversible process.

467



Univalence concerns equivalences, not all maps.
Identity paths are reversible.

Directed morphisms are additional structure.
This boundary is essential.

If every map became an identity, the distinction between reversible equivalence and irreversible
transformation would collapse.

The universe recognizes structural sameness while retaining direction as a separate
phenomenon.

A full account of mathematical worlds must therefore contain both:
e groupoidal identity;
o directed transformation.

HoTT principally internalizes the first.

Synthetic category theory and directed type theories seek richer internal languages for the
second.

Worlds and Maps Between Worlds
Topos theory distinguishes objects inside a world from geometric morphisms between worlds.
A geometric morphism
f:E—-F
contains inverse and direct image functors
fAx 4 £ %
The inverse image transports objects and geometric truths.

In higher topos theory, these functors act on infinity-categories and preserve homotopical
structure.

An equivalence of topoi is a special geometric relation in which the worlds are structurally
interchangeable.

A moduli object of topoi should recognize such equivalences as paths.

But a general geometric morphism should not become an identity. It represents a directed
passage, not necessarily a reversible one.
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Thus the landscape has both roads and identifications.

An equivalence says two regions are the same world in different presentation.

A noninvertible geometric morphism says one world maps into or observes another.
Recognition must preserve that distinction.

Equivalence of Worlds

Suppose

as topoi.

Their objects correspond.

Their finite limits correspond.

Their exponentials and subobject classifiers correspond.
Their internal logics correspond.

Their geometric morphisms to and from other topoi correspond in the appropriate higher-
categorical manner.

The worlds are structurally the same even when their presentations differ.
This is the world-level analogue of type equivalence.

A univalent foundation for topoi would allow one to transport constructions, theorems, and
internal structures across the equivalence as though substituting identical worlds.

Such a foundation would formalize a practice already common in category theory: working
invariantly under equivalence.

The technical realization is more demanding because the collection of topoi forms a higher
categorical structure with size issues.

The conceptual direction is nevertheless continuous with ordinary univalence.

Morita Equivalence of Theories

Two theories can have different syntax while classifying the same semantic world.

If their classifying topoi are equivalent, the theories are Morita equivalent in the relevant sense.

They may introduce different sorts or primitive operations.
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One may package as primitive what the other defines.
Their set-valued models may look different in presentation.
Yet across all Grothendieck topoi they support the same generalized models.

The invariant object is the classifying topos.

A self-recognizing semantic landscape would represent Morita-equivalent theories as paths at

the appropriate level of classification.

Syntax would remain available as presentation data, but it would no longer control identity.
The theory’s meaning would be determined by its full semantic behavior.

Proofs and Equivalences

A proof in type theory is a term.

For a proposition, all proofs are identified.

For a general type, different terms may carry different information.

For an identity type, proofs are paths.

For an equivalence type, proofs include functions and evidence that they are equivalences.

Univalence connects these levels by turning an equivalence term into an identity term in the
universe.

Thus a proof of structural sameness becomes a path usable by substitution.

This is not proof irrelevance.

Different equivalences may produce different identity paths.

The proof retains its mathematical content.

Recognition is evidence-sensitive at the correct higher level.

Proof Assistants and Structural Recognition

Formal systems force distinctions that informal mathematics often leaves implicit.
A proof assistant must know whether two expressions are definitionally equal.

If not, it requires an explicit path or conversion.

It must know which universe a type inhabits.

It must know whether a property is proposition-like.
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It must track transport across dependencies.

In a conventional formalization, isomorphic structures may require repeated rewriting and
explicit conversion lemmas.

Univalence can reduce some of this friction by making structural equivalences available as
paths.

But it also reveals higher structure that a set-based formalization might suppress.
Automorphisms become visible.

Universe levels matter.

Coherence becomes explicit.

The gain is not simply shorter proofs. It is a closer alignment between formal identity and
structural mathematics.

Computation and Recognition

A mathematical world may recognize equivalence propositionally without computing efficiently
along that recognition.

In axiomatic HoTT, univalence can produce a path, but transport along that path may not reduce
transparently.

Cubical type theories seek computational univalence.
An equivalence is converted into an interval path with explicit transport behavior.
This distinction reveals two dimensions of recognition:

e semantic recognition: equivalence corresponds to identity;

e computational recognition: transport along that identity evaluates effectively.
For foundational mathematics, semantic recognition may suffice.
For proof assistants and programming languages, computation matters.

A self-recognizing world intended for calculation must not only know its equivalences but know
how to act on them.

Recognition and Normal Form
Traditional computation often seeks canonical normal forms.

Two expressions are equal when they reduce to the same form.
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Structural mathematics often lacks canonical representatives.
A category may have no preferred skeleton.

A vector space may have no preferred basis.

A bundle may have no preferred trivialization.

A homotopy type may have no preferred strict model.

Univalence offers another solution to equality: paths need not arise from reduction to one
normal form.

Equivalent objects can remain differently presented while being connected internally.
Recognition replaces mandatory canonicalization with transport along equivalence.

This is especially important in higher mathematics, where strict canonical representatives may
be unnatural or impossible to choose coherently.

No Final Canonical Presentation

The landscape of topoi illustrates why one should not expect a final canonical presentation.
A topological space may be presented through its opens.

A locale may encode the same open-set geometry without privileging points.

A site may present a topos through a basis or a larger context category.

A logical theory may present the same topos syntactically.

An internal locale may present a localic morphism.

A higher site may present an infinity-topos.

No one presentation necessarily dominates all others.

Different presentations reveal different structures.

Recognition allows them to be treated as presentations of one invariant world without requiring
one to be eliminated.

The absence of a canonical presentation is not a defect when the equivalences among
presentations are understood.
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Mathematics as Invariant Transport

A large part of mathematical practice can be described as transport of structure and truth
across suitable equivalences.

Coordinates change, but tensors transform coherently.

Bases change, but linear structure persists.

Presentations change, but groups remain isomorphic.

Sites change, but topoi remain equivalent.

Models change, but theories preserve geometric consequences.

Types change, but homotopy-invariant constructions transport.

Univalence makes this pattern foundational.

Mathematics becomes not only the study of objects but the study of what survives transport.

An invariant construction is one that moves coherently through the equivalence paths of the
landscape.

The world recognizes equivalence by permitting such movement internally.
Identity as a Capacity for Transport
Identity can be understood less as a static assertion and more as a capacity.
A path
p:X=y
permits every dependent construction over xto be transported to one over y.
The content of identity lies in this universal substitutivity.
Univalence says that an equivalence has the same capacity at the level of types.

An equivalence is not merely a relation preserving selected properties. It supports transport of
every internally definable dependent construction.

This provides a strong criterion for structural sameness.

Two objects are identical in a moduli world when every structure varying over that world can be
transported coherently between them.

Identity is universal transport.
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Equivalence as Reversible Change of View

A path in a universe can also be viewed as a reversible change of presentation.
One endpoint presents a type as A.

The other presents it as B.

The path records an equivalence between them.

Transport changes the view without changing the structural content.

This interpretation echoes geometric coordinate changes.

A coordinate transformation does not move the underlying geometric object into a different
ontology. It changes how the object is described.

Univalence applies the same principle at the foundational level.

Equivalent types can be different descriptions connected by a reversible path in the universe.
The world recognizes that the description changed while the homotopy type did not.

Local Identity and Global Identity

Sheaf theory shows that identity can be established locally.

Two sections may agree on a cover and therefore be equal globally in a sheaf.

Higher sheaf theory allows local equivalences and higher coherence to establish global identity.
Univalence allows equivalences of fibers to become paths in a universe.

These mechanisms combine.

Local equivalences among local classifiers can glue into a global classifying map.

The resulting family is globally defined even when no single local presentation extends
everywhere.

Thus a mathematical world can recognize global identity through distributed local equivalence.
This is one of the deepest forms of the local-to-global principle.

The unity of an object may lie not in one global formula but in the coherence of its local
transformations.

Self-Indexing and Generic Parameters

A slice topos
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E/X
contains a generic element of X.

Internally, one reasons with

without selecting one global point.
Every actual generalized element arises by pulling back the generic one.
A universe similarly contains a generic small type through
U-U.
Every small family arises by pullback.
These constructions are self-indexing in a controlled categorical sense.
The world contains a parameter that ranges universally over the objects being classified.

Recognition enters because paths among parameter values govern equivalences among the
corresponding fibers.

The generic variable is not a blank label. It lives in a space whose identity structure carries the
symmetry of the classified objects.

The Role of Higher Coherence
It is not enough to declare that equivalent objects are identical.

The declaration must remain coherent under composition, inversion, and higher
transformations.

Suppose
A~B,B=C.
The composite equivalence should correspond to the composite path
A=B=C
Identity equivalences should correspond to reflexivity.
Inverse equivalences should correspond to reversed paths.

Homotopies between equivalences should correspond to higher paths.
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Univalence supplies an equivalence of whole spaces, not merely a correspondence of
connected components.

This is what protects coherence.
Recognition includes the complete algebra of equivalences.

IlI

Without higher coherence, the slogan “equivalent means equal” would be too weak for serious

mathematics.
Completion Without Forgetting
Many classical completions simplify by collapsing distinctions.
Passing to isomorphism classes forgets automorphisms.
Passing to a quotient set forgets stabilizers.
Choosing a skeleton forgets the natural multiplicity of presentations.
Univalent completion aims at a different balance.
It internalizes equivalences as identities while preserving the space of those equivalences.
The completion does not flatten the object.
It gives identity enough dimension to retain symmetry.
This may be summarized as:
recognition#erasure.

Correct recognition removes artificial separation but preserves genuine multiplicity of
equivalence.

Structural Sameness and Logical Sameness
Propositional extensionality says that logically equivalent propositions are identical:
P=Q=(PoQ).
Function extensionality says that pointwise equal functions are identical:
(f=g) = [Ix (f(x) = g(x)).
Univalence says that equivalent types are identical:
(A=B) =~ (Ax=B).

These principles form a family.

476



Each aligns identity with the appropriate extensional behavior of the classified object.
A proposition is determined by its truth condition.

A function is determined by its action on points.

A type is determined up to equivalence by its homotopy structure.

A univalent category’s objects are determined up to isomorphism.

Recognition occurs when internal identity matches the object’s proper extensional criterion.

Extensionality Without Flattening

Traditional extensionality can suggest that an object is exhausted by a flat list of observable
outputs.

HoTT offers a higher extensionality.

