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Fixed-Locus Formulation of the Riemann Hypothesis

Zeta self-duality, prime-exponent equivalence, and zero-set confinement
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Figure 1. The Riemann Hypothesis as Fixed-Locus Confinement: Zeta Self-Duality, Prime-
Exponent Equivalence, and HoTT-Inspired Formalization.



1. Introduction: From Critical-Line Location to Fixed-Locus Confinement

The Riemann Hypothesis is one of the most famous unsolved problems in mathematics because
it connects the invisible order of prime numbers with the visible geometry of zeros in the
complex plane. In its usual form, the hypothesis says that every nontrivial zero of the Riemann
zeta function has real part equal to 1/2. This statement is precise, but it can make the critical
line appear to be merely a coordinate location. The purpose of this paper is to sharpen that
interpretation. The critical line is not simply halfway between the vertical boundaries of the
critical strip. It is the fixed locus of a natural reflection-conjugation symmetry associated with
the completed zeta function. If the map

D(s)=1-3
is applied to a complex number s, then the points fixed by D are exactly those satisfying
Re(s) =1/2

Thus the Riemann Hypothesis can be reformulated as a confinement statement: the nontrivial
zeros of the completed zeta function are conjectured to lie entirely on the fixed locus of the zeta
function’s self-duality. This does not prove the hypothesis, but it clarifies the structural question.
The mystery is no longer only why the zeros have real part 1/2. The deeper question becomes:
what mathematical principle forces the zero set to collapse from symmetric pairing into
individual self-duality?

1.1 The Riemann Hypothesis as a Location Statement

The classical statement of the Riemann Hypothesis concerns the zeros of the zeta function
inside the critical strip. The complex variable is written as

s=o+it

where o is the real part and t is the imaginary part. The critical strip is the region
O<Re(s)<1

and the critical line is

Re(s) =1/2

The Riemann Hypothesis states that every nontrivial zero of {(s) lies on this critical line.
Equivalently, if p is a nontrivial zero, then

{p)=0

and



O<Re(p)<1

imply
Re(p) =1/2

This formulation is elegant and compact. It gives a clear geometric target: all nontrivial zeros
must lie on one vertical line. Yet the statement, taken alone, does not explain why that line
should be privileged beyond its position halfway across the critical strip. A reader may see Re(s)
= 1/2 as a numerical boundary, a midpoint, or an empirical location. The deeper structural
meaning of the line can remain hidden.

The critical line is not merely a convenient coordinate. It is determined by the functional
symmetry of the completed zeta function. The zero-location statement is therefore also a
symmetry statement. If all nontrivial zeros lie on Re(s) = 1/2, then each zero is not merely part
of a symmetric family of zeros. Each zero is individually aligned with the self-dual axis of the
completed function.

This paper begins by taking that fact seriously. The usual location statement remains correct,
but it will be reinterpreted through fixed-locus language. The aim is not to replace the classical
formulation, but to expose the structural content already present within it. The Riemann
Hypothesis is a claim about location, but the location is meaningful because it is the self-dual
locus of a deeper analytic equivalence.

1.2 Why the Critical Line Is Structurally Distinguished

The completed zeta function is constructed so that the symmetry of the zeta function becomes
explicit. A standard form is

§(s) = 1/2 s(s - 1)m™(-s/2)(s/2)g(s)

This completed object satisfies the functional equation
&(s) =§(1-5)

The transformation

sH1-5

reflects the complex plane across the vertical line Re(s) = 1/2. A point with real part o is paired
with a point whose real part is 1 - 0. Thus the critical line is the axis of this reflection. It is the
line that remains centered under the exchange of sand 1 -s.



Complex conjugation adds another symmetry. Since the zeta function has real coefficients in its
appropriate analytic representations, zeros are reflected across the real axis. If p is a zero, then p
is also a zero. Combining the functional reflection with conjugation gives the map

D(s)=1-5

This is the natural map for identifying the self-dual locus of the zero symmetry. Its fixed points
satisfy

D(s)=s

Writing
s=0+it

gives

S=o-it

and therefore
D(s)=1-o+it
The fixed-point condition becomes
l-o+it=0+it
so

c=1/2

Thus the fixed locus of D is precisely the critical line. This derivation is simple, but it is
conceptually important. It shows that Re(s) = 1/2 is not an arbitrary midpoint. It is the set of
complex points that are self-dual under the reflection-conjugation symmetry.

The critical line is therefore structurally distinguished before one even asks whether the
Riemann Hypothesis is true. The hypothesis asserts that the nontrivial zeros live entirely on this
distinguished locus. The challenge is to understand what mechanism, if any, forces this
confinement.

1.3 From Symmetric Pairing to Self-Dual Confinement

The functional equation and complex conjugation imply that the zero set is symmetric. If a zero
occurs off the critical line, then related zeros must occur at reflected and conjugated positions.
For a hypothetical zero

p=0+it



away from the critical line, the associated symmetric points include

p=0-it
l-p=1-0-it
l1-p=1-0o+it

This quartet structure is compatible with the known symmetries. Therefore symmetry alone
does not prove the Riemann Hypothesis. The completed zeta function may have a symmetric
zero set without every zero being fixed by the symmetry.

This distinction is crucial. A collection can be symmetric even if its individual elements are not
fixed. For example, two points on opposite sides of a mirror line may form a symmetric pair,
even though neither point lies on the mirror. Similarly, off-line zeros would still respect the
global symmetry of the zeta function if they occurred in the appropriate reflected families.

The Riemann Hypothesis asserts something stronger. It says that every nontrivial zero is
individually located on the self-dual line. In the fixed-locus language, the claim is not merely
that the zero set is invariant under D. The claim is that the zero set is contained in the fixed
locus of D:

Z¢& c Fix(D)
where Z¢ denotes the nontrivial zero set of the completed zeta function.

This changes the interpretive emphasis. The central issue is no longer only zero symmetry. The
central issue is zero confinement. What collapses the possible quartet structure into self-dual
placement? What prevents nontrivial zeros from occurring in symmetric off-line families? What
additional analytic, spectral, arithmetic, or geometric principle turns global symmetry into
pointwise fixedness?

This paper treats that question as the missing structural core of the Riemann Hypothesis.
1.4 Equivalence-First Mathematics as Organizing Language

The fixed-locus reformulation fits naturally within an equivalence-first view of mathematics. In
this view, the meaning of a mathematical object is not exhausted by its literal presentation.
Instead, the object is understood through transformations, symmetries, dualities, and
equivalences that preserve its structure.

Homotopy Type Theory and univalence provide a useful conceptual language for this approach.
In an equivalence-first setting, one does not ask only whether two expressions are syntactically
identical. One asks whether they are equivalent presentations of the same structure, what data
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witnesses that equivalence, and what fixed objects arise when an equivalence maps a structure
back toward itself.

The zeta function is especially suitable for this interpretation because it has multiple structural
presentations. It begins as a Dirichlet series:

{(s) =Z n"(-s)
It also admits an Euler product in its region of absolute convergence:
{(s) =Mp (1 - p~(-s))*(-1)

The series presentation emphasizes positive integers. The product presentation emphasizes
primes. Analytic continuation extends the function beyond the original region of convergence.
Completion produces a symmetric object satisfying

§(s) = &(1-5)

Each step changes the presentation while preserving or revealing different structural
information. The Euler product reveals prime factorization. Analytic continuation reveals the
critical strip. Completion reveals the functional symmetry. The fixed-locus view then reveals the
critical line as the self-dual axis of the completed object.

Prime factorization itself is an arithmetic equivalence. A positive integer can be represented by
a finite configuration of prime exponents:

n = MNp p~(ap)

where all but finitely many exponents are zero. In this sense, positive integers under
multiplication are equivalent to finite prime-exponent configurations. The Euler product is the
analytic shadow of that equivalence.

The equivalence-first language therefore connects three layers: prime decomposition, zeta
analytic structure, and fixed-locus self-duality. It does not prove the Riemann Hypothesis, but it
gives a disciplined framework for asking what sort of equivalence or invariant could explain it.

1.5 Scope, Claims, and Limits of the Paper

This paper makes a precise but limited claim. It proposes that the Riemann Hypothesis can be
fruitfully reformulated as a fixed-locus confinement problem. The classical statement

all nontrivial zeros have real part 1/2
is equivalent in meaning to the statement

the nontrivial zero set lies inside the fixed locus of D(s) =1 -5
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This reformulation does not reduce the difficulty of RH by itself. It does not provide a proof. It
does not claim that Homotopy Type Theory automatically solves a problem in analytic number
theory. It does not claim that symmetry alone is sufficient to force zero confinement.

Instead, the paper aims to clarify the form of the missing explanation. The functional equation
supplies symmetry. Complex conjugation supplies additional reflection. Together they organize
the zero set. But they do not, by themselves, exclude off-line symmetric zero quartets.
Therefore any proof of RH must contain a principle stronger than symmetry. It must explain why
the nontrivial zeros are individually self-dual rather than merely collectively symmetric.

The paper develops this point through several linked themes. First, it identifies the completed
zeta function as the correct symmetric object. Second, it defines the reflection-conjugation map
D and derives its fixed locus. Third, it restates RH as zero-set containment. Fourth, it explains
why symmetry alone is insufficient. Fifth, it connects the analytic structure of zeta to prime-
exponent equivalence and the Euler product. Sixth, it proposes HoTT-inspired equivalence
language as a way to organize these transformations. Seventh, it outlines formalization
pathways in proof assistants such as Lean, Coq, and Agda.

The guiding question is simple:

What mathematical principle forces symmetric zero-pairing to become fixed-locus
confinement?

This question does not replace the Riemann Hypothesis. It sharpens it. The paper’s purpose is to
make the target clearer: not merely to locate zeros, but to identify the structural mechanism
that would require prime-encoded analytic cancellation to occur only on the self-dual locus of
the completed zeta function.

2. The Completed Zeta Function as the Correct Symmetric Object

The fixed-locus interpretation of the Riemann Hypothesis requires the correct analytic object.
The ordinary Riemann zeta function {(s) already contains the arithmetic information of the
primes through its Euler product, but its deepest symmetry is not visible in its simplest
presentation. The Dirichlet series displays (s) as a sum over positive integers. The Euler product
displays {(s) as a product over primes. Analytic continuation extends {(s) beyond the half-plane
where the original series converges. Completion by gamma and normalization factors then
produces a symmetric object, commonly denoted &(s), whose functional equation has the clean
form &(s) = §(1 - s). This completed function is the natural object for fixed-locus reasoning
because its defining symmetry directly identifies the critical line as the self-dual axis of the
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problem. The Riemann Hypothesis concerns zeros of {(s), but its structural interpretation is
most naturally expressed through §(s).

2.1 The Dirichlet-Series Presentation

The Riemann zeta function begins with the Dirichlet series

{(s) = Z n"(-s)

where the sum ranges over positive integers n and the complex variable is written as
s=0+it

This series converges absolutely when

Re(s)>1

In that half-plane, the zeta function is directly interpretable as a weighted sum over the
counting numbers. Each positive integer contributes a term n”(-s), and the real part o controls
decay. When o is large, the terms shrink rapidly. When o approaches 1 from the right, the
convergence becomes more delicate. The imaginary part t introduces oscillation, because n”(-it)
can be expressed as a complex phase depending on log n.

This first presentation is important because it shows {(s) as an analytic encoding of the positive
integers. It does not yet display the primes explicitly. It treats the integers as a sequence:

1,2,3,4,5, ..

The structure is additive in the sense that {(s) is written as a sum. From this perspective, the
zeta function appears to be a global aggregate over the natural-number line.

However, the Dirichlet-series presentation is incomplete as a global view. It only converges in
the region Re(s) > 1. The nontrivial zeros relevant to the Riemann Hypothesis lie in the critical
strip

O<Re(s)<1

where the original series does not converge in the ordinary sense. Therefore, if one identifies
{(s) only with its Dirichlet series, the central region of the Riemann problem remains
inaccessible.

This illustrates the importance of presentation. The Dirichlet series is a valid local presentation
of {(s), but it is not the whole object. It reveals the integer-sum structure but hides both the
prime-product structure and the eventual functional symmetry. To reach the Riemann
Hypothesis, one must move beyond this initial expression.
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In the equivalence-first language of this paper, the Dirichlet series is one presentation of a
deeper analytic object. It is not discarded, but it must be related to other presentations that
reveal other structures.

2.2 The Euler-Product Presentation

In the same half-plane of absolute convergence, Re(s) > 1, the zeta function has a second
fundamental presentation:

(s) =Np (1 - p~(-s))”(-1)

where the product ranges over all prime numbers p. This is the Euler product. It is the point at
which the zeta function becomes visibly connected to prime number theory.

The reason this product works is unique prime factorization. Each positive integer n can be
written uniquely as

n =Mp p”(ap)

where the exponents ap are nonnegative integers and all but finitely many are zero. Expanding
each prime factor in the Euler product gives

(1= p"(=s))M(-1) = 1 + p~(=s) + p(-2s) + p/(-3s) + ...

Multiplying these expansions over all primes amounts to choosing an exponent for each prime.
Each finite choice of exponents produces exactly one positive integer. Thus the product over
primes reconstructs the sum over integers.

The Euler product therefore translates arithmetic structure into analytic form. It says that the
zeta function is not merely a sum over all integers; it is also a product over the irreducible
multiplicative atoms of the integers. The primes are the hidden coordinates of the Dirichlet
series.

In the framework of this paper, this is the first major equivalence:
sum over integers = product over primes

This equivalence is not merely symbolic. It expresses the fact that the positive integers and
finite prime-exponent configurations carry the same multiplicative information. The Euler
product is the analytic shadow of that arithmetic equivalence.

This matters for the Riemann Hypothesis because the zeros of {(s) are deeply connected to the
distribution of primes. The primes enter through the Euler product, while the zeros enter
through analytic continuation and global complex behavior. The zeta function is the bridge
between these domains.

14



Nevertheless, the Euler product also has a limitation. Like the original Dirichlet series, it is valid
directly only in the region Re(s) > 1. The product presentation reveals primes, but it does not by
itself take us into the critical strip. To study the nontrivial zeros, the function must be
analytically continued.

2.3 Analytic Continuation and the Critical Strip

Analytic continuation reveals that the zeta function has a life beyond its original Dirichlet series.
Although the series

Y n”(-s)

converges only for Re(s) > 1, {(s) can be extended to a meromorphic function on the complex
plane, with a single pole at s = 1. This continuation is essential because the Riemann Hypothesis
concerns zeros in the critical strip:

O<Re(s)<1

Without analytic continuation, the central region of the problem would not be part of the
function’s domain.

This is one of the most important conceptual lessons of zeta theory: an object may be
introduced by one formula but not exhausted by that formula. The Dirichlet series is not false or
secondary; it is a local presentation. Analytic continuation reveals the global object that the
local presentation belongs to.

The critical strip is where several structures converge. To the right, in Re(s) > 1, the Dirichlet
series and Euler product both make direct sense. Inside the strip, the original series and product
no longer supply ordinary convergent formulas, but the analytically continued function still
exists. The nontrivial zeros appear there. These zeros are not visible merely by inspecting the
original sum. They are features of the global analytic continuation.

The strip is also the region organized by the functional equation. The transformation
s—1-5s

maps the critical strip to itself. A point with real part o is sent to a point with real part 1 - o.
Thus the critical strip is not only the domain where nontrivial zeros occur; it is also the domain
where the zeta symmetry becomes geometrically meaningful.

Analytic continuation therefore performs a structural expansion. It moves the zeta function
from a region of direct arithmetic convergence into a global analytic setting where zeros,
symmetries, and reflection become visible.
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In equivalence-first terms, analytic continuation is another change of presentation. The function
first appears as a convergent sum, then as a product over primes, and then as a meromorphic
object whose meaning extends beyond either initial expression. Each presentation reveals
something essential. The critical strip becomes accessible only after this global analytic identity
is accepted.