A type is determined not merely by its points but by its points, paths, higher paths, and all
coherence.

An equivalence must preserve this complete structure.
Thus univalence is extensional without being reductive.
It does not identify types merely because they have the same cardinality.

A circle and a point are both infinite in many set-based presentations, but they are not
equivalent homotopy types.

A type with nontrivial loops is not equivalent to its set of connected components.
Higher structure remains decisive.

The recognized equivalence is as rich as the object.

What the World Cannot Recognize Automatically

No mathematical world automatically recognizes every externally meaningful relation.
A chosen universe may classify only small types.

A type theory may lack a universe of all categories.

A topos may lack enough points.

A formal system may not internalize a particular modality.

A site presentation may obscure an invariant visible in another presentation.
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A proof assistant may require additional libraries to manipulate a structure.
Recognition depends on available classifiers and principles.
Univalence solves one precise mismatch: identity versus equivalence for classified types.
It does not supply every classifier, every quotient, or every directed structure.
The architecture remains extensible.
Undecidability
Recognition also does not imply decidability.
Even if
(A=B) = (A=B),
there may be no algorithm deciding whether A ~ B.
The equivalence type may be highly complex.
Constructing an equivalence may require substantial mathematics.
For general structures, equivalence problems can be undecidable.

Univalence changes what follows from an equivalence once it is known. It does not guarantee
that the equivalence can be found automatically.

A world can represent its equivalences correctly without possessing a universal decision
procedure for them.

Structural recognition is not omniscience.
Consistency and Incompleteness

A sufficiently expressive formal world cannot be expected to prove every truth about its own
syntax or consistency.

Godelian limitations concern formal systems capable of arithmetic and self-reference under
specific conditions.

Univalent universes do not evade such limits merely by enriching identity.
The internal classification of types and equivalences is not an unrestricted truth predicate.

Universe hierarchies, semantic models, and metatheoretic distinctions remain necessary.

478



The phrase self-recognition should therefore not be expanded into a claim of complete self-

knowledge.

The achievement is structural alignment, not logical omnipotence.
A Mathematical World Is Not Closed

A topos is a world, but not an isolated totality.

It may have geometric morphisms to and from other topoi.

It may be presented by external sites.

It may sit inside a larger metatheory.

It may contain internal universes but require larger external universes for their construction.

It may possess subtopoi, slices, and higher extensions.

Its meaning is relational.

A world is understood partly by its inhabitants and partly by the ways other worlds map into it.

Recognition of internal equivalence is therefore one component of a larger ecology of
mathematical worlds.

No world needs to be final in order to be internally coherent.
The Relativity of Mathematical Existence
Throughout this book, existence has repeatedly become relative.

A sheaf section may exist locally but not globally.

An internal object may exist in a topos without corresponding to a familiar external set.

An infinitesimal may exist in a synthetic differential world.

A solution may exist étale-locally.

A dependent type exists over a base.

A higher object exists with nontrivial path structure.

Likewise, identity is relative.

Two objects may be unequal as codes but identical in a univalent moduli type.
They may be isomorphic as groups but not as marked groups.

They may be equivalent as spaces but not homeomorphic.
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They may become equal after a localization or truncation.

Existence and identity are interpreted within a world and a level of structure.

This relativity is governed by exact mathematics rather than arbitrary viewpoint.

The Landscape Revisited

The complete landscape can now be read as a progression in what mathematical worlds can

internalize.

Set internalizes collections and functions.

Categories internalize compositional relationships.
Elementary topoi internalize set-like construction and logical truth.
Grothendieck topoi internalize locality and gluing.

Slice topoi internalize dependence on a parameter.

Subtopoi internalize modalities and localizations.

Classifying topoi internalize theories through generic models.
Equivariant topoi internalize symmetry.

Etale topoi internalize refined algebraic locality.

Infinity-topoi internalize homotopy-coherent variation.
Homotopy type theory internalizes paths and higher identity.

Univalent universes internalize structural equivalence as identity.

The landscape is therefore not simply a catalogue of categorical structures.

It is a study of increasingly expressive mathematical environments.
From Collections to Worlds

A set is a collection.

A topos is a world.

The difference lies not only in size.

A world supplies:

e objects;
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e maps;
e internal functions;
e predicates;
e truth values;
¢ dependent families;
¢ logical operations;
o localizations;
o relative contexts.
A higher world adds:
e mapping spaces;
e paths;
e higher paths;
¢ homotopy-coherent descent;
e higher modalities;
e universes of varying types.
A univalent world adds an identity structure aligned with equivalence.

The transition from collection to world is therefore a transition from passive membership to
active internal mathematics.

From Worlds to Self-Recognizing Worlds

A mathematical world becomes self-recognizing in the limited structural sense when it contains
classifiers for its objects and those classifiers correctly encode equivalence.

The stages can be written schematically:

world containing objects — world classifying objects — world classifying equivalences
among objects — world transporting all definable structure along those equivalences.

The final stage is univalent.
The world not only contains Aand B.

It contains the space A =~ B.
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It represents that space as their identity type.
It allows every dependent structure to travel along its points.
This is structural self-recognition made mathematically precise.

Identity as a World-Building Operation

Identity is often treated as the least interesting relation: the assertion that something is itself.

In the higher landscape, identity becomes generative.

Paths compose.

Loops form symmetry structures.

Transport creates actions on fibers.

Universes organize moduli.

Higher inductive types generate spaces through path constructors.

Descent glues local objects through coherent identifications.

Univalence turns equivalences into paths.

Identity is therefore not merely a test applied after objects have been built.

It participates in building the world.

The architecture of identity determines the architecture of mathematics inside the world.

The Architecture of Equivalence

Equivalence also has several architectural roles.
It identifies alternative presentations.

It transports structure.

It supports descent.

It organizes moduli.

It determines loop spaces.

It defines invariance.

It allows completion.

It connects semantic worlds.
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A foundation that treats equivalence as an external afterthought must repeatedly reconstruct
these roles.

A univalent foundation concentrates them in identity.
The gain is conceptual unity.

The risk is confusion if one forgets which equivalence is appropriate or mistakes propositional
identity for definitional equality.

The architecture is powerful precisely because its distinctions are exact.
No Elegance Without Discipline
The equation
Id_U(A,B) =~ (A=~ B)
is elegant, but its use requires discipline.
Universe levels must be controlled.
Structures must be formulated invariantly.
Truncation levels must be stated.
Directed maps must not be confused with equivalences.
Computational equality must be distinguished from path equality.
Classifiers must be shown to exist.
Semantic models must validate the rules.
Higher coherence must be preserved.

The elegance does not eliminate technical work. It organizes that work around the correct
invariant.

The resulting theory is not simpler because it ignores complexity. It is simpler because it places
complexity at the right structural level.

Mathematics Recognizing Mathematics

The phrase mathematics recognizing mathematics can now be given a restrained
interpretation.

A theory can be represented by a classifying topos.
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A world can contain a generic model.

A universe can classify types.

A univalent universe can represent equivalences among those types as paths.
A moduli object can contain automorphisms as loops.

A formal proof can transport constructions across those identities.

Mathematics thereby constructs objects that encode the forms of mathematical structure and
sameness used in mathematical practice.

This is not an escape from formalism.

It is formalism attaining greater fidelity to structure.

The mathematics of classification becomes part of the classified world.
The Limit of the Metaphor

No formal world fully contains its own entire external semantic situation.
A model is built in a metatheory.

A universe is interpreted by an external classifier.

A topos is compared with other topoi in a larger category.

A proof assistant runs on a concrete machine with a concrete syntax.
There is always another level from which the world can be viewed.

The achievement of univalence is not to abolish this hierarchy.

It is to make one important level internally complete with respect to equivalence.

Within a univalent universe, the identity of classified types is no longer deficient relative to their
structural sameness.

That is a precise and substantial result.

The Final Landscape

The mathematical landscape of topoi can now be viewed in its full arc.
At one edge stands Set, familiar and discrete.

Across the classical terrain lie elementary topoi, sites, presheaves, sheaves, geometric
morphisms, slices, subtopoi, and classifying worlds.
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The terrain then rises into groupoids, stacks, higher sheaves, and infinity-topoi.

Within the higher region, types appear as spaces and identity appears as path.

Universes become moduli spaces.

Univalence aligns equivalence with identity.

The final landscape is not a hierarchy in which each region invalidates the preceding one.
Sets remain indispensable.

Ordinary topoi remain the correct environments for set-valued locality.

Higher topoi retain additional dimensions when the mathematics requires them.
Truncation permits movement downward.

Universes and classifiers permit movement upward into reflection.

The territory is connected by constructions, equivalences, localizations, and changes of base.
The Governing Transformation

The deepest transformation can be summarized as follows:

object as encoded thing — object as relational structure — object as point in a moduli world
— equivalence as path in that world.

At the beginning, identity belongs to the encoding.

At the end, identity belongs to the structure.

The encoded presentations remain, but they no longer dictate mathematical sameness.
The world recognizes its objects through the transformations preserving what they are.
Toward the Conclusion

The route from sets to univalent higher topoi has crossed several mathematical disciplines, but
one theme has remained constant.

Mathematics is not only concerned with objects.

It is concerned with contexts in which objects exist, maps through which they vary, local
evidence by which they glue, logical operations by which they are described, and equivalences
by which their structure is preserved.

A topos gathers these dimensions into a world.
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A higher topos adds coherent identity.

A univalent universe allows the world to represent structural equivalence as its own identity.
The conclusion will return to the book’s opening question:

What kind of world is a topos?

The answer is now broader than any single definition.

A topos is a world in which mathematics can be carried out internally.

A higher topos is a world in which identities themselves have geometry.

A univalent world is one in which that geometry recognizes structural equivalence as the proper
form of sameness.
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Conclusion
From Collections to Worlds
The concept of a topos begins with a deceptively simple question:

What must a mathematical environment possess in order for its objects to behave sufficiently
like sets?

The answer opens into a much larger territory.

An elementary topos has finite limits, exponentials, and a subobject classifier. These structures
allow objects to be combined, compared, mapped, and tested by predicates. They support an
internal logic. They make it possible to reason as though one were inside a universe of sets,
even when the objects are sheaves, equivariant systems, parameterized families, or other
variable structures.

A Grothendieck topos adds a sheaf-theoretic origin. It arises from contexts, restrictions, covers,

and descent. Its inhabitants are not simply collected; they are assembled from local data. Their

global existence depends on compatibility. Their identity may depend on local agreement. Their
truth may vary from region to region.

The topos is therefore not merely a generalized collection.
It is a mathematical world.

A world supplies objects and maps, but also contexts, predicates, truth values, internal
functions, localizations, and changes of base. It supports its own mathematics. It determines
what counts as an element, what counts as a proof, what counts as local existence, and what
counts as structural sameness.

The route from Set to topoi is thus a change in ontology.

Set presents mathematical objects as collections whose elements exist globally and whose
equality is fixed externally.

A topos permits objects to vary, truth to be contextual, existence to be local, and logic to
depend on the geometry of the ambient world.

A higher topos goes further. Its objects possess paths, loops, and higher paths. Identity is no
longer merely a proposition. It becomes geometry.

A univalent universe completes the principal movement of this book by recognizing equivalence
as identity:

Id_U(A, B) =~ Equiv(A, B).
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The path from sets to univalence can therefore be read as a progressive enlargement of what
mathematics is able to treat internally.

The First World: Set

Set is the most familiar mathematical universe.

Its objects are sets.

Its morphisms are functions.

Its terminal object is a singleton.

Its products are Cartesian products.

Its exponentials are function sets.

Its subobiject classifier is the two-element set of classical truth values.

Within Set, elements are global. A function has an ordinary domain and codomain. A subset is
determined by membership. Equality is proposition-like. A structure is encoded by an
underlying set equipped with operations and relations.

This environment is powerful enough to host almost all conventional mathematics.

Yet the familiarity of Set can conceal its special character. Set is one topos among others. It is
not the only possible environment in which objects can behave set-like.

Once this fact is understood, foundational plurality becomes mathematically precise.

One need not abandon Set. One learns instead that its behavior is one region within a wider
landscape.

Variable Sets

Presheaves provide the first broad expansion.

A presheaf is not one set but a system of sets varying across contexts:
F: C*op — Set.

Every context U has its own set F(U).

Every refinement V — U induces restriction:
F(U) - F(V).

The presheaf carries not only values but a law of variation.
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A single indexing category can represent time, information, symmetry, combinatorial shape,
logical context, or observational refinement.

Thus a set can become temporal, contextual, equivariant, simplicial, cubical, or diagrammatic
simply by changing the world in which it lives.

Presheaf topoi reveal that mathematical structure can be environmental.
The same external carrier may mean different things in different ambient categories.
Locality and Sheaves
Sheaves add a further principle:
compatible local data = global data.
This statement is not merely a construction rule. It changes the meaning of objecthood.

A sheaf is organized according to a topology of observation. It knows which families cover a
context. It knows when local sections agree. It knows when that agreement is sufficient to
produce one global section.

The topology determines what counts as adequate evidence.
A global section may fail to exist even when local sections abound.

Conversely, an object may exist internally because it is locally constructible, even when no single
external global representative is available.

The sheaf condition formalizes the passage from fragments to wholes.
It turns locality into ontology.
Sites and Presentations

A site consists of a category and a topology:

G D.
The category supplies probes.
The topology supplies coverings.
The sheaves form the presented topos:
Sh(C, ]).

But the site is not the invariant world.

Different sites may present equivalent topoi.
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A basis of open sets may present the same sheaf topos as the entire lattice of opens.

A syntactic category may present the same classifying topos as a more geometric site.

An algebraic site and a logical site may describe one semantic world.

This teaches one of the central lessons of categorical mathematics:
presentation#identity.

A site is a coordinate system.

The topos is the world presented through those coordinates.

Internal Logic

A topos is also a logical universe.

Its objects behave like types.

Its morphisms behave like terms.

Its subobjects behave like predicates.

Pullback behaves like substitution.

Products support conjunction.

Dependent sums and products support existential and universal quantification.

The subobject classifier £2 organizes internal truth values.

This logic is generally intuitionistic.

A proposition need not be either true or false in the classical sense at every stage. It may

become established only after refinement. The failure to prove a statement does not
automatically prove its negation.

This logic is not chosen as a philosophical preference imposed on the category.
It emerges from locality.

A proposition can hold in one region and remain unresolved in another.

Truth can grow as context is refined.

The logic reflects the geometry of evidence.

Geometry and Logic as One Structure

Topos theory dissolves the sharp boundary between geometry and logic.
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An open region can be represented by a subterminal object.

A predicate can be represented by a subobiject.

A cover can serve as local evidence.

A pullback can be read as both geometric base change and logical substitution.

A geometric morphism can be read as both a map of generalized spaces and a translation of
internal theories.

This duality is not merely poetic.
The same diagrams perform both roles.
The geometry determines how objects vary.
The logic describes what can be asserted about that variation.
The topos unifies the two because locality is simultaneously spatial and evidential.
Worlds Connected by Geometric Morphisms
A geometric morphism
f.E-F
consists of an adjunction
fA% 4 f *
whose inverse-image functor preserves finite limits.
The inverse image transports objects and geometric statements from Finto £.

The direct image gathers objects from Finto F.

This is the appropriate notion of map between mathematical worlds because it preserves the

structures required for context, finite conjunction, equality, and substitution.

A continuous map of spaces produces a geometric morphism of sheaf topoi.

A point of a topos is a geometric morphism from Set.

A model of a geometric theory is a geometric morphism into its classifying topos.
A subtopos inclusion is a geometric embedding.

A slice projection is an étale geometric morphism.

One concept therefore connects topology, logic, model theory, and relative geometry.

491



Points and Point-Free Worlds
Ordinary spaces are often approached through their points.
Topoi permit a broader view.
A point of E'is a geometric morphism
Set - E.
Its inverse image evaluates objects of £'as sets.
For a sheaf topos on a topological space, this recovers stalks.
Some topoi have enough points to detect every isomorphism.
Others do not.
A topos may contain structure that no family of set-valued points can fully observe.

Its subobijects, sites, geometric morphisms, internal locales, and generalized elements may
provide the more faithful account.

This is not a failure to resemble an ordinary space.
It is evidence that point sets are not the final form of geometry.
Regions, covers, and transformations can be more fundamental than points.
Relative Worlds
Every object Xin a topos £'generates a new topos:

E/X.
Its objects are families over X.
The slice makes parameter dependence into ordinary existence.
A type depending on x: X becomes an object of the slice.
A dependent term becomes a section.
A predicate depending on xbecomes a closed proposition in the relative world.
A map

f:Y->X

induces reindexing:
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fA* E/X—>E/Y.
This is substitution, pullback, and change of base in one construction.

The slice shows that relativity is not external commentary on mathematics. It is built into the
categorical architecture.

What is dependent in one world can become ordinary in another.
Modal Worlds
A Lawvere-Tierney topology
i Q-0
changes the criterion of local truth.
It determines dense subobjects, separated objects, sheaves, and a subtopos:
Sh_j(E) - E.

The associated reflector changes every ambient object into the form visible under the chosen
modality.

A subtopos is therefore not merely a selected subcategory. It is a coherent subworld governed
by a different regime of locality.

Double-negation sheaves produce a Boolean region.
Open subtopoi represent restriction to internal regions.
Other local operators encode other modes of observation.

Thus one world can contain many internal worlds, each preserving some distinctions and
discarding others according to exact laws.

Theories as Spaces
A classifying topos turns a geometric theory Tinto a generalized space B_T.
For every suitable topos £,
Geom(E, B_T) = Mod_T(E).
Models of T'in £ correspond to geometric morphisms into the classifying world.
The classifying topos contains a generic model.

Every particular model is obtained from it by inverse image.
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Thus a theory is not only syntax.

It has a semantic geometry.

Its points are set-valued models.

Its generalized points are models in variable worlds.

Its subtopoi correspond to suitable stronger quotient theories.
Its generic model gathers every realization into one universal structure.
Logic becomes a space of interpretations.

Symmetry as Environment

An equivariant topos absorbs symmetry into the ambient world.
In the topos of G-sets, every object carries a G-action.

Every map is equivariant.

Every subobject is invariant.

Every internal algebraic structure respects the symmetry.

Instead of saying that an object in Set happens to possess a group action, one says that it is an
ordinary object in a symmetric universe.

This change of viewpoint is typical of topos theory.

What appears externally as added structure becomes internally normal.
A family becomes ordinary in a slice.

A locally defined object becomes ordinary in a sheaf topos.

A symmetric object becomes ordinary in an equivariant topos.

A higher object becomes ordinary in an infinity-topos.

The world absorbs the qualification.

Refined Locality

Etale topoi demonstrate that locality is not unique.

A scheme can be studied through Zariski opens, étale neighborhoods, smooth covers, flat
covers, and other topologies.

Different choices reveal different phenomena.
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An equation may have no Zariski-local solution but have an étale-local solution.
A torsor may become trivial only after passing to a finer cover.

A cohomology theory may require a topology capable of detecting arithmetic structure invisible
to ordinary open subsets.

The topos records the chosen scale of locality.
Existence is therefore not simply global or absent.
It can be Zariski-local, étale-local, or local in another specified sense.

Topos theory makes the qualification part of the mathematical world rather than an informal
addition to statements.

From Sets to Groupoids

Set-level classification often discards symmetry.

A set of isomorphism classes records which objects are equivalent but not how.
A groupoid retains objects and invertible morphisms.

Automorphisms remain visible.

Stabilizers survive quotienting.

Different identifications between the same objects remain distinct.
This is necessary for moduli problems.

A curve may possess automorphisms.

A bundle may possess gauge transformations.

A finite set possesses permutations.

A guotient point may retain isotropy invisible in the coarse orbit space.

The groupoid is therefore the first mathematical environment in which identity begins to carry
structure.

Sets are discrete groupoids.
Groups are one-object groupoids.
Fundamental groupoids encode path classes.

Stacks are sheaves of groupoids.
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The transition from sets to groupoids is the first step from equality as proposition to identity as
geometry.

Types as Spaces
Homotopy type theory extends the groupoid idea indefinitely.
A type behaves like a space.
A term behaves like a point.
An identity behaves like a path.
An identity between identities behaves like a homotopy.
The structure continues through all dimensions.
The type itself is an infinity-groupoid.
Its identity rules generate path composition, inversion, transport, and higher coherence.
A set is recovered as a type whose identity types are propositions.
A groupoid-like type has set-like identity types.
An unrestricted type may possess higher homotopy in every dimension.
Thus propositions, sets, groupoids, and spaces form one hierarchy:
(-1)-types, O-types, 1-types, ...
The hierarchy is measured by the depth of identity.
Higher Sheaves
A higher sheaf assigns a space rather than a set to each context:
F: C*op — S.
Its local sections form a space.
Paths are equivalences between local sections.
Higher paths are coherences among those equivalences.
The sheaf condition becomes higher descent.