2.4 Completion by Gamma and Normalizing Factors

The completed zeta function is obtained by modifying {(s) with additional factors that make its
symmetry transparent. One common completed form is

&(s) = 1/2 s(s - 1)m™(-s/2)T(s/2){(s)

This expression includes the gamma function [(s/2), a power of i, and the polynomial factor s(s
- 1). These factors are not arbitrary. They normalize the zeta function so that its global
symmetry can be expressed in the simple form

§(s) = &(1-5)

The factor s(s — 1) removes the pole behavior associated with {(s) at s = 1 and balances the
behavior at s = 0. The gamma factor and nt factor arise naturally from the analytic machinery
underlying the functional equation. Together, they produce an entire function whose symmetry
is clean and central.

This completion is crucial for the fixed-locus program. The raw {(s) is the function most directly
connected to the primes, but £(s) is the object in which the reflection symmetry is most
naturally expressed. If the goal is to interpret the Riemann Hypothesis as fixed-locus
confinement, then the completed function is the proper object to study.

The completion also shows that the Riemann problem is not merely about the zeros of one
isolated formula. It is about an analytically structured object assembled from arithmetic,
gamma-function analysis, normalization, and symmetry. The completed function gathers these
ingredients into a form where the critical line appears as the natural axis of self-duality.

This is analogous to choosing the right coordinate system or the right invariant in geometry. A
structure may be present but hidden until the object is rewritten in the correct form.
Completion rewrites {(s) so that the symmetry becomes explicit. Once this is done, the fixed-
locus interpretation becomes immediate.

The completed function also avoids distractions caused by the pole at s = 1 and by certain trivial
features of {(s). It places the nontrivial zero problem into a cleaner global setting. The zeros
relevant to RH are preserved in the completed function, while the symmetry becomes more
direct.
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Thus the transition from {(s) to &(s) is not merely technical. It is conceptual. It selects the object
whose identity is most naturally governed by the reflection symmetry.

2.5 Why §(s) Rather Than {(s) Carries the Clean Symmetry

The distinction between {(s) and £(s) is central to this paper. The Riemann zeta function {(s)
contains the prime-encoded analytic content. Its Euler product displays the connection to prime
factorization. But the completed zeta function (s) carries the clean symmetry needed for fixed-
locus reasoning.

The functional equation for {(s) can be written in several forms, but these forms involve
additional factors and are less symmetric in appearance. The completed function absorbs those
factors so that the symmetry becomes simply

&(s)=¢&(1-5s)

This equation makes the reflection across Re(s) = 1/2 explicit. The critical line becomes the axis
of the transformation that identifies the function at s with the function at 1 - s.

For a fixed-locus interpretation, this matters enormously. A fixed locus is meaningful only
relative to a transformation. The relevant transformation here is the self-duality of the
completed zeta function. Since £(s) is the object that expresses that self-duality cleanly, (s) is
the proper object for the formulation

Z¢& c Fix(D)
where
D(s)=1-5

and Z¢§ is the nontrivial zero set of the completed function.

This does not mean {(s) is replaced or demoted. Rather, {(s) and (s) play different roles. {(s)
reveals arithmetic content through the Dirichlet series and Euler product. &(s) reveals global
symmetry through completion. The Riemann Hypothesis sits at the intersection of these roles:
the zeros are significant because of their arithmetic connection to primes, but their conjectured
location is significant because of the symmetry of the completed function.

The completed function is therefore the correct symmetric object. It allows the Riemann
Hypothesis to be restated as a confinement problem:

the zero set of the prime-encoded analytic object lies on the fixed locus of its completed self-
duality
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This restatement is equivalent in content to the classical critical-line formulation, but it is
conceptually sharper. It identifies the critical line not merely as a coordinate but as the fixed
locus of the transformation naturally associated with the completed zeta function.

The next step is to examine that transformation directly. The reflection-conjugation map
D(s)=1-5

will be defined, its fixed locus will be derived, and its role in the structure of zeta zeros will be
made explicit.

3. The Reflection-Conjugation Map D(s) =1-5

The fixed-locus interpretation of the Riemann Hypothesis depends on a particular
transformation of the complex plane. The completed zeta function has the functional symmetry
&(s) = §(1 - s), while its zero set also respects complex conjugation. When these two symmetries
are combined, one obtains the map D(s) = 1 - 3. This map sends a point in the critical strip to its
reflection across the critical line while preserving the sign of its imaginary coordinate. Its fixed
points are exactly the points on Re(s) = 1/2. Thus the critical line can be defined not merely as a
midpoint but as the set of points that are self-dual under D. This section develops D(s) as the
central transformation of the fixed-locus program. The goal is to make precise why the Riemann
Hypothesis may be interpreted as the claim that every nontrivial zero is individually self-dual
under the natural reflection-conjugation symmetry associated with the completed zeta
function.

3.1 Reflection Across the Critical Line

The completed zeta function satisfies the symmetry
&(s) =§(1-5)

The transformation

s—1-5s

is a reflection across the vertical line

Re(s) =1/2

To see this, write

s=0+it

Then
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l-s=1-0-it

The real part o is changed into 1 — o, while the imaginary part t changes sign. The real
coordinate is reflected across the midpoint o = 1/2. A point with real part 3/4 is sent to a point
with real part 1/4. A point with real part 1/4 is sent to a point with real part 3/4. Points on the
critical line have real part 1/2 and therefore remain on the same vertical line after reflection.

This reflection is central to the geometry of the critical strip. The strip
O<Re(s)<1

is mapped to itself by s = 1 - s. The right half of the strip is exchanged with the left half, while
the critical line stands between them as the axis of symmetry. The line is not chosen arbitrarily;
it is forced by the transformation appearing in the functional equation.

However, the map s = 1 - s alone reverses the imaginary coordinate. If s=o +it, then1-s=1 -
o - it. This means that the point is reflected not only horizontally across the critical line but also
vertically across the real axis as part of the same operation. The functional equation pairs values
of the completed zeta function at these two locations.

For zero symmetry, one also considers complex conjugation separately. Since zeros are reflected
across the real axis, the combined symmetry structure is richer than s = 1 - s alone. This
motivates the map D(s) = 1 - 5, which keeps the imaginary coordinate fixed while reflecting the
real coordinate across the critical line.

The importance of reflection is that it makes the critical line structurally distinguished. The line
Re(s) = 1/2 is the mirror axis of the completed zeta function’s functional symmetry. The
Riemann Hypothesis asserts that the nontrivial zeros do not merely occur in a pattern
symmetric around that line; they lie on the line itself.

3.2 Complex Conjugation of Zeta Zeros

Complex conjugation is the map

sH 3

If
s=0+it
then
S=o-it

This transformation reflects the complex plane across the real axis. It leaves the real part
unchanged and reverses the sign of the imaginary part.
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The zeta function has a conjugation symmetry that follows from its real arithmetic structure. In
regions where {(s) is represented by its Dirichlet series, the coefficients are real. More generally,
after analytic continuation, the function retains the property that conjugate inputs correspond
to conjugate values. Thus if a complex number p is a zero, then its conjugate p is also a zero.

In terms of zeros, this means:
if (p) = 0, then g(p) =0

The same zero symmetry applies to the completed zeta function, because the completion
factors are also compatible with conjugation in the relevant domain. Therefore the nontrivial
zeros are symmetric above and below the real axis.

Complex conjugation by itself does not explain the critical line. It preserves the real part of a
point and merely changes the sign of the imaginary part. A zero at o + it is paired with a zero at
o - it. This symmetry says that zeros come in upper and lower pairs, but it does not constrain o
to equal 1/2.

The critical-line issue arises only when conjugation is combined with the functional reflection.
The functional equation provides a relationship between s and 1 - s. Conjugation provides a
relationship between s and §. Together they imply that if a zero occurs away from the critical
line, then additional reflected zeros must accompany it.

For example, if

p=0+it

is a zero, then its conjugate is

p=0-it

The functional reflection gives

l-p=1-0-it

and applying conjugation to that reflected point gives
1-p=1-0+it

Thus an off-line zero generally belongs to a symmetry family. This family is compatible with the
known symmetries. Therefore the existence of reflection and conjugation symmetry is not
enough to prove RH. It only organizes the possible zeros.

The fixed-locus approach focuses on the combined transformation that turns this family
structure into a pointwise self-duality condition.
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3.3 Combining Reflection and Conjugation
The transformation central to this paper is
D(s)=1-53

This map combines complex conjugation with reflection across the critical line. It first takes the
complex conjugate of s and then applies the functional reflection.

Let
s=0+it
Then
S=o-it
SO

D(s)=1-5=1-0+it

Thus D changes the real part from o to 1 - o while leaving the imaginary part t unchanged.
Geometrically, D reflects a point horizontally across the critical line Re(s) = 1/2. It does not flip
the point across the real axis. It sends the point directly to the other side of the critical line at
the same height.

This is why D is the natural map for fixed-locus confinement. The transformation compares
points at the same imaginary coordinate but opposite positions relative to the critical line. If a
point lies on the critical line, D sends it to itself. If a point lies off the critical line, D sends it to a
distinct point on the opposite side of the strip.

For a zero off the critical line, D identifies its horizontal partner. If
p=0+it

then

D(p)=1-o+it

If o is not equal to 1/2, then D(p) is a different point. The zero set can still be symmetric under D
without every zero being fixed by D. In that case, zeros would occur in mirrored pairs across the
critical line.

The Riemann Hypothesis says something stronger. It says that every nontrivial zero is already
fixed by D. In other words, every nontrivial zero satisfies

D(p)=p
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This is equivalent to saying
Re(p) =1/2
Thus D allows the Riemann Hypothesis to be expressed as pointwise self-duality of zeros.

This is conceptually sharper than saying only that zeros lie on the critical line. It explains why the
critical line is the relevant line: it is the set of points unchanged by the natural reflection-
conjugation transformation. The conjecture is that prime-encoded analytic cancellation occurs
only at points invariant under this transformation.

3.4 Deriving the Fixed Locus Re(s) =1/2

The fixed locus of D is the set of complex numbers satisfying
D(s)=s

Using

D(s)=1-5

and writing

s=o+it

we have

D(s)=1-o+it

The fixed-point equation becomes
l-o+it=0+it

Equating real and imaginary parts gives

l-o0o=0

t=t
The imaginary part imposes no restriction. The real part gives
20=1

and therefore
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o=1/2
Thus

Fix(D) = {s € C: Re(s) = 1/2}

The fixed locus is the critical line. It is not a single point, but an infinite vertical line extending in

both imaginary directions. Every point on this line is self-dual under D. Every point off this line is

mapped to a distinct partner on the opposite side of the line.

This derivation is elementary, but its interpretation is important. The critical line is not merely
the midpoint of the strip in a Euclidean sense. It is the locus of self-identification under the
transformation naturally produced by the combination of zeta reflection and complex
conjugation.

The fixed-locus language also distinguishes between two different kinds of symmetry. A set A
may be invariant under D if

D(A)=A

This means D maps the set to itself. But a point s is fixed under D only if
D(s)=s

Pointwise fixedness is stronger than setwise invariance.

The known symmetries of the zeta function imply that the nontrivial zero set is organized by
reflection and conjugation. But RH says more than setwise symmetry. It says that every
nontrivial zero is individually fixed by D. Therefore RH may be written as

Z¢& c Fix(D)
where Z¢ is the nontrivial zero set of the completed zeta function.

This formulation isolates the core difficulty. Symmetry explains why the zero set respects D. It
does not explain why the zero set should be contained in Fix(D). The missing principle must
convert invariance into confinement.

3.5 The Critical Line as a Self-Dual Axis

The critical line is the self-dual axis of the completed zeta function’s reflection-conjugation
structure. A point on this line is not merely centrally located; it is identical to its transformed
counterpart under D. This makes the line structurally privileged.

If

s=1/2 +it
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then

§=1/2 -it

and
D(s)=1-5=1-(1/2-it)=1/2+it=s

Thus every point of the critical line is self-dual. The map D folds the critical strip onto itself, and
the critical line is where the fold closes.

For a point off the critical line, such as
s=o+it

with

oz1/2

the image

D(s)=1-o0+it

is distinct from s. Such a point is paired with another point across the critical line. This is
collective symmetry, not individual self-duality.

The Riemann Hypothesis may therefore be interpreted as the assertion that nontrivial zeros are
not merely paired by the zeta symmetry. They lie precisely where the symmetry becomes self-
identification. In fixed-locus language:

every nontrivial zero is a self-dual zero

This phrase should be understood carefully. It does not mean that a zero proves its own location
by terminology. It means that if RH is true, then each nontrivial zero satisfies the fixed-point
condition of D. The conjecture is exactly the confinement of the zero set to the self-dual axis.

This perspective also clarifies why the completed zeta function is necessary. The symmetry §(s) =
&(1 - s) gives the analytic basis for reflection. Complex conjugation gives the corresponding
vertical symmetry of zeros. The combined map D(s) = 1 - 5 gives the clean horizontal reflection
whose fixed locus is the critical line. Without the completed function, the symmetry is less
transparent. Without D, the fixed-locus interpretation is less direct.

The critical line is therefore not only the expected location of zeros. It is the geometric
expression of zeta self-duality. The next section will use this transformation to state the
Riemann Hypothesis explicitly as zero-set containment:

Z¢& c Fix(D)
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This containment statement is mathematically equivalent to the classical RH formulation, but it
presents the problem in a way that exposes the missing structural mechanism. The central
guestion becomes: what forces the zero set of the completed, prime-encoded analytic object to
lie entirely on its self-dual axis?

4. The Riemann Hypothesis as Zero-Set Containment

The fixed-locus interpretation becomes precise when the Riemann Hypothesis is written as a
containment relation. The classical formulation says that every nontrivial zero of the Riemann
zeta function has real part 1/2. The fixed-locus formulation says that the nontrivial zero set of
the completed zeta function lies inside the fixed locus of the reflection-conjugation map D(s) = 1
- 5. These are equivalent statements, but they emphasize different structures. The classical
statement emphasizes location in the complex plane. The fixed-locus statement emphasizes
self-duality under a natural transformation. This distinction matters because the functional
equation and conjugation symmetry already imply that the zero set has reflection structure.
What remains mysterious is why the zeros should be individually fixed by that structure rather
than merely arranged in symmetric pairs or quartets. By writing RH as Z§ c Fix(D), the problem
becomes a confinement problem: why should prime-encoded analytic cancellation occur only
on the self-dual locus?

4.1 Defining the Nontrivial Zero Set

The Riemann zeta function {(s) has zeros of two broad kinds. The trivial zeros occur at negative
even integers. These arise from the functional equation and the gamma-factor structure of the
completed function. They are important in the full analytic theory of {(s), but they are not the
zeros involved in the Riemann Hypothesis.

The nontrivial zeros lie in the critical strip:
O<Re(s)<1

These are the zeros whose distribution is deeply connected to the distribution of prime
numbers. If p denotes such a zero, then

ip)=0
and
O<Re(p)<1

The Riemann Hypothesis asserts that every such p satisfies
Re(p) =1/2
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For the fixed-locus formulation, it is useful to define the nontrivial zero set of the completed
zeta function. Let

ZE={seC:¢(s)=0and 0 < Re(s) <1}

Because the completion factors are chosen to remove pole behavior and express symmetry
cleanly, (s) is the better object for discussing the structural zero set. The nontrivial zeros of {(s)
correspond to the relevant zeros of £(s) in the critical strip. Thus one may use Z¢ as the zero set
of interest.

The critical point is that Z£ is not just a set of complex numbers. It is the analytic shadow of
arithmetic structure. Through the Euler product and related explicit formulas, the nontrivial
zeros are connected to the fluctuation of primes around their average distribution. Their
location matters because it determines the strength and order of error terms in prime-counting
phenomena.

In this paper, Z§ is treated as the distinguished invariant set. It is the set whose confinement is
being studied. The question becomes: under the natural symmetry of the completed zeta
function, why should every point of Z¢ lie on the fixed locus?