Local data must agree not through strict equality alone but through specified equivalences and
all higher compatibility.
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The global section space is recovered from a homotopy limit over the full Cech nerve or
hypercover.

Uniqueness becomes contractibility.

Gluing retains the ways objects are identified.

An infinity-topos is the resulting higher world of variable homotopy types.

Ordinary sheaves appear as its 0-truncated inhabitants.

Stacks appear as its 1-truncated inhabitants.

The classical topos survives as a lower-dimensional region of the higher one.

Internal HoTT

The infinity-topos has an internal language.

Externally, one sees fibrations, mapping spaces, homotopy pullbacks, and higher descent.

Internally, one sees dependent types, function types, sigma types, identity types, and
equivalences.

Substitution is pullback.

A dependent type is a family.

A term is a section.

A sigma type is a total space.

A pi type is a space of sections.

An identity type is a path space.

A universe classifies families of small types.

This internal language allows higher mathematics to be practiced synthetically.
One reasons with paths directly rather than selecting a particular simplicial or cubical model.
The semantic world supplies the geometry.

The type theory supplies the language.

Universes as Moduli Spaces

A universe is not merely a catalogue of type codes.

It is a moduli space.
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Its points are types.
Its paths should represent equivalences.
Its loops should represent automorphisms.
Its higher paths should represent higher identifications among equivalences.
A family
U->U

acts as the generic small type.
Every small family is obtained by pullback along a map into U.
The universe therefore classifies the internal kinds of objects that inhabit the world.
Its identity structure determines whether that classification is faithful to structural mathematics.
Univalence
Univalence asserts:

Id_U(A, B) =~ (A =~ B).
Every identity produces an equivalence.
Every equivalence produces an identity.
The correspondence preserves the full higher structure.
Equivalent types are not collapsed into one rigid representative.
Distinct equivalences produce distinct paths.
Automorphisms become loops.
Higher relations among equivalences become higher paths.
Univalence is therefore not a quotient of types by equivalence.
It is the geometrization of equivalence.
The universe recognizes structural sameness by making it part of identity.
Structural Mathematics
Mathematics is largely invariant under appropriate equivalence.

Changing a basis does not change a vector space as a linear structure.
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Changing coordinates does not change a manifold.

Changing a presentation does not change a group.

Changing a site need not change a topos.

Changing a model of a homotopy type does not change the type’s homotopy structure.

Traditional foundations represent these changes externally. One proves that constructions are
independent of the chosen presentation.

Univalence moves the invariance inward.

A construction defined on a universe respects paths.

Paths correspond to equivalences.

Therefore the construction respects equivalence by ordinary transport.

The foundational identity relation is brought closer to mathematical practice.
Structure and Marking

Univalence does not erase distinctions that have been included as structure.
A pointed type differs from an unpointed type.

A based space differs from the underlying space.

A group with a selected generator differs from the unmarked group.

A vector space with a basis differs from the same vector space without that basis.
A topos with a chosen site presentation is richer than the topos alone.

The correct equivalences must preserve the selected structure.

Thus univalence does not declare all structurally related objects identical under one universal
criterion.

It says that identity corresponds to the equivalence appropriate to the type being classified.
The question remains:

Equivalent as what?

The answer is determined by the structure remembered in the moduli object.

No Single Ladder

The history and structure of topoi should not be forced into one vertical hierarchy.
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Elementary topoi and Grothendieck topoi are related by implication, but not every elementary
topos is Grothendieck.

Presheaf topoi and sheaf topoi are related by localization.

Slice topoi arise by change of base.

Subtopoi arise by modality.

Classifying topoi arise through semantic representation.

Equivariant topoi arise by making symmetry ambient.

Etale topoi arise from refined locality.

Infinity-topoi arise by replacing sets with spaces and ordinary descent with higher descent.
Univalence changes identity inside suitable universes.

These are different operations.

The landscape contains many routes:

axiomatization, presentation, construction, localization, classification, change of base,
higher-dimensional extension.

A disciplined map must preserve the meaning of each arrow.

Three Maps

The three figures of this book were designed to show the territory at different resolutions.
The structural phylogeny emphasized the principal axiomatic and constructive routes.

The equational phylogeny showed a wider network of categorical, logical, sheaf-theoretic, and
higher relations.

The mathematical landscape presented the subject as one connected territory containing
classical, relative, modal, semantic, symmetric, local, and higher regions.

No one figure is complete.

A tree can show descent but may conceal lateral equivalence.

A network can show relation but may obscure hierarchy.

A landscape can show coexistence but may blur formal implication.

The three maps therefore complement one another.
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They model a general truth about mathematics:

No single presentation exhausts a sufficiently rich structure.
A World Is Known by Its Maps

Yoneda’s principle has appeared throughout the book.

An object is known through maps into it.

A presheaf is known through representable probes.

A space is known through its functor of points.

A topos is known through geometric morphisms from other topoi.
A classifying topos is known through the models it represents.
A universe is known through the families it classifies.

The isolated object gives way to its relational profile.

This is not a denial that objects exist. It is a recognition that mathematical identity is expressed
through admissible relationships.

The map structure reveals what the object can do, how it can be observed, and how it
transforms.

The world is known by the ways other worlds enter it.
A World Is Known by Its Logic

A topos is also known by what can be said inside it.
Does excluded middle hold?

What counts as a truth value?

Can local witnesses establish an existential statement?
Which predicates are decidable?

Which modalities exist?

What internal algebraic structures can be constructed?
Does the world possess a natural numbers object?
Which universes and higher inductive types are available?

The internal language is not an optional commentary on the world.
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It reveals the world’s operational capacities.

Two equivalent topoi support equivalent internal mathematics.
Two different topoi may validate different logical principles.
The ontology and logic of the world are inseparable.

A World Is Known by Its Equivalences

At the higher level, a world is also known by the equivalences it retains.
Which paths connect its objects?

Which loops record automorphisms?

Which higher paths record coherence?

Which local equivalences glue globally?

Which classifiers are univalent?

Which structures are truncated?

Which distinctions disappear under localization?

The identity architecture determines what kind of mathematical object the world can represent
faithfully.

A set-like world can classify rigid objects.
A groupoid-like world can retain automorphisms.
A higher world can retain higher symmetry.
A univalent world can identify structural equivalence with identity.
The geometry of equivalence is therefore part of the geometry of the world.
From Elements to Generalized Elements
The book began with the familiar notion of an element:
X E A.
Categorically, an element is a map:
1-A.

But many objects have few or no global elements.
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The more robust notion is a generalized element:
U- A

An object is observed from a context U.
This change replaces absolute membership with contextual mapping.
In sheaf theory, a section may exist over one region but not globally.
In a slice, an element is parameterized by a base.
In higher type theory, a point can carry loops and higher paths.
The progression is therefore:

element — generalized element — point in a space of identities.
Membership becomes contextual and geometric.
From Global Truth to Local Truth
Classical logic often treats a proposition as globally true or false.
Topos logic permits more refined behavior.
A proposition can hold over one stage and not yet hold over another.
It can become true after refinement.
It can be established by a covering family.
Its negation may fail even when no global proof is present.
A Lawvere-Tierney topology can change which local truths are accepted.
A subtopos can embody a different modal regime.
Higher topoi add homotopical structure to the space of evidence.
Thus truth moves from a global binary state to a contextual structure of verification.
This does not make truth arbitrary.
It makes the context of evidence explicit.
From Equality to Equivalence
The deepest progression concerns sameness.

In Set, equality is a proposition.
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In a category, isomorphism supplies structural sameness externally.
In a groupoid, isomorphisms become first-class arrows.
In a homotopy type, identities become paths.
In a univalent universe, equivalences become identities.
The progression is not:
equality discarded
but:
identity enriched.
Higher identity preserves more information.
It retains alternative equivalences, automorphisms, and coherence.
The result is not a looser mathematics.
It is @ more exact representation of structural sameness.
From Unique Choice to Contractible Choice
Ordinary mathematics often states that an object exists uniquely.
In higher mathematics, literal uniqueness may be too strict.
There may be several presentations connected by equivalence.
The correct condition is contractibility.

A type of choices is contractible when it has a center and every other choice is connected to it
coherently.

Thus uniqueness becomes:
one choice up to a uniquely coherent equivalence.

This formulation is appropriate for universal properties, descent, equivalences, and higher
constructions.

It preserves the possible descriptions while asserting that no essential ambiguity remains.
Contractibility is higher uniqueness.
From Quotients to Moduli

A guotient set identifies equivalent elements and forgets the identifying transformations.
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A moduli groupoid retains the transformations.
A moduli space retains higher transformations.
A univalent classifier turns those transformations into paths.
Thus the evolution of quotienting is:
orbit set, action groupoid, homotopy quotient, univalent moduli object.
Each stage retains more of the structure responsible for equivalence.
The set of classes is useful when symmetry is irrelevant.

The higher classifier is necessary when symmetry affects families, gluing, deformation, or
counting.

The choice of classifier should follow the mathematics rather than convenience alone.
From Formal Theory to Mathematical Environment

A formal theory begins with syntax and rules.

A topos provides a semantic environment in which the theory can be interpreted internally.
A classifying topos turns the theory itself into a universal semantic world.

A higher topos permits theories whose identities possess homotopical structure.

A univalent universe permits structural equivalence to become internal identity.

The progression moves from a language describing objects to a world containing generic objects
and recognizing their transformations.

Formalism becomes geometric.

The syntax gains a space of models.

The semantics gains an internal language.

The two sides converge.

The Persistence of Set

The expansion to topoi and higher topoi does not eliminate ordinary sets.

Set remains the primary world for discrete mathematics.

Set-valued sheaves remain appropriate when sections have no essential higher symmetry.

Ordinary topoi remain natural for logic, geometry, and algebra organized at the set level.
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Many moduli problems can be truncated deliberately when only equivalence classes are
needed.

The higher theory contains the classical theory rather than invalidating it.
A set is a O-type.

An ordinary sheaf is a 0-truncated higher sheaf.

An ordinary topos appears as the set-like layer of a higher topos.

The classical world persists as a stable region of the larger landscape.
The Importance of Truncation

Higher structure should not always be retained indefinitely.

A problem may ask only whether a solution exists.

Then propositional truncation is appropriate.

A classification may require only connected components.

Then set truncation may suffice.

A theory may need automorphisms but no higher deformation data.
Then a groupoid or stack may be appropriate.

The point is not to maximize dimension.

It is to preserve exactly the structure relevant to the problem.
Truncation provides a controlled way to forget.

The operation makes the loss of information explicit.

One can move from a rich moduli object to its lower-dimensional shadows without pretending
that the shadows contain everything.

The Importance of Presentation

Although presentation is not identity, presentations remain indispensable.
Sites make topoi calculable.

Coordinates make geometric objects usable.

Bases make vector spaces explicit.

Syntax makes theories formalizable.
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Simplicial and cubical models make higher paths concrete.

Proof assistants require exact encodings.

The lesson is not to avoid presentation.

It is to distinguish presentation from invariant structure.

A good presentation reveals the object without claiming to be the object itself.

A good foundation permits movement among presentations while preserving the mathematical
world.

Univalence gives one internal mechanism for such movement.

The Importance of External Mathematics

Internal languages compress structure, but they do not eliminate external mathematics.
To construct a topos, one may need a site.

To compare topoi, one needs geometric morphisms and higher categorical tools.
To build a univalent universe, one needs semantic machinery.

To prove a localization left exact, one reasons externally.

To establish soundness, one interprets syntax in a model.

Internal and external mathematics support one another.

The external theory constructs and compares worlds.

The internal language permits mathematics within those worlds.

Neither viewpoint is complete alone.

The Importance of Limits

The landscape also reveals boundaries.

Not every elementary topos is Grothendieck.

Not every topos has enough points.

Not every internal theory supports all classical principles.

Not every infinity-topos is hypercomplete.

Not every desired universe exists at one size level.
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Not every higher inductive type is automatically available.

Not every directed structure is represented by identity paths.
Not every equivalence problem is decidable.

Not every formal system can fully describe its own metatheory.
These limitations are not failures of the subject.

They prevent attractive metaphors from becoming false claims.

Topos theory is powerful because it distinguishes what follows from structure from what must
be added separately.

No Final World

The concept of a mathematical world can tempt one to seek a final universal world containing
all mathematics.

Topos theory offers no simple reason to expect such an endpoint.
Universes come in hierarchies.

Topoi are related by geometric morphisms.

Internal worlds sit within external metaworlds.

Different localizations reveal different structures.

Higher categorical dimensions can continue.

New modalities can be added.

New forms of geometry can be internalized.

The landscape is open-ended.

This is not a deficiency.

Mathematical meaning often emerges through relations among levels rather than from one
absolute container.

A world need only be coherent enough to support the mathematics intended within it.
The Equivalence Trap Avoided
One danger is to assume that recognizing equivalence means erasing difference.

It does not.
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Equivalent objects can retain different presentations.
Different equivalences can remain distinct.

Automorphisms can remain as loops.

Marked structures can remain inequivalent.

Noninvertible maps remain directed.

Computational costs can remain different.

Univalence does not say that everything related is identical.

It says that the correct structural equivalences are represented as identity in the correct
classifier.

The precision lies in choosing:

the object being classified;

the structure being preserved;

the equivalence notion;

the universe or moduli type;

the truncation level.

Without those distinctions, the slogan becomes misleading.

With them, it becomes exact.

The Topos as Place

The word topos means place.

The name is fitting.

A topos is not merely an object that can be placed inside mathematics.

It is a place where mathematics takes place.

Inside it, one can define groups, rings, orders, spaces, propositions, functions, and models.
One can reason, quantify, construct, and prove.

One can pass to relative contexts.

One can localize truth.
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One can classify structures.

In a higher topos, one can also reason with paths, equivalences, higher coherence, and moduli
spaces.

The word place therefore captures something the word category alone may not.
A topos is an environment of possible mathematics.
The Mathematical Landscape of Topoi

The title of this book refers not merely to a collection of definitions but to a terrain of
mathematical possibilities.

The landscape includes:
e Set and discrete mathematics;
e elementary topoi and internal logic;
o presheaf worlds of contextual variation;
o sheaf worlds of locality and descent;
¢ Grothendieck topoi presented by sites;
e geometric morphisms connecting worlds;
¢ slices creating relative worlds;
e subtopoi creating modal worlds;
o classifying topoi organizing theories;
e equivariant topoi organizing symmetry;
e étale topoi organizing refined algebraic locality;
e groupoids and stacks retaining automorphisms;
¢ infinity-topoi retaining higher identity;
¢ homotopy type theory providing internal language;
¢ univalent universes recognizing equivalence.
The regions overlap.
The routes cross.

The same object can be viewed from several elevations.
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No single line orders the entire territory.

The unity lies in the recurring architecture of worlds, contexts, locality, classifiers, and
equivalence.

The Central Question Answered
We can now return to the question:
What kind of world is a topos?
A topos is a category whose objects can participate in a sufficiently rich internal mathematics.
It has finite structures of compatibility.
It has internal functions.
It has predicates and truth values.
It permits reasoning from within.
A Grothendieck topos is such a world built from locality and descent.
A higher topos is such a world whose objects possess spaces of identities.
A univalent world is one whose classifiers represent structural equivalence as identity.
These answers do not compete.
They describe increasing aspects of one landscape.
From Collections to Worlds
The governing movement of the book is now complete.
A collection contains elements.
A category contains objects and composable maps.
A topos supplies an internal world.
A higher topos supplies a world of paths and higher paths.
A univalent universe supplies a world whose identities recognize equivalences.
The movement can be written:
collection — relation — context = world — higher world — self-recognizing world.

Each stage preserves the earlier ones as special cases.
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Each adds another dimension of mathematical organization.

The Final Principle

The final principle of the landscape is not that all mathematics is one thing.

It is that many mathematical forms become intelligible when placed inside the right world.
A set is intelligible in Set.

A variable set is intelligible in a presheaf topos.

A locally defined structure is intelligible in a sheaf topos.

A parameterized object is intelligible in a slice.

A symmetric object is intelligible in an equivariant world.

An étale-local object is intelligible in an étale topos.

A homotopy type is intelligible in an infinity-topos.

A structural equivalence is intelligible as a path in a univalent universe.

The right world does not merely hold the object.

It makes the object’s natural behavior ordinary.

Closing

Mathematics begins easily with things.

It becomes deeper when it studies relations among things.

It becomes more powerful when it studies the contexts in which those relations vary.
It becomes geometric when local fragments can form global wholes.

It becomes logical when a world can reason about its own objects.

It becomes higher when identities themselves acquire paths and symmetries.

It becomes univalent when equivalence is no longer external to identity.

The landscape of topoi is therefore a landscape of increasingly expressive mathematical worlds.
At one edge stands the discrete clarity of Set.

At another lies the higher geometry of equivalence.
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Between them extend the sites, sheaves, logical universes, relative worlds, modalities,
classifiers, symmetries, and higher spaces through which modern mathematics has learned to
understand not only what objects are, but where they live, how they vary, how they glue, and

what it means for them to be the same.
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Glossary

Accessible localization

A reflective localization controlled by a set-sized or otherwise manageable collection of data and
compatible with sufficiently filtered colimits. An infinity-topos can be characterized as a left
exact accessible localization of an infinity-category of space-valued presheaves.

Adjunction
A relationship between functors

written
L4R,

in which morphisms from L(c) to dcorrespond naturally to morphisms from cto R(d). In higher
settings, the corresponding mapping spaces are equivalent. Geometric morphisms, dependent
sums, pullbacks, dependent products, sheafification, and many other topos-theoretic
constructions are organized by adjunctions.

Algebraic theory

A theory specified by operations of finite arity and equations among those operations. Groups,
rings, monoids, lattices, and modules over a fixed ring are standard examples. Such theories can
be interpreted internally in a topos.

Amalgamation

A global section or object obtained by gluing compatible local data. For a sheaf of sets, a
compatible matching family has one unique amalgamation. In higher descent, the space of
amalgamations is required to have the appropriate homotopy-coherent universal property.

Automorphism
An invertible endomorphism of an object. For an object xin a groupoid G, its automorphisms
form the group

Aut_G(x).
In a univalent universe, self-equivalences of a type A correspond to loops
Id_U(A, A).

Base change
The transport of an object, family, sheaf, or structure along a map of bases. For a morphism

f1Y-X
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base change is often represented by a pullback functor
fA* E/X—>E/Y.
In dependent type theory, this is substitution.

Beck—Chevalley condition
A compatibility relation among pullback and dependent-sum or dependent-product functors
associated with a pullback square. In a typical form,

gy f=X (f") g'™*.
It expresses that quantification and change of context commute when the geometry permits.

Boolean topos

A topos whose internal logic satisfies classical propositional laws, including excluded middle.
Equivalently, its internal Heyting algebra of truth values is Boolean. Double-negation
sheafification provides a canonical Booleanization of a general topos.

Booleanization
The double-negation subtopos

Sh_(==)(E)

of a topos £. It is a Boolean subworld obtained by localizing with respect to the Lawvere—
Tierney topology

j(P) = = =P,

Cartesian closed category
A category with finite products and exponential objects. For objects A and B, an exponential
B"Arepresents maps out of products with 4:

Hom(X X A, B) = Hom(X, BMA).
Cartesian closure provides internal function objects.

Category

A mathematical structure consisting of objects, morphisms, identity morphisms, and associative
composition. Categories organize mathematical objects through the maps among them rather
than through membership alone.

Category of elements
For a presheaf

F: C"op — Set,
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the category |_C F whose objects are pairs (U, s) with s € F(U). It is used in the density formula
expressing a presheaf as a colimit of representables:

F = colim_((U, s) € [_CF) yU.

Cech nerve
The simplicial object generated by a cover or map

U-X
Its levels contain repeated fiber products
U, UXx XU UXxXUXXU,..

and encode all overlaps. Descent reconstructs an object over Xfrom compatible data over the
Cech nerve.

Classifier

An object or world representing a family of mathematical structures. The subobject classifier 2
classifies subobjects. A universe classifies selected families of types. A classifying topos
represents models of a geometric theory.

Classifying topos
For a geometric theory 7, a topos B_T satisfying

Geom(E, B_T) = Mod_T(E)

for suitable topoi E. It contains a generic model of 7, and every model in another topos is
obtained by pullback along a geometric morphism.