4.2 Defining Fix(D)

The transformation central to the fixed-locus formulation is
D(s)=1-53

Writing

s=o+it

gives

S=o-it

and therefore

D(s)=1-o+it

This map reflects a point horizontally across the critical line while leaving its imaginary
coordinate unchanged. A point on the right side of the critical strip is sent to the corresponding
point on the left side at the same height. A point on the critical line remains fixed.

The fixed locus of D is defined as
Fix(D) = {s € C: D(s) = s}
Substituting the expression for D gives

26



l-o+it=0+it

l-o0=o0

and therefore

o=1/2

Thus

Fix(D) = {s € C: Re(s) = 1/2}

The fixed locus of D is exactly the Riemann critical line.

This is a simple calculation, but it gives the critical line a structural definition. The line is not
merely located halfway across the strip. It is the set of points that are invariant under the
reflection-conjugation symmetry. It is the self-dual axis of the completed zeta function’s zero
geometry.

The distinction between invariance and fixedness is essential. A set may be invariant under D if
D maps the set to itself. This allows points to move in pairs. But a point is fixed only if D maps
that point to itself. The Riemann Hypothesis asserts pointwise fixedness of all nontrivial zeros
with respect to D.

Thus the fixed-locus program separates two statements:
Z¢& is symmetric under D

Z¢ is contained in Fix(D)

The first follows from known symmetry. The second is the Riemann Hypothesis.
4.3 Classical RH and Fixed-Locus RH

The classical statement of the Riemann Hypothesis is:

If {(p) =0 and 0 < Re(p) < 1, then Re(p) = 1/2.

The fixed-locus version is:

If &(p) =0 and 0 < Re(p) < 1, then D(p) = p.

Because

D(p)=p

is equivalent to
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Re(p) =1/2

these two statements are equivalent in content. The fixed-locus version does not weaken,
strengthen, or bypass the classical hypothesis. It restates it in a different structural language.

This equivalence matters because it prevents overstatement. The fixed-locus formulation is not
a new proof and not a different conjecture. It is a reformulation designed to make the role of
symmetry explicit. It asks us to interpret the critical line not merely as a location but as a self-
dual condition.

The classical form is coordinate-based:

zeros lie on Re(s) =1/2

The fixed-locus form is transformation-based:
zeros are fixed by D(s) =1 -5

The difference is conceptual. In the coordinate-based form, the number 1/2 is central. In the
transformation-based form, the self-duality is central. The number 1/2 appears because it is the
real coordinate of the fixed locus.

This distinction aligns with the equivalence-first philosophy of the paper. Mathematical meaning
is often clarified by identifying the transformation under which an object becomes invariant.
The Riemann Hypothesis is then not merely a claim about where zeros sit, but a claim about
how zeros relate to the defining symmetry of the completed zeta function.

The fixed-locus formulation also clarifies what kind of explanation would be satisfactory. A proof
of RH must do more than show that the zero set respects symmetry. It must show that the zeros
cannot occupy the non-fixed symmetric positions allowed by that symmetry. It must force zero
locations into the fixed locus itself.

4.4 The Containment Statement Z§ c Fix(D)

The fixed-locus formulation can be compressed into the containment statement
Z¢& c Fix(D)

where

28={s€C:¢&s)=0and0<Re(s) < 1}

and

Fix(D) = {s € C: D(s) = s}

with
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D(s)=1-3

Since

Fix(D) = {s € C: Re(s) = 1/2}

the containment statement says exactly that every nontrivial zero lies on the critical line.

This formulation has several advantages. First, it makes the Riemann Hypothesis look like a
general mathematical pattern. One has an object, a transformation, a fixed locus, and an
invariant set. The question is whether the invariant set is confined to the fixed locus.

Second, it separates known structure from conjectural structure. The known structure is that
the completed zeta function has a functional equation and that its zeros obey reflection and
conjugation symmetries. The conjectural structure is that all nontrivial zeros are individually
fixed under D.

Third, it clarifies the missing principle. A symmetric zero set could satisfy
D(z8) = 2§

without satisfying

Z¢& c Fix(D)

The first statement says the set is mapped to itself. The second says every point in the set is
fixed. The Riemann Hypothesis demands the stronger statement.

Fourth, the containment form is well suited for formalization. In a proof assistant, one can
define the complex plane, the completed zeta function, the zero set, the map D, the fixed locus
of D, and then state the conjecture as a subset relation. Even without proving RH, this makes
the logical structure explicit.

The containment form also allows comparison with other areas of mathematics. In dynamical
systems, one studies invariant sets, attractors, and fixed points. In geometry, one studies fixed
loci of group actions. In spectral theory, one studies eigenvalue constraints imposed by operator
symmetries. In Homotopy Type Theory, one studies equivalences, identity types, and coherent
fixed structures. The statement Z§ c Fix(D) places RH into this broader family of structural
confinement problems.

4.5 Why This Reformulation Is Equivalent but Conceptually Sharper

The fixed-locus formulation is equivalent to the classical Riemann Hypothesis because the fixed
locus of D is exactly the critical line. Nothing has been added to the conjecture, and nothing has
been removed. The statement
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Re(p) =1/2
and the statement

D(p)=p
are interchangeable for complex numbers p in the critical strip.

Yet equivalence of logical content does not mean equivalence of conceptual emphasis. The
classical statement tells us where the zeros should be. The fixed-locus statement tells us what
structural property the zeros should have. They should be self-dual under the natural reflection-
conjugation map associated with the completed zeta function.

This is sharper because it identifies the critical line by its role in the symmetry of £(s). The line is
no longer a passive geometric location. It becomes the set of self-identifying points under D. RH
becomes the claim that every nontrivial zero has this self-identifying property.

The reformulation also exposes the insufficiency of ordinary symmetry. The functional equation
and conjugation imply that zeros are organized symmetrically, but they do not force fixedness. A
zero off the line could be accompanied by its reflected partners and still preserve the symmetry
of the full zero set. Therefore the essence of RH is not merely symmetry but confinement to the
fixed locus.

This phrasing is useful because it sharpens the research question:
What turns setwise symmetry into pointwise self-duality?

That question is broad enough to connect several possible approaches. A spectral approach
might seek an operator whose structure forces zeros onto the line. A geometric approach might
seek a space whose invariants naturally live on the self-dual locus. A positivity approach might
identify an inequality or kernel condition excluding off-line zeros. A type-theoretic or categorical
approach might seek a coherence principle that distinguishes fixed points from merely paired
points.

The fixed-locus formulation does not choose among these mechanisms. It gives them a
common target. Any successful explanation must account for why the zero set is not merely
invariant under D, but contained in Fix(D).

Thus the reformulation is valuable even though it is not a proof. It translates RH into a structural
confinement problem. It makes explicit the object, transformation, fixed locus, and invariant set.
It identifies the gap between known symmetry and conjectured fixedness. It also prepares the
next section, which will examine why symmetry alone is insufficient and why the missing
constraint is the true heart of the Riemann Hypothesis.
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5. Symmetry Is Not Enough: The Missing Constraint

The fixed-locus formulation of the Riemann Hypothesis clarifies the structure of the problem,
but it also exposes the central difficulty. The completed zeta function possesses a functional
symmetry, and its zeros obey reflection and conjugation relations. These symmetries explain
why the zero set is organized around the critical line. They do not explain why every nontrivial
zero must lie on that line. A symmetric set can contain points off its mirror axis, provided those
points are accompanied by their reflected partners. Therefore, the Riemann Hypothesis cannot
be proved from symmetry alone. It requires an additional principle that converts global
symmetry into pointwise self-duality. In the language of this paper, the missing constraint must
explain why the invariant zero set is not merely preserved by the map D(s) = 1 - 5, but confined
to its fixed locus. This section examines the gap between symmetry and confinement and
identifies the kinds of mechanisms that a successful explanation would need.

5.1 Why Functional Symmetry Allows Off-Line Zeros
The completed zeta function satisfies
&(s) =§(1 - )

This equation imposes a strong relation between values of the function on opposite sides of the
critical line. If a zero occurs at s, then the functional equation implies a corresponding zero at 1
- s, provided the point lies in the relevant analytic domain. Complex conjugation supplies
another symmetry: if s is a zero, then s is also a zero. Together, these symmetries organize the
zero set in a highly constrained way.

However, organization is not the same as confinement. Suppose there were a zero off the
critical line:

p=0+it

with

oz1/2

Then the known symmetries would generate associated points:

p=0-it

l-p=1-0-it

1-p=1-0+it

This collection is symmetric with respect to both the real axis and the critical line. Nothing

about the symmetry alone rules it out. Such a configuration would respect the functional
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equation and conjugation symmetry. It would violate the Riemann Hypothesis, but not because
it breaks the basic symmetry of the completed zeta function. It would violate RH because its
zeros are not individually fixed by the reflection-conjugation map

D(s)=1-5

This distinction is decisive. Symmetry alone says that if an off-line zero exists, its partners must
also exist. RH says no such off-line zero exists at all. The difference is the difference between
setwise invariance and pointwise fixedness.

A set A is invariant under D if

D(A) = A

But A is contained in the fixed locus of D only if
foreveryain A, D(a)=a

The first condition permits paired points. The second condition does not. The known
symmetries of £(s) give the first kind of structure. The Riemann Hypothesis asserts the second.

Thus the missing constraint must do more than recover the functional equation. It must explain
why the only allowed nontrivial zeros are those satisfying the fixed-point condition. Any
approach that merely reproduces the symmetry of ¢(s) has not reached the heart of RH.

5.2 Zero Quartets Away from the Critical Line

The possibility of off-line zero quartets is the simplest way to see why symmetry is insufficient. If
a zero lies away from the critical line and away from the real axis, the symmetries of the
completed zeta function naturally generate a quartet. Starting with

p=0+it
where
O<o<1
and
oz1/2

one obtains the four associated points:

o+it
o-it
1-o+it
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l1-o-it

These points form a rectangle symmetric about both the real axis and the critical line. The
vertical midpoint of the rectangle lies on the critical line, but the zeros themselves do not. The
configuration is globally balanced, but no individual point is self-dual under D unless o = 1/2.

This illustrates the difference between a symmetric orbit and a fixed point. Under the map D(s)
=1-5,the pointo +it mapsto1-o+it. If ois not 1/2, this is a distinct point. The pair is
symmetric across the critical line, but neither point is fixed. Under conjugation, each of these
points is paired with its reflection below the real axis.

The Riemann Hypothesis rules out such quartets. It asserts that the rectangle collapses
horizontally onto the critical line. The real coordinates ¢ and 1 - o become equal only when

c=1/2
Then the quartet degenerates into a conjugate pair on the critical line:
1/2 +it
1/2 - it

In fixed-locus language, RH states that every nontrivial zero belongs to this collapsed, self-dual
case.

This is a useful conceptual image. Without RH, the zero set could be arranged in symmetric
rectangles across the critical line. With RH, those rectangles have zero horizontal width. The
missing principle must explain why the horizontal displacement from the critical line is always
zero.

Let the horizontal displacement be
6=0-1/2

An off-line zero has

620

Its D-partner has displacement

-6

The symmetry permits both & and -6. RH asserts that only & = 0 occurs for nontrivial zeros. Thus
the problem can be described as the elimination of nonzero horizontal displacement in the zero
set.
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This makes the fixed-locus formulation sharper. The question is not whether the zero set is
symmetric; it is why all nontrivial zeros have zero displacement from the self-dual axis.

5.3 Individual Self-Duality Versus Collective Symmetry

The distinction between individual self-duality and collective symmetry is central to the paper’s
argument. A collection may be symmetric even when none of its members is fixed. A pair of
points equidistant from a mirror line is symmetric as a pair, but neither point lies on the mirror.
A square is symmetric under rotation, but most of its points are not fixed by the rotation. A
function may have a symmetric zero set without every zero lying on the symmetry axis.

The Riemann Hypothesis asserts a stronger property for the nontrivial zeros of the zeta
function. It asserts that each zero is individually self-dual with respect to D. If

p=1/2+it
then
D(p)=1-p
Since
p=1/2-it
we have

D(p)=1-(1/2-it)=1/2+it=p

Thus every zero on the critical line is fixed by D.

If instead

p=0+it

with

oz1/2

then

D(p)=1-o+it

which is not equal to p. The zero may still be part of a symmetric orbit, but it is not self-dual.

This difference changes the conceptual meaning of RH. The hypothesis is not merely that the
zero set looks symmetric around a central line. It is that the prime-encoded analytic
cancellations represented by the nontrivial zeros occur only at points where the completed zeta
function’s duality folds back onto itself.
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In the language of equivalence-first mathematics, a point on the critical line is not merely paired
with an equivalent point. It is identified with its own dual. The transformation does not send it
elsewhere. It returns it to itself. This is the fixed-locus condition.

The same distinction appears in many areas of mathematics. An object may be equivalent to
another object without being fixed by the equivalence. A shape may have a symmetric
counterpart. A category may be dual to another category. A representation may be paired with
a contragredient representation. But self-duality is stronger: the object is equivalent to its own
dual in a specified way.

RH can therefore be interpreted as a statement of universal self-duality for nontrivial zeros. The
zeros are not merely arranged in dual pairs. Each zero is constrained to the locus where duality
becomes self-identification.

This interpretation does not solve the problem, but it clarifies what a solution must accomplish.
A proof must explain why every nontrivial zero is individually self-dual, not merely why the
collection of zeros is collectively symmetric.

5.4 What a Confinement Principle Would Need to Explain
A confinement principle for RH would need to explain why all nontrivial zeros satisfy
D(p)=p

rather than merely appearing in D-symmetric families. Such a principle would have to convert
setwise invariance into fixed-locus containment.

The known symmetries provide
D(Z§) = Z¢

The Riemann Hypothesis asks for
Z¢& c Fix(D)

The gap between these two statements is the core difficulty. A successful principle must
eliminate the possibility of zeros with nonzero horizontal displacement from the critical line.

Such a principle would need to account for several facts at once. First, it must preserve the
arithmetic meaning of the zeros. The zeros are not arbitrary analytic artifacts; they are
connected to the distribution of primes. Any proposed explanation that ignores the Euler
product and prime structure risks missing the arithmetic source of the problem.
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Second, the principle must respect the completed zeta function’s analytic symmetry. The critical
line is distinguished by the functional equation. A successful explanation must use or explain
that self-duality rather than treat the line as accidental.

Third, the principle must rule out off-line quartets. It is not enough to show that zeros are
reflected across the line. That is already known. The principle must show that reflected partners
cannot be distinct.

Fourth, it must operate globally. Numerical verification of many zeros on the critical line gives
evidence, but RH is a universal statement. The confinement mechanism must apply to all
nontrivial zeros.

Fifth, the principle should explain why the real part is exactly 1/2. A proof that merely estimates
zeros near the critical line would not be enough. The fixed-locus formulation demands exact
self-duality.

In abstract terms, the desired structure might look like this:

object: completed zeta function £(s)

symmetry: D(s)=1-35

known property: zero set is invariant under D

missing property: zero set is pointwise fixed under D

conclusion: Z€ c Fix(D)

The central question is therefore:

What mathematical structure forces invariant zeros to be fixed zeros?

This question is useful because it can be asked across several research programs. Spectral
approaches, positivity approaches, geometric approaches, categorical approaches, and formal
proof approaches can all be evaluated by whether they supply such a confinement mechanism.

5.5 Positivity, Spectrality, Coherence, and Other Candidate Mechanisms

Several kinds of mathematical mechanisms might, in principle, explain fixed-locus confinement.
This paper does not claim that any one of them succeeds. It identifies them as categories of
explanation that could bridge the gap between symmetry and RH.

One possible mechanism is positivity. Many deep theorems in analysis and number theory
depend on showing that a certain kernel, form, distribution, or operator is positive. A positivity
condition can rule out unwanted roots or force spectral data into a constrained region. If RH is
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equivalent to some positivity statement, then fixed-locus confinement might arise because off-
line zeros would violate positivity.