Closed subtopos
A subtopos analogous to a closed region of a topological space. For a closed subset Z € X, there
is a geometric embedding

Sh(Z) - Sh(X).
The notion has an internal formulation using suitable local operators.

Cocycle condition
A compatibility law imposed on transition maps or local identifications over triple overlaps. For
isomorphisms

$_ij: x_i - xj,
the ordinary cocycle condition is
d_jk o ¢p_ij = ¢_ik.
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In higher descent, this equality is replaced by specified higher coherence.

Cohomology

A family of invariants measuring obstructions to solving local-to-global problems. In topos
theory, cohomology is often derived from the global-sections functor. Etale cohomology
computes such invariants in the étale topos of a scheme.

Colimit
A universal way of assembling a diagram of objects. Coproducts, coequalizers, pushouts, and
geometric realizations are examples. Left adjoints preserve colimits.

Comparison lemma
A theorem showing that two sites present equivalent sheaf topoi. It often permits a large site to
be replaced by a smaller dense basis without changing the invariant topos.

Complete Segal space

A model of an infinity-category based on simplicial spaces. The Segal condition encodes
composition, while completeness ensures that equivalences among objects correspond
correctly to paths in the object space. This completeness is closely related to univalence.

Connected geometric morphism
A geometric morphism

f:E->F

whose inverse-image functor f1*is fully faithful. It expresses a particular form of inclusion of
the target world into the source.

Constant object

The image of an external set or type under a constant-object functor into a topos. In a sheaf
topos, the associated constant sheaf may behave as a sheaf of locally constant functions rather
than as a naive regionwise constant assignment.

Contractible type
A type A possessing a center a: A and a path from ato every point:

isContr(A) =) _(a: A) [[.(x: A) (a =x).
Contractibility is the higher meaning of unique existence.

Core of a category
The maximal subgroupoid

Ch=
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of a category C. It has the same objects as Cbut retains only the invertible morphisms.

Cover

A family of maps regarded as jointly sufficient to describe a context locally. In a topological
space, an open cover has union equal to the whole open set. In a site, covering families or
covering sieves are specified by a Grothendieck topology.

Cubical set

A presheaf on a category of cube shapes. Cubical sets encode vertices, edges, squares, cubes,
and higher-dimensional cells. They support models of homotopy type theory with explicit
interval dimensions.

Cubical type theory
A form of dependent type theory using interval variables and composition or filling operations.
It provides computational treatments of paths, higher-dimensional structure, and univalence.

Dense monomorphism

A monomorphism whose closure under a Lawvere—Tierney topology is the whole containing
object. A j-sheaf cannot distinguish a j-dense subobject from the object it densely occupies in
the relevant extension sense.

Density theorem
The result that every presheaf is assembled from representable presheaves. One form is

F = colim_((U, s) € [_CF) yU.
It expresses the density of the Yoneda embedding.

Dependent product
Foramap f: Y = X, the right adjoint

[ f:E/Y->E/X
to pullback:
fA* 4 T1f.
In type theory it corresponds to a pi type or universal quantification.

Dependent sum
Foramap f: Y — X, the left adjoint

S f E/Y - E/X

to pullback:
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X_fH A%
It corresponds to a sigma type, total space, or existential quantification.

Dependent type
A type varying over a base. A judgment

x: A - B(x) type

is interpreted categorically as an object over A and homotopically as a fibration over the space
A.

Descent

The reconstruction of global objects from compatible local objects and transition data. Ordinary
sheaf descent glues elements. Stack descent glues objects up to isomorphism. Higher descent
glues objects through equivalences and all higher coherence.

Direct-image functor
For a geometric morphism

f:E->F
the right adjoint
f*E-F

For sheaves on spaces, it sends a sheaf on Xto the sheaf on Yevaluated over inverse images of
open sets.

Discrete groupoid
A groupoid whose only morphisms are identity morphisms. Every set determines a discrete
groupoid.

Double-negation topology
The Lawvere-Tierney topology

j(P) = ==P.
Its sheaves form the Booleanization of the ambient topos.

Effective descent
A form of descent in which objects over a base can be reconstructed exactly from objects over a
cover carrying compatible descent data.
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Effective epimorphism
In an infinity-topos, a map whose Cech nerve has colimit equal to the target. It is the higher-
categorical form of a covering or quotient map.

Elementary topos
A category with finite limits, Cartesian closed structure, and a subobject classifier. It behaves
internally like a generalized universe of sets. An elementary topos need not be Grothendieck.

Enough points

A property of a topos stating that its points jointly detect isomorphisms. If a morphism becomes
an isomorphism under the inverse-image functor of every point, then it was already an
isomorphism.

Equalizer
A limit of two parallel maps

f,g: A3 B.

It is the universal subobject of A on which fand gagree. Equalizers represent equations
categorically.

Equivalence

The appropriate structural sameness for the objects under consideration. For types, an
equivalence preserves complete homotopy structure. For categories, equivalence is generally
weaker than isomorphism. In a univalent universe,

1d_U(A, B) = (A = B).

Equivalence induction
A reasoning principle derived from univalence. To prove a property of every equivalence A =~ B,
it is often enough to prove it for the identity equivalence A =~ A.

Equivalence-relation groupoid

A thin groupoid built from an equivalence relation, with at most one morphism between any
two objects. It remembers which objects are equivalent but not multiple distinct ways of
identifying them.

Equivariant topos
A topos whose objects carry an ambient symmetry action. For a group G, the category of G-sets
is an equivariant topos.

Essential geometric morphism
A geometric morphism for which the inverse-image functor has a left adjoint:
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frafr* 41

The extra adjoint can represent connected components, dependent sums, or another form of
aggregation.

Etale geometric morphism
A geometric morphism locally analogous to a local homeomorphism. Slice projections

E/X—E
are basic examples.

Etale site
For a scheme X, the category of étale maps U — X equipped with jointly surjective étale covers.
Sheaves on this site form the étale topos of X.

Etale topos
The topos of sheaves on the étale site of a scheme. It records algebraic information visible after
étale localization and supports étale cohomology and the étale fundamental group.

Exponentiation
The categorical construction of a function object B”A. It satisfies

Hom(X X A, B) = Hom(X, BMA).
In type theory it corresponds to a function type.

Fiber
The part of a family lying over a point or generalized point. For p: A — X and x: 1 — X, the fiber
is the pullback

Ax=1Xx_XA.
In HOTT, the homotopy fiber of f: A— B over b: B is
fib_f(b) =) _(a: A) (f(a) = Db).
Finite limits
Limits of finite diagrams, including terminal objects, pullbacks, and equalizers. They supply the
categorical architecture of finite conjunction, equality, compatibility, and substitution.

Forcing
An external method for describing internal truth at stages. In Kripke—Joyal semantics,

Ul

means that ¢ holds at the stage or context U.
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Frame
A complete lattice in which finite meets distribute over arbitrary joins. Frames abstract lattices
of open subsets. A locale is commonly presented by a frame.

Frobenius reciprocity
A compatibility between dependent sums and products, often written

T f(Ax f**B)=Z_f(A) XB.

Logically, it reflects the movement of a parameter-independent conjunct through existential
guantification.

Function extensionality
The principle that paths between functions correspond to pointwise paths:

(f=g) =[I.x:A) (f(x) = g(x))-
It follows from univalence in standard HoTT.

Functor
A map between categories preserving identities and composition. A presheaf is a contravariant
functor to Set, and a higher presheaf is a functor to the infinity-category of spaces.

Functor of points
The presheaf represented by an object X:

h_X(T) = Hom(T, X).
It describes Xthrough all maps from test objects into it.

Generalized element
A morphism

U-A

from an arbitrary context U, generalizing a global element 1 — A. Generalized elements are
essential when objects have few or no global points.

Generalized point of a topos
A geometric morphism

F-E
from an arbitrary topos F. Ordinary points use F = Set or, in the higher setting, F = S.

Geometric embedding
A geometric morphism
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tE->F
whose direct-image functor is fully faithful. It identifies £'with a subtopos of F.

Geometric logic
The fragment of logic generated by finite conjunctions, arbitrary disjunctions, existential
quantification, and equality. It is preserved by inverse-image functors of geometric morphisms.

Geometric morphism
A map of topoi

ffE>F
given by an adjunction
fA* FE: f *
with
fAx 4 f *

and " *preserving finite limits.

Geometric point
A point adapted to a geometric topology, such as a map from the spectrum of a separably
closed field into a scheme. Geometric points define stalk functors in an étale topos.

Geometric realization
A construction turning a simplicial object into its associated colimit or space. The realization of
the nerve of a groupoid produces its classifying space.

Global element
A morphism

1-A
from the terminal object. In Set, this is an ordinary element of A.

Global-sections functor
The functor

[ E - Set
or to spaces in the higher setting, defined by
I'(A) = Hom_E(1, A).

For a sheaf Fon X,
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I'(F) = F(X).

Grothendieck topology
A specification of covering sieves on each object of a category, satisfying maximality, pullback
stability, and transitivity. It determines which presheaves count as sheaves.

Grothendieck topos
A category equivalent to the category of sheaves on a small site:

E =~ Sh(C,]).
Every Grothendieck topos is elementary, but not every elementary topos is Grothendieck.

Group object

An object in a category carrying internal multiplication, identity, and inverse morphisms
satisfying the group laws. In a topos of sheaves, it is a sheaf of groups. In a G-equivariant topos,
it is a group with a compatible G-action.

Groupoid
A category in which every morphism is invertible. Sets are discrete groupoids, and groups are
one-object groupoids.

Groupoid cardinality
For a finite groupoid G, the weighted count

|G| =X_([x] €m_0(G)) (1)/(] Aut(x) |).
It adjusts counting for automorphism groups.

Groupoid object
An internal groupoid in a category or topos, consisting of an object of objects, an object of
arrows, and internal source, target, identity, composition, and inverse maps.

Higher category

A categorical structure containing morphisms, morphisms among morphisms, and potentially
further levels. In an infinity-category, this hierarchy continues indefinitely, with higher
morphisms above level one often invertible in the (oo, 1)-categorical setting.

Higher descent
Descent in which local objects are related by equivalences and all higher coherence data. The
global object is reconstructed through a homotopy limit rather than an ordinary equalizer.

Higher inductive type
An inductive type generated not only by point constructors but also by path and higher-path
constructors. The synthetic circle has a point and a generating loop.
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Higher sheaf
A space-valued presheaf satisfying homotopy-coherent descent. Higher sheaves are also called
infinity-sheaves in suitable contexts.