Another possible mechanism is spectrality. The Hilbert-Pdlya idea suggests that the imaginary
parts of zeta zeros might correspond to eigenvalues of a suitable self-adjoint operator. Self-
adjoint operators have real spectra. If the zeros could be encoded in the right spectral form, the
critical-line condition might become a consequence of spectral reality. In fixed-locus language,
spectrality would provide a structure that forces zero data onto the self-dual axis.

A third possible mechanism is geometric confinement. In spectral geometry, fractal strings,
trace formulas, and related frameworks, analytic information can arise from geometric or
dynamical invariants. If the zeta zeros are shadows of a deeper geometric structure, the critical
line might reflect a geometric self-duality or dimensional constraint.

A fourth possibility is categorical or type-theoretic coherence. In an equivalence-first setting,
one might ask whether zeros should be viewed not merely as points but as objects carrying
coherence data under duality. A nontrivial zero on the critical line is fixed by D. An off-line zero is
merely paired. If a future theory required zeros to be coherent self-dual objects rather than
members of paired orbits, then fixed-locus confinement would follow from a structural identity
principle. This is speculative, but it matches the HoTT-inspired language of the paper.

A fifth possibility is arithmetic rigidity. Since the Euler product ties {(s) to prime factorization,
the distribution of primes may impose constraints stronger than analytic symmetry alone. The
nontrivial zeros encode prime-distribution fluctuations. A successful arithmetic rigidity principle
would show that the multiplicative structure of the integers forces those fluctuations to
correspond only to self-dual zeros.

These candidate mechanisms are not mutually exclusive. A future proof might combine spectral,
arithmetic, geometric, and positivity ideas. The value of the fixed-locus formulation is that it
provides a common target for all of them. Each candidate must answer the same question:

Why does D-invariance of the zero set strengthen to D-fixedness of every nontrivial zero?

This is the missing constraint. Symmetry identifies the correct axis. The Riemann Hypothesis
asserts confinement to that axis. A proof must explain why the zero set cannot occupy the
symmetric off-axis positions that the basic functional equation would otherwise allow.

Thus the fixed-locus program does not claim that RH follows from a new notation. It identifies
the exact structural gap between known symmetry and conjectured location. It frames the
Riemann Hypothesis as the search for a principle that turns collective symmetry into individual
self-duality.
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6. Prime-Exponent Equivalence and the Euler Product

The fixed-locus formulation of the Riemann Hypothesis concerns the zero set of the completed
zeta function, but the reason those zeros matter comes from arithmetic. The zeta function is not
merely a complex analytic object with an interesting symmetry; it is an analytic encoding of the
multiplicative structure of the positive integers. That structure is governed by primes. Every
positive integer decomposes uniquely into prime powers, and this unique decomposition
creates an equivalence between ordinary positive integers and finite prime-exponent
configurations. The Euler product is the analytic expression of that equivalence. It transforms a
sum over all positive integers into a product over primes. This section develops the arithmetic
side of the fixed-locus program. The goal is to show that the zeta function’s analytic structure
originates in prime-exponent equivalence, so that the Riemann Hypothesis becomes a
statement about where prime-encoded analytic cancellation occurs after arithmetic structure
has been transformed into complex analysis.

6.1 Positive Integers as Multiplicative Objects

The positive integers can be viewed in two basic ways: additively and multiplicatively. In the
additive view, the integers form a counting sequence:

1,2,3,4,5, ..

Each number is obtained from the previous one by adding one. This view emphasizes order,
succession, counting, and addition.

In the multiplicative view, the positive integers have a deeper internal architecture. Some
numbers are irreducible under multiplication. These are the primes. Other numbers are
composite and can be built from prime factors. Thus a positive integer is not only a location in a
sequence; it is also a multiplicative structure.

For example:
12=2%x3
30=2x3x5
72=23x32

210=2%x3x5x%x7

In each case, the ordinary integer conceals a structured product of primes. The number can be
treated as a compressed notation for its prime-power composition.

This shift is essential for understanding the zeta function. The Dirichlet series
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{(s) = Z n"(-s)
appears to sum over the additive sequence of positive integers. But the Euler product
{(s) = Mp (1 - p~(-s))*(-1)

reveals that the same function is governed by the multiplicative atoms of arithmetic. The primes
are not secondary. They are the coordinate system underlying the multiplicative structure of the
integers.

From an equivalence-first perspective, a positive integer is therefore not merely a symbol such
as 60 or 84. It is a structured multiplicative object whose prime decomposition preserves all
information relevant to multiplication and divisibility. To understand the zeta function, one must
understand how this multiplicative structure becomes analytic.

The positive integers are the raw domain. The primes are the irreducible basis. Prime exponents
are the coordinates. The Euler product is the analytic packaging of this structure.

6.2 Unique Factorization as an Equivalence

The Fundamental Theorem of Arithmetic states that every positive integer greater than one can
be written uniquely as a product of primes, up to the order of the factors. This uniqueness is
what turns prime factorization from a useful decomposition into an equivalence of
presentations.

For any positive integer n, one may write:
n =Mp p”(ap)

where p ranges over the primes, each exponent ap is a nonnegative integer, and all but finitely
many exponents are zero.

For example:
360=23x32x5

This corresponds to the prime-exponent data:

a2=3
a3=2
ab=1

ap =0 for all other primes
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The integer 360 and this finite prime-exponent configuration are different presentations of the
same multiplicative object. The ordinary notation 360 is compact. The prime-exponent notation
exposes internal structure.

The uniqueness clause is crucial. If factorization were not unique, then prime-exponent
representation would be ambiguous. The same integer might correspond to multiple
incompatible exponent configurations. But because factorization is unique, the correspondence
is exact.

Thus one may write informally:
positive integers = finite prime-exponent configurations

This equivalence preserves multiplicative information. Multiplication of integers corresponds to
addition of exponents. If

m = Mp p”(ap)

and

n = Mp p"(bp)

then

mn =p p”(ap + bp)

Divisibility also becomes coordinate-wise comparison. The integer m divides n precisely when,
for every prime p,

ap <bp

Greatest common divisors and least common multiples likewise become coordinate-wise
operations. The greatest common divisor uses the minimum exponent at each prime, while the
least common multiple uses the maximum exponent.

This shows that prime-exponent representation is not merely descriptive. It transforms
arithmetic operations into coordinate operations. The integer and the exponent vector are
equivalent because the essential multiplicative structure is preserved.

In the language of this paper, unique factorization is the arithmetic equivalence underlying the
zeta function’s Euler product.
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6.3 Finite Prime-Exponent Configurations

A finite prime-exponent configuration is a function from primes to nonnegative integers with
finite support. In ordinary language, it assigns an exponent to each prime, but only finitely many
primes receive a honzero exponent.

One may write such a configuration as:

a:P->N

where P is the set of primes, N is the set of nonnegative integers, and
a(p)=0

for all but finitely many primes p.

Given such a function, the corresponding positive integer is:

n =Mp p*(a(p))

Because only finitely many exponents are nonzero, the product is finite in substance even
though it is written over all primes.

This representation reveals that the positive integers occupy a kind of infinite-dimensional
arithmetic coordinate space. Each prime is a coordinate direction. An integer is a finite point in
that space, with only finitely many active coordinates.

For example, the integer
84=22x3x7

corresponds to a configuration with active prime coordinates 2, 3, and 7. All other prime
coordinates are zero.

This viewpoint makes multiplicative arithmetic geometrically intelligible. The primes form
independent axes. Exponents measure how far the integer extends along each prime axis.
Multiplication adds coordinate values. Divisibility compares coordinate values. Factorization
decomposes an integer into its coordinate basis.

The finite-support condition also matters philosophically. It says that each integer is built from
finitely many irreducible components, even though the total prime basis is infinite. This gives
the positive integers a local finite structure inside a global infinite coordinate system.

This is directly relevant to the Euler product. Each factor

(1-p"(-s))M(-1)
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corresponds to one prime coordinate. Expanding that factor allows all possible nonnegative
exponents of p. Multiplying over all primes allows all finite prime-exponent configurations. By
unique factorization, those configurations correspond exactly to positive integers.

Thus finite prime-exponent configurations provide the missing bridge between the Dirichlet
series and the Euler product. They are the arithmetic middle layer:

sum over integers
finite prime-exponent configurations
product over primes

The Euler product is possible because these three descriptions are structurally equivalent in the
appropriate analytic region.

6.4 From Prime Coordinates to Euler Products

The Euler product emerges naturally once positive integers are interpreted as finite prime-
exponent configurations. Begin with the geometric expansion for a single prime p:

(1 -p~(-s))™(-1) = 1 + p~(-s) + p~(-2s) + p~(-3s) + ...

Each term corresponds to choosing an exponent for the prime p. The term 1 corresponds to
exponent 0. The term p”(-s) corresponds to exponent 1. The term p”(-2s) corresponds to
exponent 2, and so on.

Now multiply this expansion over all primes:
Mp (1 - p~(-s))*(-1)

Expanding the product means choosing one exponent for each prime. A typical finite selection
produces a term of the form:

Mp p”(-a(p)s)

This can be rewritten as:

(Mp p”(a(p)))"(-s)

By unique factorization, the product
Mp p”(a(p))

is exactly one positive integer n, and every positive integer appears exactly once in this way.
Therefore the expanded Euler product becomes:

Y n/(-s)
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which is the Dirichlet series for {(s).

This derivation shows that the Euler product is not an accidental identity. It is the analytic
consequence of prime-exponent equivalence. The product over primes enumerates all possible
exponent choices. Unique factorization guarantees that those choices enumerate positive
integers exactly once.

This gives the zeta function two linked presentations:
{(s) = Z n"(-s)

and

{(s) = Np (1 - p"(-s))*(-1)

The first is sequential and additive in appearance. The second is multiplicative and prime-based.
Their equivalence reflects the fact that positive integers and finite prime-exponent
configurations are equivalent presentations of the same arithmetic domain.

In the fixed-locus program, this matters because the zeros of the zeta function are not arbitrary
zeros of an arbitrary analytic function. They arise from a function whose analytic structure is
rooted in the prime-coordinate decomposition of arithmetic. The completed zeta function adds
symmetry, but the arithmetic content enters through the Euler product.

Thus the full chain is:

prime factorization
prime-exponent equivalence
Euler product

analytic continuation
completed zeta function
functional equation

fixed locus

zero-set confinement problem

The Riemann Hypothesis is located at the end of this chain, but it cannot be conceptually
separated from the beginning. The zero-set confinement problem concerns an analytic object
whose origin is arithmetic.
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6.5 The Arithmetic Origin of Zeta’s Analytic Structure

The zeta function occupies a remarkable position because it transforms arithmetic discreteness
into analytic geometry. Prime factorization is a statement about integers. The Euler product
turns that statement into a function of a complex variable. Analytic continuation extends the
function beyond its original domain. Completion exposes a global symmetry. The nontrivial
zeros then become complex analytic features with arithmetic consequences.

This layered construction is central to the paper’s argument. The critical line is a fixed locus of
analytic self-duality, but the zeros matter because the function being completed is prime-
encoded. The Riemann Hypothesis is therefore not merely a statement about complex
symmetry. It is a statement about prime arithmetic after it has passed through analytic
continuation and completion.

The arithmetic origin can be summarized as follows:

positive integers are equivalent to finite prime-exponent configurations
finite prime-exponent configurations generate the Euler product

the Euler product identifies {(s) as prime-encoded

analytic continuation carries this object into the critical strip
completion reveals the self-duality &(s) = §(1 - s)

the critical line is the fixed locus of D(s) =1 -3

RH asserts that the nontrivial zeros lie on that fixed locus

This chain clarifies why a proof of RH must somehow reconcile arithmetic and symmetry. The
functional equation explains why the critical line is structurally distinguished. The Euler product
explains why the zeros are connected to primes. A full explanation must bridge these two facts.
It must show why the analytic cancellations generated by a prime-encoded function occur only
on the self-dual locus of the completed function.

In equivalence-first language, the zeta function passes through several presentations while
preserving essential structure. The integer-sum presentation, prime-product presentation,
continued analytic presentation, and completed symmetric presentation are not isolated
formulas. They are linked by transformations that reveal different layers of the same object.

This is why prime-exponent equivalence belongs in a paper about fixed-locus confinement.
Without the primes, the zero set would lose its arithmetic meaning. Without completion, the
critical line would lose its clean self-dual interpretation. The Riemann Hypothesis lives precisely
where these structures meet.
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The next section turns to Homotopy Type Theory and univalence as an organizing language for
these transformations. The goal is not to replace analytic number theory with type theory, but
to clarify how equality, equivalence, presentation, and fixed structure can be distinguished.
Prime-exponent equivalence provides the arithmetic example. Zeta self-duality provides the
analytic example. Fixed-locus confinement provides the conjectural bridge.

7. HoTT, Univalence, and Structural Sameness

The fixed-locus formulation of the Riemann Hypothesis depends on a distinction between literal
equality, structural equivalence, and self-duality. Homotopy Type Theory and univalence are
useful in this context because they provide a disciplined language for treating equivalence as
mathematically meaningful rather than merely metaphorical. The purpose of invoking HoTT is
not to claim that type theory proves the Riemann Hypothesis, nor to replace analytic number
theory with foundations. Rather, HOTT clarifies the grammar of the argument. The zeta function
appears through multiple presentations: Dirichlet series, Euler product, analytic continuation,
completed symmetric function, and fixed-locus formulation. Prime factorization likewise
presents each positive integer as a finite prime-exponent configuration. These are not identical
symbolic forms, but they preserve structure. HoTT helps distinguish when two forms are merely
similar, when they are equivalent, and when a fixed structure arises from an object being
mapped back to itself. This section develops the conceptual role of HoTT, univalence, identity
types, and equivalence-first reasoning in the fixed-locus program.

7.1 Equality, Equivalence, and Presentation

Ordinary mathematical writing often uses equality in many different ways. Sometimes equality
means literal symbolic identity. Sometimes it means two expressions compute the same value.
Sometimes it means that two objects are isomorphic, equivalent, or interchangeable under a
specified structure-preserving map. In elementary contexts, this flexibility is usually harmless. In
deeper settings, however, the difference between equality and equivalence becomes crucial.

The Riemann zeta function already demonstrates this issue. The expression
{(s) =2 n"(-s)

and the expression

{(s) = Np (1 - p"(-s))*(-1)

are not the same symbolic presentation. One is a sum over positive integers. The other is a
product over primes. Yet in the region Re(s) > 1, they define the same analytic function. Their
sameness depends on unique prime factorization and convergence. Thus the equality between
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the Dirichlet series and the Euler product is not merely typographical. It is a deep structural fact
connecting additive enumeration and multiplicative decomposition.

The completed zeta function adds another layer. The expression
§(s) = 1/2 s(s - )™ (-s/2)(s/2)(s)

is not simply {(s) written in a different font. It is a transformed object designed to expose the
symmetry

&(s) =¢&(1-5s)

The completion changes the presentation so that the functional equation becomes clean. The
same underlying zeta structure is now viewed through a form in which self-duality is visible.

This is the reason presentation matters. A mathematical object may have several presentations,
each revealing a different structure. The Dirichlet series reveals summation over integers. The
Euler product reveals prime decomposition. Analytic continuation reveals the critical strip.
Completion reveals symmetry. The fixed-locus formulation reveals the critical line as the locus of
self-duality.

An equivalence-first approach does not ask which presentation is the real one. It asks what
structure is preserved when moving from one presentation to another. This is exactly the kind of
qguestion HOoTT encourages. In the fixed-locus program, equality is not erased, but it is refined.
The central concern becomes the equivalence data connecting presentations.

7.2 Identity Types and Fixed Structures

In Homotopy Type Theory, identity is not treated merely as a flat proposition. If two elements a
and b belong to a type A, then an identity between them can be interpreted as a path from a to
b. This path may itself have structure. There may be multiple paths, and there may be higher
paths between paths. Thus identity becomes something with internal content.

This perspective is useful when thinking about fixed loci. A fixed point of a transformation is not
merely a point satisfying an equation. It is a point equipped with the information that it returns
to itself under the transformation. For a map

D:X—=>X

the fixed structure can be described as the collection of points x together with evidence that
D(x) = x

In ordinary set-based language, this is simply the set

Fix(D) = {x : D(x) = x}
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In type-theoretic language, one may treat a fixed point as a pair:
a point x
a path or identity witness from D(x) to x

This is a richer way to think about fixedness. It distinguishes a point that is merely located in a
set from a point that carries self-identification data under a transformation.

For the Riemann zeta setting, the relevant transformation is
D(s)=1-3

The fixed locus consists of points satisfying

D(s)=s

which is equivalent to

Re(s) =1/2

A nontrivial zero on the critical line is therefore not merely a zero with a convenient coordinate.
It is a zero that is fixed by the reflection-conjugation map. In the fixed-locus interpretation, RH
asserts that every nontrivial zero carries this self-identification property.

This does not make RH easier in a computational sense. But it changes the conceptual object
from a location statement to a structured fixedness statement. Instead of asking only whether
zeros have real part 1/2, one asks whether zeros are fixed objects under the natural duality of
the completed zeta function.

Identity types also clarify why off-line zeros are different. An off-line zero may be paired with
another zero under D, but it does not come with an identity between itself and its D-image. It is
related to a partner, not fixed as itself. RH asserts that all nontrivial zeros are of the fixed kind.

7.3 Univalence as a Principle of Structural Identification

The univalence principle is often summarized by saying that equivalent structures may be
identified. More carefully, it says that equivalence between types corresponds to identity in the
universe of types. This is a foundational principle, but its philosophical lesson is broader:
mathematical sameness should respect structure-preserving equivalence.

This is directly relevant to the present framework. Prime factorization gives a concrete
arithmetic example. The ordinary positive integer n and its finite prime-exponent configuration
are not the same visual object. One may be written as

360
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and the other as
23x32x5

or as a finite exponent function over primes. Yet the two presentations preserve the same
multiplicative information. They are structurally equivalent. Multiplication, divisibility, greatest
common divisors, and least common multiples can all be translated into prime-exponent
coordinates.

Univalence encourages the view that such an equivalence is not a mere coding trick. It is a
legitimate identification at the level of multiplicative structure. To know a positive integer
multiplicatively is to know its finite prime-exponent configuration.

The Euler product is the analytic consequence of this equivalence. The product over primes
enumerates possible exponent choices, and unique factorization ensures that those choices
enumerate positive integers exactly once. Thus the analytic identity between the Dirichlet series
and Euler product rests on an arithmetic equivalence.

The completed zeta function gives a second example. The value £(s) is linked to £(1 - s) by the
functional equation. These are values at different points, but the completed function identifies
them through analytic self-duality. The critical line is where this duality becomes self-
identification under the reflection-conjugation map.

Univalence does not say that {(s), £(s), prime factorization, and the Riemann Hypothesis are
automatically the same thing. That would be a misuse of the idea. Rather, univalence teaches
that one must specify the relevant equivalence and the structure it preserves. Once that
equivalence is defined, the equivalence itself becomes mathematically meaningful.

In this paper, the relevant identifications are layered:

positive integers are equivalent to finite prime-exponent configurations

the Dirichlet series is equivalent to the Euler product in the convergence region
{(s) is extended through analytic continuation

&(s) is the completed symmetric presentation

the critical line is the fixed locus of D(s) =1 -3

RH asserts that the nontrivial zero set lies inside that fixed locus

Univalence provides the philosophical and formal discipline for treating these transformations
as structural, not merely notational.
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7.4 Zeta Duality as an Equivalence of Presentations

The functional equation
&(s) =§(1 - )

can be read as an analytic equivalence between two presentations of the completed zeta
function. A point s and its reflected point 1 - s are different locations in the complex plane, yet
the completed function relates them exactly. The equation tells us that the completed zeta
object has a built-in duality.

This duality is not simply a computational convenience. It organizes the critical strip. The
transformation

s—>1-5s

exchanges the left and right halves of the strip. The line Re(s) = 1/2 is the axis of the exchange.
When complex conjugation is included through

D(s)=1-5
the critical line becomes the fixed locus of the resulting map.

From an equivalence-first perspective, the functional equation says that the completed zeta
function has two coordinated presentations related by reflection. The values at sand 1 - s are
not independent. They are bound by the self-duality of €. This is why the completed function,
rather than the raw Dirichlet series alone, is the appropriate object for the fixed-locus
formulation.

The distinction between duality and fixedness is essential. A point off the critical line is related
to another point under the duality. A point on the critical line is fixed by the duality after
conjugation is included. Thus the critical line is where the equivalence folds into self-
equivalence.

The Riemann Hypothesis can therefore be expressed as a statement about where zeros occur
relative to this duality. The zero set is already organized by the symmetry. RH says that every
nontrivial zero occurs where the duality becomes self-identification.

In this view, the nontrivial zeros are not merely roots of a function. They are candidates for self-
dual analytic cancellation. If a zero lies on the critical line, then it is fixed under D. If a zero lies
off the line, then it is only paired with another zero. The difference is exactly the difference
between self-duality and symmetric pairing.

This interpretation does not prove that all zeros are self-dual. It identifies what RH would mean
structurally if true. The hypothesis asserts that the arithmetic information encoded by the zeta
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function produces analytic cancellations only at points where the completed function’s duality is
fixed.

This is why HOTT language is helpful. It gives a way to talk about presentations, equivalences,
and fixed structures without collapsing them into vague analogy. Zeta duality becomes an
equivalence of presentations. The critical line becomes the fixed locus of that equivalence. RH
becomes the conjecture that the nontrivial zero set is confined to that fixed locus.

7.5 What HoTT Clarifies and What It Does Not Prove

HoTT clarifies the fixed-locus program by sharpening the distinctions among equality,
equivalence, presentation, self-duality, and fixedness. It helps prevent two opposite errors. The
first error is to treat every resemblance as if it were a proof. The second is to dismiss structural
similarities merely because they are not literal equalities. HoTT provides a middle path: specify
the equivalence, specify the preserved structure, and then ask what follows.

In the present paper, HOTT clarifies why prime-exponent representation is more than notation.
It is an equivalence of multiplicative structure. HoTT clarifies why the Euler product is more than
a product formula. It is the analytic shadow of prime-coordinate arithmetic. HoTT clarifies why
the completed zeta function is more than a normalized version of {(s). It is the presentation in
which zeta self-duality becomes clean. HoTT clarifies why the critical line is more than a
midpoint. It is the fixed locus of the reflection-conjugation map.

However, HoTT does not prove the Riemann Hypothesis by itself. A foundational language is not
a substitute for the analytic, arithmetic, spectral, or geometric content required to prove a deep
theorem. The statement

Z€ C Fix(D)

remains as difficult as the classical statement of RH. Rewriting it in fixed-locus language does
not remove the hard part.

What HoTT does provide is a clearer map of the problem. It identifies the known equivalences
and the missing implication. The known structure gives symmetry:

D(z£) = Z¢
The conjecture demands fixed-locus confinement:
Z& c Fix(D)

The missing principle must turn invariant pairing into pointwise self-duality. HoTT does not
supply that principle automatically, but it helps state what kind of principle is needed.
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This suggests a useful research discipline. Any proposed approach to RH should be examined by
asking:

What is the object?

What is the equivalence or duality?

What fixed locus does the equivalence define?

What invariant set is being studied?

Does the approach prove setwise invariance only, or pointwise fixedness?
Does it explain why off-line symmetric quartets cannot occur?

These questions are not a proof, but they are clarifying constraints on any proposed proof
strategy.

Thus HoTT’s role in this paper is organizational and conceptual. It supplies a language of
structural sameness, not a finished solution. It helps reframe RH as a fixed-locus confinement
problem: the zero set of the completed, prime-encoded analytic object is conjectured to lie
entirely on the self-dual locus of its defining transformation.

The next section will translate this conceptual framework into a formalization program. The goal
will be to define the relevant objects, the map D, its fixed locus, and the RH containment
statement in a way that could be encoded in proof assistants such as Lean, Coq, or Agda.

8. Formalizing the Fixed-Locus Statement

The fixed-locus formulation of the Riemann Hypothesis becomes most useful when it is
expressed as a formal structure. The purpose of formalization is not to make the hypothesis
easier by notation alone, but to make every component explicit: the completed zeta function,
the critical strip, the nontrivial zero set, the reflection-conjugation map, the fixed locus of that
map, and the containment statement equivalent to RH. Formalization prevents the language of
self-duality from remaining metaphorical. It requires the objects, maps, predicates, and
equivalences to be stated with precision. In this framework, the Riemann Hypothesis becomes a
statement of the form Z&  Fix(D), where D(s) = 1 - § and Fix(D) is equivalent to the critical line
Re(s) = 1/2. This section outlines how such a statement can be encoded in a proof-assistant
style. The aim is not to prove RH, but to isolate its exact logical form as a fixed-locus
confinement conjecture.
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8.1 Objects Required for Formalization

A formalization of the fixed-locus interpretation requires several mathematical objects and
predicates. The first object is the complex plane. The complex numbers must support real and
imaginary components, addition, multiplication, subtraction, conjugation, and equality. Each
complex number s must be decomposable as

s=o+it
where

o = Re(s)
and
t=1Im(s)

The second object is the Riemann zeta function. Depending on the formal system, {(s) may be
introduced first through its Dirichlet series in the half-plane Re(s) > 1, and then through analytic
continuation. For the purpose of the fixed-locus statement, the essential object is not merely
the locally defined series but the analytically continued function.

The third object is the completed zeta function. A standard form is
§(s) = 1/2 s(s - )™ (-s/2)(s/2)(s)

A formal treatment must specify the exact normalization used. Different completed forms may
vary by harmless constants or conventions, but the selected form must satisfy the clean
symmetry

&(s) = §(1 - s)

The fourth object is the critical strip, defined by the predicate
O<Re(s)<1

The fifth object is the critical line, defined by

Re(s) =1/2

The sixth object is the nontrivial zero set of the completed zeta function:
Z&={s:§(s)=0and 0 < Re(s) <1}

This set captures the zeros relevant to RH.

The seventh object is the reflection-conjugation map
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D(s)=1-3
The eighth object is the fixed locus of D:
Fix(D) = {s : D(s) = s}

Once these objects are defined, the fixed-locus version of RH becomes a precise containment
statement:

Z¢& c Fix(D)

This means that every complex number s satisfying the nontrivial zero condition also satisfies
the fixed-point condition under D.

The formalization therefore separates the problem into definitional layers. Some are
elementary, such as defining D and proving its fixed locus. Some are analytic, such as defining
&(s) and its zeros. Some are conjectural, such as proving the containment of Z¢ in Fix(D). This
layered structure is useful because it shows exactly where the hard theorem begins.

8.2 Defining the Complex Plane and Conjugation

The complex plane is the base type on which the fixed-locus program is built. A complex
number s may be represented abstractly or as an ordered pair of real numbers. In either case,
the formal system must support the operations needed to express zeta symmetry and fixedness.

Write
s=o+it
Then
Re(s)=0o
and
Im(s) =t

Complex conjugation is defined by

S=o-it

Thus conjugation preserves the real part and reverses the imaginary part:
Re(5) = Re(s)

Im(s) = -Im(s)

The fixed-locus map depends directly on conjugation. It is defined as
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D(s)=1-53

To compute D explicitly, substitute s = o + it:
S=o-it

so

D(s)=1-o0+it

This shows that D changes the real coordinate from o to 1 - o while leaving the imaginary
coordinate t unchanged.

A proof assistant formalization must prove these component identities. For example, it should
establish:

Re(D(s)) =1 - Re(s)
Im(D(s)) = Im(s)

These identities are elementary but foundational for the rest of the argument. Without them,
the assertion that D reflects points across the critical line remains informal.

The conjugation operation also expresses the standard symmetry of zeta zeros. If the completed
zeta function respects conjugation, then a zero at s implies a zero at 5. The functional equation
supplies the reflection s = 1 - s. Together they motivate D. However, the fixed-locus calculation
itself does not require the full analytic theory of zeta. It requires only the algebra of complex
conjugation and real parts.

This separation is important. The proof that Fix(D) is the critical line is elementary complex
algebra. The proof that all nontrivial zeros lie in Fix(D) is RH. Formalization makes that
distinction exact.

8.3 Defining D(s) and Fix(D)

The reflection-conjugation map is defined by

D:C->C

with

D(s)=1-53

This map is an involution. Applying it twice returns the original point. To see this, compute
D(D(s)) =1 - overline{D(s)}

Since
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D(s)=1-5

we have

overline{D(s)} = overline{l - 5}

Because conjugation preserves real constants and distributes over subtraction,
overline{l-5}=1-5s

Therefore

D(D(s))=1-(1-s)=s

Thus

D?=id

This confirms that D is a reflection-like symmetry. It pairs points across the critical line and
leaves points on the critical line fixed.

The fixed locus of D is defined as
Fix(D) = {s € C: D(s) = s}

In a type-theoretic setting, one may define this not merely as a subset but as a dependent type
of pairs:

(s, proof that D(s) = s)

This distinction is useful because it treats fixedness as structure. A point in the fixed locus is not
only a complex number; it is a complex number equipped with evidence that it is self-dual
under D.

For ordinary analytic number theory, the set-based version is sufficient:
Fix(D)={s:1-5=s}

For the equivalence-first interpretation, the structured version is more expressive:
Fix(D) =2(s: C), D(s) =s

This notation indicates that an element of the fixed locus consists of a point s and a witness of
the equality D(s) =s.

This formal distinction parallels the conceptual distinction between symmetric pairing and
fixedness. An off-line point s has a D-partner, but it does not have a proof that D(s) = s. A point
on the critical line does. RH says that every nontrivial zero belongs to the latter class.
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Defining D and Fix(D) therefore gives the formal container in which the fixed-locus
interpretation will be stated.

8.4 Proving Fix(D) Is Equivalent to Re(s) = 1/2

The next formal step is to prove that the fixed locus of D is exactly the critical line. This is a short
but important theorem.

Let

s=o+it

Then
D(s)=1-5

and since
S=o-it

we obtain
D(s)=1-o+it
Now suppose

s € Fix(D)

Then

D(s)=s

SO
l-o+it=0+it
Equality of complex numbers implies equality of real and imaginary parts. Therefore

l1-0=o0

t=t

The second equation is automatic. The first gives
20=1

and hence

o=1/2
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Thus
s € Fix(D) implies Re(s) =1/2

Conversely, suppose

Re(s) =1/2
Then
s=1/2 +it

for some real t. Its conjugate is
§=1/2-it

Therefore

D(s)=1-5

so

D(s)=1-(1/2 -it)

and hence

D(s)=1/2 +it

Thus

D(s)=s

Therefore

Re(s) = 1/2 implies s € Fix(D)
Combining both directions gives the equivalence:
s € Fix(D) if and only if Re(s) = 1/2
or

Fix(D) = {s € C: Re(s) = 1/2}

In a formal proof assistant, this theorem would be one of the simplest and most important
lemmas of the project. It converts the classical critical-line predicate into a fixed-point predicate.
Once this lemma is available, the usual RH statement can be translated into the fixed-locus
statement.
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This proof also clarifies the role of the imaginary component. The imaginary coordinate is
unrestricted. The fixed locus is not a single point but a vertical line. Every height t gives a self-
dual point

1/2 +it

This is exactly the geometry needed for RH, since the nontrivial zeros are expected to occur at
infinitely many heights along the critical line.

8.5 Stating RH as a Formal Containment Problem

After defining the completed zeta function, the zero set, the map D, and its fixed locus, the
Riemann Hypothesis can be stated formally as a containment problem.