Higher stack
A higher sheaf, often with additional geometric representability properties, whose values are
spaces of objects and higher equivalences.

Homotopy
A path between maps or paths. For functions f, g: A = B, a homotopy is

f~g=T1(xA) (f(x) =g(X))-

Homotopy fiber
For f: A—> B and b: B,

fib_f(b) = Y_(a: A) (f(a) = b).
It retains the path witnessing that f(a) is identified with b.

Homotopy hypothesis
The principle that infinity-groupoids model homotopy types. Its low-dimensional forms relate
sets to 0-types and groupoids to 1-types.

Homotopy limit
A higher limit retaining the space of compatibility data rather than imposing strict equality.
Higher descent reconstructs global sections through homotopy limits.

Homotopy quotient
A quotient retaining the action, stabilizers, and higher coherence responsible for the
identification. It is often written

X//G
for a group action.

Homotopy type
A space considered up to homotopy equivalence. In HoTT, types are interpreted as homotopy
types or infinity-groupoids.

Homotopy type theory

A form of dependent type theory in which types behave as spaces and identity types behave as
path spaces. It commonly includes or is studied with univalence, higher inductive types, and
truncations.
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Hypercomplete infinity-topos
An infinity-topos in which objects are determined by their Postnikov towers and equivalences
can be detected by all homotopy sheaves.

Hypercompletion
The localization of an infinity-topos forcing recovery from Postnikov towers. It is closely related
to hyperdescent.

Hyperconnected geometric morphism
A geometric morphism satisfying a strong form of connectedness and subobject control. Under
standard conditions, geometric morphisms admit a hyperconnected—localic factorization.

Hypercover
A simplicial refinement generalizing an ordinary Cech nerve, with each level covering the
matching data determined by earlier levels. Hypercovers are used in hyperdescent.

Identity type
For terms x, y: A, the type

Id_A(X, y).

Its terms are interpreted as paths. Identity types can possess their own identity types,
producing higher paths.

Identity-to-equivalence map
The canonical function

idtoequiv: Id_U(A, B) = (A = B)

sending a path between types to the transport equivalence it induces. Univalence states that
this function is an equivalence.

Infinity-category
A higher category with objects, morphisms, homotopies among morphisms, and higher
coherence. In an (oo, 1)-category, all morphisms above dimension one are invertible.

Infinity-groupoid
A higher groupoid in which morphisms at every level are invertible. Infinity-groupoids model
homotopy types.

Infinity-topos

A higher-categorical analogue of a Grothendieck topos. It can be characterized as a left exact
accessible localization of an infinity-category of space-valued presheaves. Its objects behave like
varying homotopy types.
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Initial object
An object 0 with exactly one morphism

0-A
to every object A. It represents falsity or emptiness in many categorical interpretations.

Internal category
A category defined inside another category using internal objects of objects and morphisms. In
type theory, a precategory has a type of objects and set-valued hom-types.

Internal language

A formal language used to reason as though one were inside a category, topos, or infinity-topos.
An elementary topos has an intuitionistic internal logic. An infinity-topos supports a
homotopical dependent type-theoretic language.

Internal locale
A locale object defined within a topos. Sheaves on an internal locale correspond to a localic
geometric morphism into the ambient topos.

Internal logic
The logic naturally interpreted by the categorical structure of a topos. It is generally intuitionistic
and contextual.

Inverse-image functor
For a geometric morphism f: E — F, the left adjoint

fA*:F > E.

It preserves finite limits and transports objects and geometric formulas from the target world
into the source.

Isomorphism
An invertible morphism in a category. Isomorphism is often the correct structural equivalence
for set-level algebraic objects. It is not the same as literal equality in conventional foundations.

Judgmental equality
Definitional or computational equality in type theory, often written

a=h.

It is a judgment of the formal system, not an identity type with terms.
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Kan complex
A simplicial set satisfying horn-filling conditions. Kan complexes model infinity-groupoids or
homotopy types.

Kripke—Joyal semantics
The stagewise external interpretation of a topos’s internal logic. It explains how logical
operations, quantifiers, and truth behave over contexts and covers.

Lawvere-Tierney topology
A morphism

jtQ-Q

preserving truth, finite conjunction, and idempotence. It determines a universal closure
operator, a sheafification functor, and a subtopos.

Lawvere theory
A categorical presentation of an algebraic theory using finite products. Models are product-
preserving functors into a category with finite products.

Left exact functor

A functor preserving finite limits. The inverse-image part of a geometric morphism and a
sheafification reflector are left exact.

Limit

A universal object expressing compatible cones over a diagram. Products, pullbacks, terminal
objects, and equalizers are standard limits.

Local operator
Another name for a Lawvere—Tierney topology. It emphasizes the induced notion of local truth
and sheafification.

Localic geometric morphism
A geometric morphism whose source is represented as sheaves on a locale internal to the
target. It captures generalized point-free spatial variation.

Locale
A point-free space described by a frame of opens. Locales generalize topological spaces by
treating open regions rather than points as primary.

Localization

A construction that forces selected maps, distinctions, or local equivalences to become
invertible or invisible. Sheafification, truncation, hypercompletion, and subtopos reflection are
forms of localization.
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Locally Cartesian closed category
A category in which every slice category E/X is Cartesian closed. Every elementary topos is
locally Cartesian closed. This structure supports dependent function types.

Loop space
For a pointed type (A, a),

Q(A,a) =1d_A(a, a).
Its points are loops at a. Repeated loop spaces encode higher homotopy groups.

Mapping space
In an infinity-category, the space

Map(A, B)

whose points are morphisms A = B, paths are homotopies between morphisms, and higher
paths are higher homotopies.

Matching family
A family of local sections whose restrictions agree on overlaps. The sheaf condition states that a
matching family has a unique amalgamation.

Modality
An idempotent reflective operation selecting a subworld of modal objects. Lawvere—Tierney
sheafification, truncation, and hypercompletion are examples.

Model of a theory
An interpretation of the sorts, operations, and axioms of a theory in a mathematical world. A
model of a geometric theory 7'in Ecorresponds to a geometric morphism

E->B.T

Moduli object

A space or higher object classifying mathematical structures together with their equivalences
and automorphisms. A faithful moduli object generally retains more information than a set of
equivalence classes.

Monodromy
Transport around loops in a base. A family B: X —= U sends a loop

p:x=Xx

to a self-equivalence of the fiber B(x).
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Morita equivalence

An equivalence between theories expressing that they have the same generalized models.
Geometric theories with equivalent classifying topoi are Morita equivalent in the relevant
topos-theoretic sense.

Natural numbers object

An internal object satisfying the categorical universal property of the natural numbers. It
supports recursion and induction. It is not part of the minimal definition of an elementary
topos.

Natural transformation
A coherent family of morphisms between two functors. In higher category theory, natural
transformations themselves belong to mapping spaces with higher transformations.

Nerve
A simplicial object encoding a category or groupoid. The n-simplices of the nerve of a category
are strings of n composable morphisms.

Object classifier
A higher classifier for families of objects. A universe family

U-U
is an object classifier for a selected class of small families.

Open subtopos
A subtopos corresponding to an internal open region or subterminal object. For U € X,

Sh(U) - Sh(X)
is an open geometric embedding.

Orbit
The equivalence class of a point under a group action. The orbit set X/G forgets stabilizer
information, while the action groupoid X//G retains it.

Path
A term of an identity type

p: I[d_A(x, y).

Paths compose, invert, and possess higher paths between them.
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Path induction
The elimination principle for identity types. To define a construction depending on an arbitrary
path, it is enough to define it in the reflexivity case with suitable dependency.

Point of a topos
A geometric morphism

Set - E.
In a higher topos, a point is a geometric morphism
S—E.
Its inverse-image functor extracts stalks or fibers.

Postnikov tower
The sequence of truncations

o T (L2)X->t (S DX-> 1 (Z0)X

It approximates a higher object by retaining homotopy information through progressively higher
dimensions.

Precategory
In HOTT, a category-like structure with a type of objects and set-valued hom-types, but without
requiring identity of objects to correspond to isomorphism.

Predicate
A proposition-valued property of elements. Categorically, a predicate on Ais represented by a
subobject of A. In HoTT, it may be represented by a family

P: A - Prop.

Presheaf
A contravariant functor

F: C*op — Set.
It assigns data to contexts and restriction maps to refinements.

Presheaf topos
A category of presheaves

Set”(C"op).

Every presheaf category on a small category is a Grothendieck topos.
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Product
A limit representing paired data. For A and B, the product A X B comes with projections and a
universal pairing property.

Projection formula
A compatibility between direct image and multiplication or tensor-like operations. A simple
Cartesian form is

f*(Bxf*"™*A)=f*BxA
under suitable hypotheses.

Proposition
In HOTT, a type Pfor which every two terms are equal:

isProp(P) =[_(p, q: P) (p = ).
A proposition is either empty or contractible up to homotopy.

Propositional extensionality
The principle that logically equivalent propositions are identical:

P=Q=PeQ.
It follows from univalence.

Propositional truncation
An operation

A - [[All
that retains only whether A is inhabited. The target is a proposition.

Pullback
A limit representing the inverse image of one map along another. Pullbacks model fibers,
substitution, and change of base.

Quasi-inverse
For f: A = B, a function g: B — A together with homotopies

gof~id_ A fog~idB.
The existence of suitable inverse data implies that fis an equivalence.

Quotient stack
A stack or higher object retaining the symmetry of a group action rather than collapsing it to an
orbit set. It is often presented by an action groupoid.
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Reflection
A left adjoint to the inclusion of a full reflective subcategory. For a subtopos, the reflector is left
exact.

Reflective localization
A reflective subcategory in which the reflector imposes a localization condition. Sheaves form a
left exact reflective localization of presheaves.

Representable presheaf
ForU €C,

yU = Hom_C(-, U).
Representables are the basic probes embedded into the presheaf category by Yoneda.

Rezk completion
A process converting a precategory or related higher categorical presentation into a univalent or
complete one in which equivalences of objects correspond to paths.

Right adjoint
The functor Rin an adjunction L 4 R. Right adjoints preserve limits.

Section
For a map p: E = B, a morphism

s:B—-E
such that
pes=id_B.
A dependent term is interpreted as a section.

Separated object
An object for which maps are determined by their restrictions along dense monomorphisms. It
satisfies the uniqueness half of a sheaf condition.

Set in HoTT
A type A whose identity types are propositions:

isSet(A) = [_(x, y: A) isProp(x = y).
Such a type is also called a 0-type.

Set truncation
The 0-truncation
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[IAll_0
of a type, retaining its connected components while discarding higher identity information.

Sheaf
A presheaf satisfying locality and gluing. Compatible local sections determine one unique global
section.

Sheafification
The left exact reflector

a: PSh(C) - Sh(C, )

sending a presheaf to its associated sheaf. It identifies locally equal sections and adds missing
amalgamations.

Sieve
A collection of morphisms into an object, closed under precomposition. Grothendieck
topologies are often defined by specifying covering sieves.

Sigma type
A dependent sum

> (x:A) B(x).
It is interpreted as the total space of a family and contains pairs (x, b) with b: B(x).

Simplex category
The category 4 of finite nonempty ordered sets and order-preserving maps. Simplicial sets are
presheaves on 4.

Simplicial set
A presheaf

X: A%op — Set.
Its simplices encode points, paths, triangles, and higher coherence.

Site
A category Cequipped with a Grothendieck topology /. A site is a presentation of a sheaf topos,
not generally the invariant topos itself.

Slice category
For an object X € E, the category E/X of objects equipped with maps into X If £'is a topos, then
E/Xis again a topos.
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Slice topos
A slice category E/X when E'is a topos. It is the mathematical world of objects varying over the
base X.

Sober space
A topological space in which every irreducible closed subset has a unique generic point. Sober
spaces are recoverable from their locales of open subsets.

Space-valued presheaf
A functor

F: C*op — S,
where Sis the infinity-category of spaces. These are the presheaves used in higher topos theory.

Stack
A groupoid-valued presheaf satisfying descent for objects and morphisms. It is a 1-truncated
higher sheaf.

Stalk
The local value of a sheaf at a point:

F_x = colim_(x € U) F(U).
For higher sheaves, the stalk is formed using a homotopy colimit and is a space.

Structure identity principle
A consequence or application of univalence stating that identity of suitably defined structured
objects corresponds to structure-preserving equivalence or isomorphism.

Subobject
An equivalence class of monomorphisms into an object. Subobjects represent predicates or
generalized subsets.

Subobject classifier
An object (2 with a truth morphism

true: 1 - Q

such that every subobiject is obtained as the pullback of truth along a unique characteristic
morphism.

Subterminal object
A subobject of the terminal object. It behaves as a proposition or generalized open region.
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Subtopos
A topos embedded in another by a geometric embedding. Subtopoi correspond to Lawvere—
Tierney topologies and left exact reflective localizations.

Surjective geometric morphism
A geometric morphism whose inverse-image functor is conservative. It detects isomorphisms in
the target.

Syntactic category
A category constructed from the syntax of a theory, with formulas in context as objects and
provably functional relations or substitutions as morphisms.

Syntactic site
A syntactic category equipped with a topology encoding geometric provability. Its sheaf topos
classifies the theory.

Terminal object
An object 1 with exactly one map

A-1
from every object A. Global elements of 4Aare maps 1 — A.

Topological groupoid
A groupoid whose spaces of objects and arrows carry topologies and whose structural maps are
continuous. Topological groupoids present orbifolds, foliations, and quotient geometries.

Topos
A category functioning as a generalized world of sets and internal mathematics. Depending on
context, the word may mean an elementary topos, a Grothendieck topos, or a higher topos.

Torsor
An object with a group action that is locally nonempty and locally simply transitive. A torsor is a
twisted form of the group and generalizes a principal bundle.

Transport
The movement of terms or structures along an identity path. For a family B: A—»> Uand p: x =y,

transport_B(p): B(x) = B(y).

Under univalence, equivalences of types produce paths and therefore support transport of
every definable construction.
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Truncated map
A map whose homotopy fibers are truncated at a specified level. A (-1)-truncated map behaves
like a monomorphism.

Truncated object
An object whose identity structure vanishes above a specified homotopy dimension.
Propositions are (-1)-truncated, sets are 0-truncated, and groupoid-like types are 1-truncated.

Truncation
A reflective operation

discarding identity information above dimension n. Truncation is controlled forgetting.

Truth value
An internal proposition represented by a map into the subobject classifier £2. In a general topos,
truth values form a Heyting algebra rather than necessarily a two-element Boolean algebra.

Type
A basic object of type theory. In HoTT, a type is interpreted as a homotopy type or infinity-
groupoid.

Type family
A dependent assignment

B:A- U
It is interpreted as a fibration or object over A.

Univalence
The principle that identity of types in a universe corresponds to equivalence:

Id_U(A, B) =~ (A= B).
It makes a universe into a faithful moduli space of types.

Univalent category
A category in HOTT for which identity of objects corresponds to isomorphism:

(a=Db) =Iso(a, b).

Univalent completion
A completion process that changes a presentation so that intended structural equivalences are
represented as identities. Rezk completion is a categorical example.
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Univalent family
A family p: E = B for which paths between points of B correspond to equivalences between the
associated fibers:

(x=y)=(Ex=Ey).

Universal closure operator
A family of closure operations on all subobject lattices, stable under pullback. Universal closure
operators correspond to Lawvere-Tierney topologies.

Universal property

A characterization of an object through a natural mapping condition. In higher mathematics,
uniqueness in a universal property is expressed by contractibility of the relevant space of
choices.

Universe
A type Uwhose terms classify smaller types. Semantically, it is represented by a family

U-U.
A univalent universe has paths corresponding to equivalences of its classified fibers.

Yoneda embedding
The fully faithful functor

y: C — Set*(C"op)
given by
yU = Hom_C(-, U).
In the higher setting,
yU(V) = Map_C(V, U).

Yoneda lemma
The natural equivalence

Nat(yU, F) = F(U)
or, in higher form,
Map(yU, F) = F(U).

It says that an object is determined by its relationships with all probes.
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Key Concepts

Category
A collection of objects together with morphisms between them, identity morphisms, and
associative composition.

Topos
A category rich enough to function as a mathematical world of generalized sets, with internal
functions, predicates, logic, and constructions.

Elementary topos
A category with finite limits, exponentials, and a subobject classifier. These structures support
an internal set-like mathematics.

Grothendieck topos
A category equivalent to sheaves on a site:

E =~ Sh(C, ).
Every Grothendieck topos is elementary, but not every elementary topos is Grothendieck.

Site
A category Cequipped with a Grothendieck topology /. A site presents a topos through chosen
contexts and coverings, but it is not generally the invariant topos itself.

Presheaf
A contravariant functor

F: C*op — Set.
It assigns a set of data to each context and restriction maps to refinements of that context.

Sheaf
A presheaf in which compatible local data glue uniquely into global data.

Sheafification
The process of turning a presheaf into its associated sheaf by identifying locally equal sections
and adding missing amalgamations.

Descent
The reconstruction of global objects from local objects, transition maps, and compatibility
conditions.

Subobject classifier
An object f2that classifies subobjects. Predicates on an object 4 correspond to morphisms
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Internal logic

The logic naturally supported inside a topos. It is generally intuitionistic and may interpret truth

locally rather than only globally.

Geometric morphism
A map between topoi

f:E->F
given by an adjunction

A% 4 f %
where the inverse-image functor f"*preserves finite limits.

Generalized element
A morphism

U-A

from an arbitrary context U. It generalizes an ordinary element, which isamap 1 — A.

Slice topos
For an object Xin a topos £, the slice

E/X
is the world of objects varying over X.

Subtopos

A reflective mathematical subworld of a topos, determined by a Lawvere-Tierney topology or

an equivalent localization.

Lawvere-Tierney topology
A morphism

j: Q=0

that defines a new notion of local truth and determines a corresponding subtopos of sheaves.

Classifying topos
A topos B_Trepresenting models of a geometric theory 7

Geom(E, B_T) = Mod_T(E).
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Generic model
The universal model contained in a classifying topos. Every model in another topos is obtained
from it by inverse image.

Equivariant topos
A topos in which symmetry is ambient. For example, the category of G-sets consists of sets
carrying an action of a group G.

Etale topos
The topos of sheaves on the étale site of a scheme. It captures algebraic phenomena visible
after étale localization.

Locale
A point-free space described through its lattice of open regions rather than through an
underlying set of points.

Groupoid
A category in which every morphism is invertible. Groupoids retain objects, isomorphisms, and
automorphisms.

Automorphism
An invertible morphism from an object to itself. In higher mathematics, automorphisms appear
as loops.

Moduli space
A space classifying mathematical objects together with their equivalences and automorphisms,
rather than recording only equivalence classes.

Stack
A groupoid-valued sheaf satisfying descent for both objects and isomorphisms.

Homotopy type
A space considered through its points, paths, higher paths, and equivalences rather than
through one particular geometric presentation.

Infinity-groupoid
A higher groupoid containing points, paths, paths between paths, and further reversible
identifications in all dimensions.

Infinity-topos
A higher analogue of a Grothendieck topos whose objects behave like varying homotopy types
rather than varying sets.
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Higher sheaf
A space-valued presheaf satisfying homotopy-coherent descent.

Homotopy type theory
A form of dependent type theory in which types behave as spaces and identity types behave as
path spaces.

Identity type
For terms x, y: A, the type

Id_A(X, y).
Its terms are interpreted as paths from xto y.

Transport
The movement of elements or structures along an identity path. For a family B: A - U and p: x

= y,
transport_B(p): B(x) = B(y).
Contractible type

A type containing one point up to uniquely coherent identity. Contractibility is the higher form
of unique existence.

Truncation
A controlled process that discards identity information above a chosen dimension. Propositional
truncation retains only existence; set truncation retains only connected components.

Universe
A type Uwhose terms classify smaller types. A universe functions as an internal moduli space of
types.

Equivalence
The appropriate structural sameness between objects. For types, an equivalence preserves their
complete homotopy structure.

Univalence
The principle that identity of types corresponds to equivalence:

1d_U(A, B) ~ (A = B).

Univalent category
A category in which identity of objects corresponds to isomorphism:

(a=Db) =Iso(a, b).
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Rezk completion
A completion process turning a categorical presentation into one whose object identities
correctly represent isomorphisms or equivalences.

Yoneda lemma
The principle that an object is determined by its relationships with all probes. For a presheaf £,

Nat(yU, F) = F(U).

Mathematical world
An environment in which objects, functions, predicates, logic, dependence, locality, and
equivalence can be expressed and studied internally.
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