Define the nontrivial zero set:

28={s€C:¢&s)=0and0<Re(s) < 1}

Define the fixed locus:

Fix(D) = {s € C: D(s) = s}

Then the fixed-locus form of RH is:

Z¢& c Fix(D)

Expanded pointwise, this means:

foreverys € C, if §(s) =0and 0 < Re(s) <1, then D(s) =s

Using the equivalence between Fix(D) and the critical line, this is equivalent to:
for everys € C, if (s) =0 and 0 < Re(s) < 1, then Re(s) = 1/2

This is the classical RH statement expressed through the completed zeta function.

The containment formulation is useful because it makes the structure of the conjecture
modular. It separates the formal components:

object: &(s)

domain condition: 0 < Re(s) < 1
invariant set: Z¢

duality map: D(s) =1-35

fixed locus: Fix(D)
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conjecture: Z¢ C Fix(D)

This modularity is valuable for proof assistants. One can formalize the components
independently before stating the conjecture. The proof that Fix(D) equals the critical line is
elementary. The definition of Z{ is analytic. The containment statement is the unsolved
conjecture.

The formal structure also distinguishes known symmetry from RH. Known zeta symmetries
support the statement that the zero set is invariant under transformations generated by
reflection and conjugation. In fixed-locus language, this is closer to

D(z§) = Z§
But RH requires
Z¢ c Fix(D)

These are different statements. A formal system makes that distinction explicit and prevents
rhetorical overreach. Setwise invariance does not imply pointwise fixedness.

Thus the formalization achieves the main goal of this paper’s framework. It turns the conceptual
claim into a precise statement:

RH is the conjecture that the nontrivial zero set of the completed zeta function is confined to
the fixed locus of its reflection-conjugation duality.

This does not prove RH. But it defines the exact formal object that future arguments must
address. Any proposed proof strategy can now be tested against the same question:

Does it merely recover symmetry, or does it prove fixed-locus confinement?

The next section turns from the mathematical statement to proof-assistant pathways. It asks
how Lean, Coq, Agda, and HoTT-oriented systems could encode this framework, which parts are
already within reach, and how a minimal formal skeleton of the fixed-locus formulation might
be constructed.

9. Lean, Coq, Agda, and Proof-Assistant Pathways

The fixed-locus formulation of the Riemann Hypothesis is well suited to proof-assistant
development because it decomposes the conjecture into explicit definitions, elementary
lemmas, analytic objects, and a final unsolved containment statement. Proof assistants cannot
remove the difficulty of RH, but they can clarify the architecture of the problem. They force the
distinction between what is already provable, what is definitional, what follows from
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elementary complex algebra, what depends on analytic number theory, and what remains
conjectural. In this setting, the immediate goal is not to produce a proof of RH. The immediate
goal is to build a formal skeleton in which the fixed-locus reformulation is stated cleanly and
checked mechanically. Lean, Coq, Agda, and HoTT-oriented libraries offer different strengths for
this task. Lean is strong for classical mathematics and analytic number theory. Coq and Agda are
closer to dependent type theory and HoTT experimentation. Together they suggest a staged
formalization program: define the map, prove the fixed-locus lemma, encode prime-exponent
equivalence, state the zero-set containment conjecture, and prepare the ground for later
analytic or spectral refinements.

9.1 Why Formalization Matters

Formalization matters because the fixed-locus language can otherwise remain too easy to
overstate. It is tempting to say that the Riemann Hypothesis follows from symmetry, but this is
false. The completed zeta function is symmetric, and the zero set is organized by reflection and
conjugation, but symmetry alone permits off-line zero quartets. The formal statement must
preserve this distinction.

A proof assistant forces the issue. It requires one to define the completed zeta function, the
zero set, the map

D(s)=1-5

the fixed locus

Fix(D)

and the containment statement
Z¢ c Fix(D)

as separate objects. It then becomes clear that some parts of the framework are straightforward
while others contain the full difficulty of RH.

For example, proving that
Fix(D) = {s : Re(s) = 1/2}

is elementary. This is a calculation in the complex plane. By contrast, proving that every
nontrivial zero of the completed zeta function belongs to this fixed locus is exactly the Riemann
Hypothesis. Formalization prevents these two steps from being confused.

Formalization also helps separate definitional equivalence from mathematical discovery. The
statement
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D(s)=s
is equivalent to
Re(s) =1/2

This equivalence is not a new theorem about zeta zeros. It is a coordinate and transformation
identity. The open problem begins only when one asserts that the zero set satisfies this
condition.

A proof assistant also creates reusable infrastructure. Once D, Fix(D), the critical line, and the
zero set are defined, other conjectures or related problems can be expressed in the same
grammar. One may study other L-functions, other functional equations, other symmetry axes, or
other fixed-locus confinement statements. Thus the formalization is not only about RH. It is a
template for symmetry-constrained zero problems.

Finally, formalization provides intellectual discipline. It asks every proposed insight to become
either a definition, a lemma, a theorem, a conjecture, or an example. That discipline is valuable
for a speculative framework because it draws a bright line between conceptual reframing and
proof.

9.2 Existing Zeta and Number-Theory Infrastructure

A practical formalization should not begin from nothing. Modern proof assistants already
contain substantial libraries for algebra, topology, analysis, complex numbers, arithmetic, and
number theory. The fixed-locus program can build on this infrastructure rather than attempt to
reconstruct all of mathematics from first principles.

For the arithmetic component, one needs positive integers, primes, divisibility, unique
factorization, finite-support functions, and products over finite sets. These are standard
ingredients in mature formal libraries. They support the prime-exponent equivalence discussed
earlier in the paper. A formal development can define valuations at primes, finitely supported
exponent functions, and the reconstruction of integers from prime powers.

For the complex-analytic component, one needs complex numbers, real and imaginary parts,
conjugation, exponentiation, analytic functions, gamma functions, zeta functions, and
eventually the completed zeta function. Some of these objects are more difficult to formalize
than others. Complex conjugation and the fixed-locus map D are elementary. The full analytic
theory of {(s), analytic continuation, and the functional equation is much more demanding.

For the fixed-locus reformulation, the minimal required infrastructure is modest. One does not
need to prove the functional equation in order to define D and prove its fixed locus. One can
first formalize the complex-algebraic statement:
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for all s, D(s) = s if and only if Re(s) = 1/2
This creates a verified bridge between the critical-line predicate and the fixed-point predicate.

The zeta-specific part can then be added as available. One defines or imports the completed
zeta function (s), defines the critical strip, defines the nontrivial zero set, and states the
containment conjecture. If the full completed zeta object is not yet available in a given system,
one may still develop an abstract version: assume a function € with the desired symmetry and
define the zero-set confinement statement for that function.

This staged approach is important. It allows progress even when the full analytic infrastructure
is incomplete. The elementary fixed-locus theorem can be formalized immediately. The zero-set
containment statement can be stated abstractly. The full zeta specialization can be added as
libraries mature.

9.3 A Minimal Lean Skeleton for the Fixed-Locus Reformulation

Lean is a natural candidate for the first formal skeleton because it has strong support for
classical mathematics and a rapidly expanding mathematical library. The minimal Lean project
should aim to formalize the fixed-locus language before attempting anything ambitious about
RH itself.

The first definition is the reflection-conjugation map on complex numbers:
D(s) = 1 - conjugate(s)

The next definitions are the fixed locus and critical line:

Fix(D) = {s : D(s) = s}

CriticalLine = {s : Re(s) = 1/2}

The first theorem is the fixed-locus equivalence:

s € Fix(D) if and only if s € CriticalLine

In ordinary mathematical notation:

D(s) =s ¢> Re(s)=1/2

The proof is elementary. Write s in terms of real and imaginary components. Use the facts that
conjugation preserves the real part and reverses the imaginary part. Then compute the real part
of D(s):

Re(D(s)) =1 - Re(s)
If D(s) =s, then
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1 - Re(s) = Re(s)
so
Re(s) =1/2

Conversely, if Re(s) = 1/2, then D(s) and s have the same real and imaginary parts, so they are
equal.

The second theorem is that D is an involution:
D(D(s)) =s

This confirms that D is a reflection-like symmetry. It is not necessary for the fixed-locus
equivalence, but it is conceptually useful and formally clean.

The next layer introduces an abstract completed-zeta-like function. Let
§:C>C

be a function. Define its critical-strip zero set:

Z& ={s : §(s) =0 and 0 < Re(s) and Re(s) < 1}

Then define the fixed-locus confinement statement:

Foralls, if s € Z, then D(s) = s

or equivalently:

Z& c Fix(D)

At this abstract level, one can state a theorem that fixed-locus confinement is equivalent to the
classical critical-line condition:

For all s, if §(s) =0 and 0 < Re(s) <1, then D(s) = s
is equivalent to
For all s, if £(s) =0 and 0 < Re(s) < 1, then Re(s) = 1/2

This theorem does not require any deep facts about {(s). It is a logical consequence of the fixed-
locus equivalence. That makes it an ideal first formal result.

Only after this skeleton is complete should one specialize § to the actual completed Riemann
zeta function. At that point, the final statement becomes a formal version of RH. The proof
remains unavailable, but the statement is precise, machine-checkable, and structurally
transparent.
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9.4 HoTT-Oriented Formalization in Coq or Agda

Lean is well suited for classical analytic formalization, but Coq, Agda, and HoTT-oriented systems
may be better suited for exploring the equivalence-first interpretation. The difference lies in
emphasis. Lean is a powerful environment for formalizing standard mathematics. HoTT-oriented
systems are designed to treat identity, equivalence, paths, and higher structure as central
mathematical objects.

In a HoTT-oriented formalization, the fixed locus of D need not be represented only as a set of
points. It can be represented as a dependent type:

2(s:C),D(s)=s

An element of this type consists of a point s together with a witness that D(s) equals s. This
makes fixedness part of the data. A point is not merely a member of a subset; it carries evidence
of self-duality.

This is conceptually aligned with the paper’s interpretation of RH. A nontrivial zero on the
critical line is not merely located at Re(s) = 1/2. It is self-dual under D. An off-line zero may be
paired with another zero, but it is not equipped with a self-identification under D. The difference
between paired duality and fixed self-duality becomes visible in type-theoretic terms.

Coq and Agda may also be useful for formalizing prime-exponent equivalence. One can define
the type of positive integers, the type of primes, and the type of finitely supported prime-
exponent configurations. The Fundamental Theorem of Arithmetic then supplies an equivalence
between these types at the multiplicative level.

In a univalent setting, this equivalence can be treated as a legitimate structural identification.
The ordinary integer presentation and the prime-exponent presentation are not merely two
encodings with the same output. They are equivalent structures. This is exactly the kind of
statement that univalence is designed to clarify.

A HoTT-oriented project could therefore focus less on the analytic depth of {(s) and more on the
structural grammar:

types of presentations
equivalences between presentations
fixed points of self-equivalences

containment of invariant types in fixed-locus types
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This would not replace Lean-style analytic formalization. It would complement it. Lean can carry

the burden of classical complex analysis and number theory, while HoTT-oriented systems can
clarify the identity and equivalence principles underlying the interpretation.

The long-term goal would be an interface between the two styles: classical formal mathematics

for zeta theory and type-theoretic formalization for equivalence structure.
9.5 From Definitions to Machine-Checked Conjecture Statements

The immediate deliverable of the proof-assistant pathway should be a machine-checked
conjecture statement, not a claimed proof. This may sound modest, but it is important. A
precise formal statement prevents ambiguity and establishes a foundation for future work.

The project can proceed in stages.
First, define D on the complex plane:
D(s)=1-5

Second, prove that D is an involution:
D(D(s)) =s

Third, define Fix(D):

Fix(D) = {s : D(s) = s}

Fourth, prove that Fix(D) is equivalent to the critical line:

D(s) =s > Re(s) =1/2

Fifth, define an abstract zero set for a function €:
Z&={s:§(s)=0and 0 < Re(s) <1}

Sixth, define fixed-locus confinement:

Z¢& c Fix(D)

Seventh, prove that fixed-locus confinement is equivalent to the classical critical-line condition:

for all s in the critical strip, §(s) = 0 implies Re(s) = 1/2

Eighth, specialize ¢ to the completed Riemann zeta function when the required analytic

infrastructure is available.
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At the end of this sequence, one has a formal statement of RH in fixed-locus language. The
machine-checked result would not be that RH is true. It would be that the fixed-locus
formulation is exactly equivalent to the classical formulation, given the definitions.

This is a valuable contribution because it turns the conceptual paper into a formal artifact. It
demonstrates that the language of fixed-locus confinement is not merely rhetorical. It can be
encoded as definitions, lemmas, and conjecture statements.

The same framework can then be generalized. For any completed L-function with a functional
equation, one may define the relevant symmetry map, fixed locus, zero set, and confinement
conjecture. This suggests a broader program of formal fixed-locus analysis for zeta and L-
functions.

Such a program would make several distinctions explicit:
functional symmetry versus zero confinement

setwise invariance versus pointwise fixedness
critical-line location versus fixed-locus self-duality
arithmetic encoding versus analytic completion

formal equivalence versus proof of truth

These distinctions are the practical payoff of proof-assistant formalization. The Riemann
Hypothesis remains unsolved, but the structure of the conjecture becomes clearer. The missing
step is isolated in a precise way: one must prove not only that the zero set respects the duality,
but that every nontrivial zero is fixed by it.

The next section turns from formalization to spectral and geometric interpretations. If the fixed-
locus statement identifies the missing constraint, spectral geometry and Hilbert-Pdlya-type
ideas represent possible sources of such a constraint. The question becomes whether an
operator, space, or geometric structure could force the zero set of the completed zeta function
onto the self-dual locus.

10. Spectral and Geometric Interpretations of Confinement

The fixed-locus formulation of the Riemann Hypothesis identifies the missing structural
problem: symmetry explains why the nontrivial zeros are organized around the critical line, but
it does not explain why they must lie on it. A successful explanation would need a stronger
mechanism that converts setwise symmetry into pointwise fixedness. Spectral and geometric
approaches are important because they offer possible sources of such a mechanism. In spectral
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theory, location constraints can arise from self-adjointness, positivity, and the reality of
eigenvalues. In geometry, analytic invariants may be forced by the structure of an underlying
space, operator, flow, or trace formula. Fractal strings and complex dimensions add another
bridge by showing how zeta-like functions can encode geometric oscillations, dimensions, and
spectral data. This section does not claim that any existing spectral or geometric program has
proved the Riemann Hypothesis. Instead, it shows why such approaches are natural candidates
for explaining fixed-locus confinement.

10.1 The Hilbert-Pdlya Motivation

One of the most influential ideas surrounding the Riemann Hypothesis is the possibility that the
nontrivial zeros of the zeta function correspond to spectral data of an operator. In broad terms,
the Hilbert-Pdlya motivation suggests that if the imaginary parts of the nontrivial zeros could be
realized as eigenvalues of a suitable self-adjoint operator, then the critical-line condition might
follow from the spectral properties of that operator.

The reason this is attractive is simple. Self-adjoint operators have real spectra. If the nontrivial
zeros are written in the expected form

p=1/2+iy

then the values y are real. A spectral interpretation would attempt to explain these real
numbers as eigenvalues. The line Re(s) = 1/2 would then not be an accidental location, but the
result of representing zeros through a spectral structure with built-in reality constraints.

In the fixed-locus language of this paper, the Hilbert-Pdlya idea can be interpreted as a search
for a confinement mechanism. The symmetry of the completed zeta function gives the critical
line as a fixed locus. A self-adjoint spectral realization would then provide a reason why zeros
must take the form

1/2 +iy

with y real. The operator would force the zero data onto the self-dual line.
This changes the question from

Where are the zeros?

to

What spectral object has these zeros as its invariant data?

If such an object exists, the Riemann Hypothesis might become a theorem about the spectrum
of that object rather than a direct theorem about zeros of {(s). The fixed-locus formulation is
compatible with this strategy because it identifies what the spectral object would need to
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explain: not merely symmetry of the zero set, but confinement of the zero set to the self-dual
axis.

The challenge is that the appropriate operator has not been identified in a universally accepted
way. Many proposals capture part of the analogy, but a complete operator-theoretic proof
remains absent. The fixed-locus program therefore treats Hilbert-Pdlya not as a solution, but as
a model of the kind of missing principle that would be needed. A true confinement mechanism
would transform the analytic problem into a structural necessity.

10.2 Self-Adjointness and Critical-Line Reality

Self-adjointness is powerful because it imposes reality on spectral values. In quantum
mechanics, differential equations, and functional analysis, self-adjoint operators are associated
with real eigenvalues, stable spectral decompositions, and strong orthogonality properties.
These features make self-adjointness one of the most plausible mathematical mechanisms for
forcing exact line confinement.

The nontrivial zeros of the zeta function are complex numbers. Under RH, they have real part
exactly 1/2, so their nontrivial variation lies entirely in the imaginary direction. If one writes

p=1/2+iy

then RH says that each y is real. A spectral theory would seek an operator H whose eigenvalues
are precisely these y values, or whose spectrum encodes them in a controlled way.

In that case, the critical line becomes the spectral line:
zeros = 1/2 + i times real spectral data

This would explain why the real part is fixed. The variability of the zeros would be transferred to
the spectrum, while the self-dual real coordinate would be imposed by the form of the spectral
representation.

In fixed-locus language, the operator would supply the missing step:

D-invariance of zeros becomes D-fixedness of zeros

The self-adjointness would prevent off-line displacement. If an off-line zero had the form
p=0+it

with

oz1/2
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then it would correspond to spectral data not confined to the real axis in the required
representation. A successful self-adjoint model would rule this out.

This is why spectral approaches remain compelling. They offer a known mathematical
mechanism by which complex uncertainty can collapse into real spectral order. They also
connect RH to a broader family of phenomena where zeros, resonances, eigenvalues, traces,
and operators are linked.

However, the fixed-locus framework also clarifies what is required. It is not enough to find an
operator whose spectrum resembles the zero statistics numerically. It is not enough to
reproduce random-matrix-like behavior or approximate spacing laws. The operator must explain
exact confinement. It must give a structural reason why every nontrivial zero is fixed by D.

Thus the spectral program must meet a strict standard. It must convert the critical line from an
observed or conjectured location into a necessary consequence of operator structure.

10.3 Fractal Strings and Complex Dimensions

Fractal strings provide a rigorous setting in which fractal geometry, zeta functions, spectra, and
dimensions interact. A fractal string may be described through a sequence of lengths, often
arising from the connected components of a bounded open subset of the real line. From these
lengths one can define a geometric zeta function. The poles of this function are called complex
dimensions, and they encode oscillatory and scaling information about the underlying fractal
geometry.

This is important because it demonstrates that zeta-like functions are not confined to prime
number theory. They can arise naturally from geometry. Their zeros, poles, and analytic
behavior can encode dimensions, vibrations, and spectral properties. Thus the zeta-function
method is a general way of translating structural data into complex analytic form.

In the context of this paper, fractal strings are relevant for two reasons. First, they provide an
existing rigorous bridge between fractal structure and zeta-type analysis. Second, they suggest
that the Riemann zeta function may be compared with geometric zeta functions through the
shared language of analytic invariants.

The general pattern is:
geometric structure
length or scaling data
zeta function

complex dimensions or spectral information
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For the Riemann zeta function, the parallel pattern is:
arithmetic structure

prime-exponent data

zeta function

zeros and prime-distribution information

These two patterns are not identical, but they are structurally similar. Both translate a discrete
or recursive structure into a complex analytic object. Both use the analytic behavior of that
object to recover information about the original structure.

Fractal strings also help refine the meaning of “fractal arithmetic.” The connection between
fractals and zeta should not be based only on visual resemblance between Mandelbrot images
and zeta plots. It should be grounded in settings where zeta functions genuinely arise from
fractal or spectral structures. Fractal strings supply such a setting.

In fixed-locus terms, the question becomes whether a geometric or fractal construction can
produce an analytic structure whose zeros or poles are constrained by self-duality. If so, it might
provide a model for understanding how confinement can arise from geometry. Even if this does
not prove RH, it supplies a rigorous comparative framework.

10.4 Spectral Geometry as a Candidate Bridge

Spectral geometry studies the relationship between geometric structures and the spectra of
associated operators. A space, domain, graph, manifold, or fractal may produce eigenvalues
through a Laplacian or other operator. Those eigenvalues can encode information about shape,
size, dimension, curvature, boundary, and topology.

This makes spectral geometry a natural bridge between the fixed-locus formulation and possible
explanations of RH. If zeta zeros can be interpreted as spectral data, then their critical-line
confinement might reflect an underlying geometric or operator-theoretic constraint. The zeros
would not simply be roots of an analytic function; they would be spectral invariants of a deeper
object.

The fixed-locus framework helps clarify what kind of spectral geometry is needed. A useful
model must supply more than analogy. It must define:

the underlying space or structure
the operator acting on it

the spectral data
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the map from spectral data to zeta zeros
the reason the data lies on the self-dual locus

In such a model, the critical line would not be imposed by hand. It would arise because the
spectral representation naturally has the form

1/2 +iy

where y belongs to a real spectrum. The fixed real part would express self-dual normalization,
while the imaginary part would carry spectral variability.

Spectral geometry also connects to trace formulas. In many mathematical settings, trace
formulas relate spectral sums on one side to geometric or arithmetic sums on another. This is
deeply suggestive for the zeta function because prime numbers and zeta zeros are linked
through explicit formulas. The primes behave somewhat like geometric or orbit data, while
zeros behave somewhat like spectral data. This analogy has motivated many approaches to RH.

In equivalence-first language, a trace formula is a bridge between presentations. It relates one
kind of invariant to another. A successful spectral-geometric account of RH would likely require
such a bridge: arithmetic prime data on one side, spectral zero data on the other, and a
structural constraint forcing the spectral data onto the fixed locus.

The fixed-locus program does not assert that this bridge has already been completed. It
provides criteria for evaluating it. Any proposed spectral geometry must explain confinement,
not merely correspondence.

10.5 Where Fixed-Locus Language Sharpens Spectral Programs

The fixed-locus language sharpens spectral and geometric programs by stating exactly what
they must accomplish. The known symmetries of the completed zeta function already imply
that the zero set is organized around the critical line. Therefore a spectral or geometric
approach that merely reproduces symmetry has not reached RH. It must explain why zeros
cannot occur off the fixed locus.

The key distinction is:

D(Z§) = Z¢

versus

Z& c Fix(D)

The first statement is setwise symmetry. The second is fixed-locus confinement. Spectral and

geometric approaches must prove the second.
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This provides a useful diagnostic. Suppose a proposed model produces pairs of zeros symmetric
around the critical line. That is compatible with known zeta symmetry, but it does not prove RH.
Suppose a model produces an operator whose spectrum gives real numbers y and whose zeros
necessarily take the form

1/2 +iy
That would directly address fixed-locus confinement. The difference is decisive.

The fixed-locus framework also clarifies the role of self-adjointness. Self-adjointness would
matter not merely because it is elegant or physically suggestive, but because it could force the
relevant spectral parameters to be real. That reality would translate into critical-line placement.
Thus self-adjointness is not decoration. It is a possible confinement mechanism.

Similarly, fractal strings and spectral geometry matter not merely because they connect zeta
functions with geometry, but because they may reveal how analytic invariants are constrained
by underlying structure. If geometry can force poles, zeros, dimensions, or spectral values into
specific loci, then it provides a model for the kind of explanation RH requires.

The fixed-locus language also helps prevent exaggerated claims. A visual resemblance between
a fractal and a zeta plot is not enough. A statistical resemblance between zero spacings and
eigenvalue spacings is not enough. A formal analogy between primes and periodic orbits is not
enough. Each may be valuable, but the RH target is stricter: every nontrivial zero must be fixed
by D.

Thus the spectral-geometric research question becomes:

What structure forces the zero set of the completed zeta function to be pointwise self-dual
under D?

This question can guide future work. It asks spectral programs to identify an operator. It asks
geometric programs to identify a space or invariant. It asks fractal programs to identify a zeta-
generating structure. It asks type-theoretic programs to identify the equivalence data and fixed-
locus type. It asks all programs to explain why off-line symmetric quartets are impossible.

In this way, fixed-locus language does not replace spectral geometry. It gives spectral geometry
a sharper target. It says that a successful theory must do more than account for symmetry or
statistics. It must produce confinement. The next section turns to computational diagrams and
reproducible experiments, where the fixed-locus idea can be visualized, tested, and
distinguished from weaker forms of symmetry.
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11. Computational Diagrams and Reproducible Experiments

The fixed-locus formulation of the Riemann Hypothesis is primarily conceptual and formal, but
computation can play an important supporting role. Computation cannot prove the Riemann
Hypothesis by checking finitely many zeros or by producing suggestive images. However, it can
clarify definitions, expose geometric structure, test analogies, distinguish fixedness from
symmetry, and create reproducible artifacts that make the framework easier to inspect. The
central computational task is not to discover a proof by plotting pictures, but to make the fixed-
locus architecture visible. A useful computational notebook should define the critical strip, the
critical line, the reflection-conjugation map D(s) = 1 -5, the fixed locus Fix(D), schematic zero
sets, prime-exponent vectors, Euler-product truncations, and visual comparisons between
setwise symmetry and pointwise fixedness. Such experiments can discipline the theory by
showing which claims are formal, which are numerical, which are visual, and which remain
conjectural. This section outlines a reproducible computational program for illustrating fixed-
locus confinement.

11.1 Visualizing the Critical Strip and Fixed Locus

The simplest computational diagram should show the complex s-plane with the critical strip
O<Re(s)<1

and the critical line

Re(s) = 1/2

drawn as the vertical axis of self-duality. This figure should not be treated as decorative. It
should encode the definitions of the framework.

The horizontal coordinate is
Re(s)=0o

and the vertical coordinate is
Im(s) =t

The critical strip is the open vertical region between o =0 and o = 1. The critical line is the
vertical line o = 1/2. In the fixed-locus formulation, this line is not merely a midpoint. It is the
fixed locus of the map

D(s)=1-3
A computational visualization should therefore label the critical line as
Fix(D)
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rather than simply as
Re(s) =1/2

This reinforces the central shift of the paper: the critical line is being interpreted as a self-dual
locus.

The diagram can also show several generic points in the critical strip. A point on the right side,
such as

s=3/4+it

is mapped by D to

D(s)=1/4 +it

A point on the critical line, such as
s=1/2 +it

is mapped to itself. The figure can show arrows from off-line points to their D-partners and
small loops or fixed markers on critical-line points.

Such a plot immediately distinguishes two kinds of behavior. Off-line points are paired. Critical-
line points are fixed. This visual distinction is the heart of the fixed-locus program. A zero set can
be symmetric under D without lying entirely in Fix(D). Therefore the diagram should include
both possibilities: a symmetric off-line pair and a fixed critical-line point.

A second version of the visualization may use the shifted coordinate
c=s-1

In that coordinate, the critical strip becomes

-1<Re(c)<0

and the critical line becomes

Re(c) =-1/2

This shifted view is useful for connecting the present paper to the preceding equivalence-first
fractal arithmetic paper, where Re(c) = -1/2 was compared with the visual center of the
Mandelbrot parameter plane. However, in this paper the shifted coordinate should be treated
as secondary. The main object is the fixed-locus formulation in the s-plane.

The computational output should include both clean mathematical diagrams and annotated
explanatory figures. The goal is to make the definitions visually undeniable: D reflects
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horizontally across the critical line, Fix(D) is the critical line, and RH states that the nontrivial
zero set is confined to that line.

11.2 Plotting D-Orbits of Points in the Critical Strip

The next computational experiment should plot orbits under the reflection-conjugation map D.

Since
D(s)=1-3
and
D(D(s)) = s

the map D is an involution. Every point has an orbit of size one or two. Points on the fixed locus
have orbit size one. Points off the fixed locus have orbit size two.

This simple fact can be visualized computationally. Choose a grid of points in the critical strip.
For each point s, compute D(s). Draw a line segment connecting s to D(s). The result is a field of
horizontal pairings across the critical line. Points on the critical line collapse to themselves.

This diagram makes the difference between fixedness and pairing geometrically explicit. If a
point has real part o, then its D-image has real part 1 - 0. The horizontal displacement from the
critical line is reversed. Define

6=0-1/2

Then D maps 6 to -6. Thus D-orbits preserve the imaginary coordinate and reverse horizontal
displacement.

A useful experiment is to create three classes of example points.
First, fixed points:

s=1/2 +it

These satisfy

D(s)=s

Second, symmetric off-line pairs:

s=1/2+6+it

D(s)=1/2-6+it

where 6 is nonzero.
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Third, hypothetical zero quartets, formed by combining D with complex conjugation:

o+it
c-it
l1-o+it
l-o-it

These quartets should be drawn as rectangles centered on the critical line and the real axis.
When o approaches 1/2, the rectangle collapses horizontally onto the critical line. This collapse
is a visual metaphor for RH, but the figure must be labeled carefully as schematic. It does not
show actual off-line zeta zeros. It shows the symmetry structure that would occur if off-line
zeros existed.

A notebook can also compute whether a point is fixed by measuring
|D(s) - s|

For

s=o+it

we have

D(s)-s=1-20

which is real. Therefore

|D(s) -s| =[1-20]

This quantity is zero exactly on the critical line. It can be plotted as a heat map across the critical
strip. The heat map would show a dark or zero valley along Re(s) = 1/2 and increasing values
away from the line. This makes the fixed-locus condition numerically visible.

The D-orbit experiment is valuable because it makes the logical structure of RH concrete. The
conjecture does not say merely that zeros respect D-orbits. It says that all nontrivial zero D-
orbits have size one.

11.3 Prime-Exponent Vector Visualizations

The arithmetic side of the framework can also be visualized. Since the Euler product is grounded
in prime factorization, a computational notebook should include examples of positive integers
represented as finite prime-exponent vectors.

For a positive integer n, write
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n = MNp p~(ap)

where only finitely many exponents ap are nonzero. A program can compute the exponent
vector for each n over the first several primes. For example, using the prime basis

2,3,5,7,11,13
the integer
360=23%x32x5
has vector
(3,2,1,0,0,0)
The integer
84=22x3x7
has vector
(2,1,0,1,0,0)

This representation allows arithmetic operations to be visualized geometrically. Multiplication
becomes vector addition:

v(mn) = v(m) + v(n)

Divisibility becomes coordinate-wise comparison:

m divides n if and only if v(m) < v(n) coordinate-wise

The greatest common divisor becomes coordinate-wise minimum:
v(gcd(m,n)) = min(v(m), v(n))

The least common multiple becomes coordinate-wise maximum:
v(lcm(m,n)) = max(v(m), v(n))

These visualizations are not directly about RH, but they make the arithmetic origin of the zeta
function visible. The Euler product works because positive integers are equivalent to finite
prime-exponent configurations. A notebook can show this by generating all exponent
configurations over a finite set of primes and reconstructing the corresponding integers.

For example, truncate to primes 2, 3, and 5, and allow exponents 0 through k. The resulting grid
of exponent triples corresponds to integers of the form

2"a 32b 5°¢c
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A three-dimensional scatter plot can display these exponent configurations. A second plot can
map them back to ordinary integer values. This makes clear that the ordinary sequence of
integers hides a high-dimensional multiplicative coordinate system.

A useful figure would place the two views side by side:
ordinary integer line
prime-exponent coordinate space

The caption should emphasize that the Euler product is the analytic shadow of the second view.
The zeta function sums over the ordinary integer line but factors over prime-coordinate axes.

This computational experiment supports the equivalence-first interpretation. It shows that
prime factorization is not merely notation. It is a structure-preserving change of coordinates in
arithmetic.

11.4 Euler-Product Truncations and Analytic Behavior

A reproducible notebook can also illustrate the relationship between the Dirichlet series and
Euler product by comparing finite truncations. For Re(s) > 1, both the partial Dirichlet sums and
partial Euler products approximate {(s).

A partial Dirichlet sum is

Y from n=1to N of n(-s)

A partial Euler product is

M over p <P of (1 - p~(-s))*(-1)
where p ranges over primes up to P.

Computationally, one can evaluate both approximations for selected values of s with Re(s) > 1
and show their convergence toward the same value. This experiment illustrates the analytic
expression of prime-exponent equivalence. The sum over integers and the product over primes
approach the same function because unique factorization links the two presentations.

The notebook should also clearly show the limitation. The Euler product and Dirichlet series are
directly convergent only in the half-plane Re(s) > 1. The nontrivial zeros lie in the critical strip,
where these original formulas do not converge in the same ordinary way. Therefore the
computational experiment should not suggest that RH can be studied directly by naive Euler-
product truncations inside the critical strip.

A responsible notebook should include a warning:
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Dirichlet-series and Euler-product truncations illustrate arithmetic structure in the convergence
region; the Riemann Hypothesis concerns the analytically continued and completed function in
the critical strip.

This distinction is important. Many misleading numerical arguments about RH arise from
applying formulas outside their valid domains or from overinterpreting finite truncations. The
fixed-locus program should avoid that error.

Nevertheless, finite Euler products are useful pedagogically. They show how primes build zeta.
One can compute the contribution of each prime factor

(1-p"(=s))M(-1)

and visualize how multiplying more prime factors changes the approximation. One can also plot
magnitude and phase of partial products for selected vertical lines in the half-plane Re(s) > 1.

Another useful experiment is to compare the logarithm of the Euler product with prime sums.
Formally, in appropriate regions,

log (s)

can be expanded in terms of primes and prime powers. This illustrates how prime information
enters the analytic behavior of zeta. Again, the notebook should remain within valid
convergence regions unless advanced regularized or analytically continued methods are
explicitly defined.

The purpose of Euler-product computation is therefore not to locate zeros directly. It is to show
the arithmetic source of the function whose completed zero set becomes the subject of fixed-
locus confinement.

11.5 A Reproducible Notebook for Fixed-Locus Confinement

The final computational deliverable should be a reproducible notebook accompanying the
paper. Its purpose would be to make the fixed-locus formulation inspectable, teachable, and
extensible. The notebook should be written in a common open language such as Python, using
standard numerical and plotting libraries.

The notebook should contain several modules.

The first module should define the complex plane, the critical strip, the critical line, the map
D(s)=1-3

and the fixedness measure

|D(s) - s|
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It should generate diagrams showing the critical strip, D-orbits, fixed points, and off-line
symmetric pairs.

The second module should show the equivalence between D-fixedness and the critical line. It
should compute examples and verify numerically that

D(s)=s

only when

Re(s) = 1/2

The notebook can show that for arbitrary sampled points,
|D(s) = s| = [1-2Re(s)|

up to numerical precision.

The third module should create schematic zero-set diagrams. These should include critical-line
zeros and hypothetical off-line quartets. The diagrams must be labeled as schematic, not as
claims of actual off-line zeros. Their role is to show what symmetry permits and what RH
forbids.

The fourth module should visualize prime-exponent vectors. It should factor integers, produce
finite exponent vectors over selected prime bases, and show how multiplication corresponds to
vector addition. This connects the zero problem back to the arithmetic source of zeta.

The fifth module should compute Dirichlet-series and Euler-product truncations in the region
Re(s) > 1. It should compare their convergence and explain why this region differs from the
critical strip. This module grounds the analytic object in prime arithmetic while preserving
mathematical caution.

The sixth module may optionally include numerical evaluations of the zeta function near known
critical-line zeros, using reliable mathematical libraries. If included, this section should be
framed as illustration, not proof. Numerical checks can show examples of zeros on the critical
line, but no finite computation proves RH.

The seventh module should reproduce the paper’s core diagram:
object = equivalence - fixed locus = invariant

For the Riemann case, the diagram becomes:

§(s) = D(s) =1 -5 = Fix(D) = Re(s) = 1/2 = Z€ c Fix(D)

For the arithmetic case:
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positive integers - prime-exponent equivalence - Euler product - zeta analytic structure
For the formalization case:
complex plane - D map - fixed-locus lemma = RH containment statement

The notebook should export figures as high-resolution image files and vector graphics suitable
for inclusion in the paper. It should also include captions explaining what each figure proves,
what it illustrates, and what it does not prove.

The reproducibility standard is important. Every plot should be generated from code. Every
schematic point should be labeled as schematic. Every numerical zeta computation should state
its limitations. The notebook should make the conceptual framework stronger by making it
more transparent.

The ultimate purpose of computation in this paper is disciplined visualization. It helps readers
see that RH, in fixed-locus form, is not merely about a line. It is about the containment of an
arithmetic zero set inside the self-dual locus of a completed analytic object. Computation can
display the line, the map, the orbits, the distinction between pairing and fixedness, and the
arithmetic origin of the Euler product. It cannot supply the missing confinement principle by
itself.

The next and final substantive section will return to that missing principle directly. Having
defined the fixed-locus formulation, distinguished symmetry from confinement, connected zeta
to prime-exponent arithmetic, and outlined formal and computational pathways, the remaining
guestion is the central one:

What would force all nontrivial zeros onto the self-dual locus?

12. Conclusion: What Would Force Zeros onto the Self-Dual Locus?

This paper has reformulated the Riemann Hypothesis as a fixed-locus confinement problem. The
classical statement says that every nontrivial zero of the Riemann zeta function has real part
1/2. The fixed-locus statement says that the nontrivial zero set of the completed zeta function
lies inside the fixed locus of the reflection-conjugation map D(s) = 1 - 5. These statements are
mathematically equivalent, but they emphasize different aspects of the problem. The classical
formulation emphasizes location. The fixed-locus formulation emphasizes self-duality. The
critical line is not merely the midpoint of the critical strip; it is the self-dual axis of the
completed zeta function’s symmetry. The remaining difficulty is that symmetry alone does not
imply confinement. A zero set can be symmetric without every zero being fixed. Therefore the
central unanswered question becomes: what principle forces the zeros from collective
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symmetry into individual self-duality? Any successful proof of the Riemann Hypothesis must
answer that question, whether through analysis, arithmetic, spectral theory, geometry,
positivity, category theory, or another structure not yet recognized.

12.1 Summary of the Fixed-Locus Reformulation
The paper began with the ordinary complex variable
s=o+it

and the critical strip

O<Re(s)<1

The Riemann Hypothesis concerns the nontrivial zeros of {(s) in this strip and asserts that each
such zero satisfies

Re(s) = 1/2

The fixed-locus reformulation begins by identifying the completed zeta function as the correct
symmetric object. The completed function &(s) satisfies the functional equation

§(s) = &(1-5)

This symmetry reflects the complex plane across the critical line. Complex conjugation supplies
the additional symmetry needed to define the horizontal reflection map

D(s)=1-53

If

s=o+it

then
D(s)=1-o0+it

Thus D reflects a point across the critical line while preserving its imaginary coordinate.
The fixed locus of D is

Fix(D) = {s : D(s) = s}

Solving the equation

D(s)=s

gives
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Re(s) =1/2

Therefore

Fix(D) = {s : Re(s) = 1/2}

The Riemann Hypothesis may then be written as

Z¢& c Fix(D)

where Z¢ is the nontrivial zero set of the completed zeta function in the critical strip.

This is the central reformulation of the paper. It does not alter RH. It changes the emphasis from
coordinate location to fixed-locus self-duality. A nontrivial zero on the critical line is not merely
at real part 1/2; it is fixed by the natural reflection-conjugation symmetry of the completed zeta
function.

This formulation gives the problem a clear grammar:
object: &(s)

duality: D(s)=1-35

fixed locus: Fix(D) = Re(s) = 1/2

invariant set: Z§

conjecture: Z§ c Fix(D)

The value of this grammar is that it separates known facts from the conjectural leap. The
completed zeta function has symmetry. The zero set respects that symmetry. But the Riemann
Hypothesis asserts more: every nontrivial zero is individually self-dual.

12.2 What Has Been Clarified

The first clarification is that the critical line is structurally distinguished before RH is considered.
The line Re(s) = 1/2 is not merely a convenient midpoint. It is the fixed locus of the map D(s) =1
- 5. Itis the set of points that remain unchanged under the reflection-conjugation symmetry
naturally associated with the completed zeta function.

The second clarification is the difference between setwise invariance and pointwise fixedness.
The zero set may be invariant under D if

D(Z£) = Z¢
This means the transformation maps zeros to zeros. But RH requires the stronger condition
Z¢& c Fix(D)
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This means every nontrivial zero is fixed individually. Off-line zeros would still be compatible
with symmetry if they occurred in reflected and conjugated families. Therefore symmetry
organizes the zero set, but it does not by itself prove RH.

The third clarification is the role of prime arithmetic. The zeros matter because {(s) is not an
arbitrary analytic function. The Euler product connects {(s) to prime factorization:

U(s) =Np (1 - p~(-s))™(-1)

This product is possible because every positive integer is equivalent, multiplicatively, to a finite
prime-exponent configuration:

n = Mp p~(ap)

The zeta function’s analytic structure is therefore rooted in arithmetic equivalence. The fixed-
locus confinement problem concerns the zeros of a prime-encoded analytic object after analytic
continuation and completion.

The fourth clarification is the role of HoTT-inspired language. Homotopy Type Theory and
univalence do not prove RH. Their value is conceptual and organizational. They encourage
careful distinction among equality, equivalence, presentation, duality, and fixed structure. The
zeta function appears through multiple presentations: Dirichlet series, Euler product, analytic
continuation, completed function, and fixed-locus formulation. These presentations are not
identical as formulas, but they are structurally connected.

The fifth clarification is formal. The fixed-locus statement can be encoded in a proof-assistant
style. One can define D, prove that D is an involution, prove that Fix(D) is equivalent to Re(s) =
1/2, define the nontrivial zero set, and state RH as zero-set containment. The unsolved step
remains exactly where it should be: proving the containment.

12.3 What Remains Unproved

The Riemann Hypothesis remains unproved. The fixed-locus reformulation does not change
that. It does not provide a shortcut from the functional equation to RH. It does not show that all
zeros are on the critical line. It does not eliminate the analytic difficulty of the problem.

The central unproved statement remains

Z¢ c Fix(D)

or equivalently:

if §(p) =0and 0 < Re(p) < 1, then Re(p) =1/2

The reformulation proves only that this is the same as saying
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D(p)=p
for every nontrivial zero p.

The gap between known symmetry and conjectured confinement remains open. The known
symmetries imply that if an off-line zero exists, related zeros must also exist. A zero at

p=0+it
with
oz1/2

would be accompanied by zeros at related reflected and conjugated positions. Such a quartet
would respect the global symmetry of the completed zeta function. It would violate RH, but not
because it violates the basic functional equation.

Therefore any proof must rule out these off-line symmetric configurations. It must show that
the horizontal displacement

6=0-1/2

is always zero for nontrivial zeros.

The fixed-locus language makes the gap visible:
known: zero symmetry permits D-orbits

conjectured: all nontrivial zero D-orbits have size one

In other words, the missing proof must show that every nontrivial zero is fixed by D rather than
merely paired by D.

This is the point at which all serious approaches to RH face the same obstacle. A spectral
approach must produce an operator strong enough to force critical-line placement. A positivity
approach must produce a positivity condition strong enough to exclude off-line zeros. A
geometric approach must produce a structure whose invariants are confined to the self-dual
locus. A formal or type-theoretic approach must still import mathematical content capable of
proving the containment.

The fixed-locus formulation does not remove the obstacle. It names it.
12.4 The Missing Principle Behind RH
The central question of the paper can now be stated directly:

What forces symmetric zero-pairing to become fixed-locus confinement?

85



The functional equation supplies symmetry. Complex conjugation supplies additional reflection.
Together they imply that the zero set is organized around the critical line. But they do not force
each zero onto that line. Therefore RH requires an additional principle.

Several kinds of principles may be candidates.

A positivity principle might show that some kernel, form, distribution, or transform associated
with &(s) must be positive exactly when zeros lie on the critical line. If off-line zeros create
negative contributions or violate positivity, then positivity could force confinement.

A spectral principle might realize the imaginary parts of zeros as eigenvalues of a self-adjoint
operator. Since self-adjoint operators have real spectra, zeros would naturally take the form

p=1/2+1iy
with y real. In fixed-locus language, spectral reality would force zero data onto the self-dual line.
A geometric principle might identify a space, flow, fractal string, or spectral geometry whose

invariants correspond to the zeta zeros. If the geometry imposes self-dual constraints, then the
zero set could be confined by geometric structure rather than by analytic estimates alone.

An arithmetic rigidity principle might arise from the prime-exponent structure underlying the
Euler product. Since {(s) encodes multiplicative arithmetic, the primes may impose constraints
on analytic cancellation that are stronger than functional symmetry alone.

A categorical or type-theoretic coherence principle might seek to interpret zeros as objects
carrying self-duality data rather than merely as points in symmetric orbits. This remains
speculative, but it matches the equivalence-first grammar of the paper. A zero on the critical line
is fixed by D; an off-line zero is merely paired. A future structural theory might explain why only
fixed zeros are coherent with the completed zeta object.

These possible mechanisms are not mutually exclusive. A successful proof could involve several
of them. It might combine spectral structure with positivity, geometry with arithmetic, or formal
equivalence with analytic estimates. The fixed-locus program does not decide which mechanism
is correct. It defines the target any mechanism must hit.

That target is precise:
prove that every nontrivial zero of §(s) is fixed by D(s) =1 -5
or:

prove that the zero set of the completed, prime-encoded analytic object is confined to the self-
dual locus of its defining symmetry
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This is the missing principle behind RH as framed in this paper.
12.5 Future Work in Equivalence-First Analytic Number Theory

The first direction for future work is formalization. A minimal proof-assistant project should
define the reflection-conjugation map D, prove that D is an involution, prove that Fix(D) is
equivalent to the critical line, define the nontrivial zero set abstractly, and state fixed-locus
confinement as a formal conjecture. This would produce a machine-checkable version of the
paper’s central reformulation.

The second direction is prime-exponent formalization. Positive integers should be represented
as finite prime-exponent configurations, and unique factorization should be treated as an
equivalence between multiplicative integer structure and finite-support prime-coordinate data.
This formalizes the arithmetic origin of the Euler product.

The third direction is extension to other L-functions. Many zeta and L-functions have functional
equations with central lines or central points. The fixed-locus grammar can be generalized:

completed function

functional duality

fixed locus

zero set

confinement conjecture

This may provide a broader language for discussing generalized Riemann hypotheses.

The fourth direction is spectral comparison. Existing spectral and Hilbert-Pdlya-type programs
should be evaluated through the fixed-locus lens. The question should be: does the proposed
spectral structure merely reproduce symmetry, or does it force confinement? Does it explain
why zeros have the form 1/2 +iy?

The fifth direction is geometric comparison. Fractal strings, complex dimensions, trace formulas,
and spectral geometry provide rigorous settings where zeta-like functions encode structural
data. These systems should be analyzed to identify cases where analytic invariants are forced
onto fixed loci by geometry. Such examples may not prove RH, but they may clarify what a
confinement mechanism looks like.

The sixth direction is computational visualization. A reproducible notebook should accompany
this program, generating diagrams of D-orbits, fixed loci, schematic zero quartets, prime-
exponent vectors, Euler-product truncations, and the formal containment statement. The
purpose is not numerical proof, but conceptual clarity and reproducibility.
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The seventh direction is conceptual refinement. The phrase “equivalence-first analytic number
theory” should be developed carefully. It should not mean replacing analysis with philosophy. It
should mean organizing analytic number theory around transformations, presentations,
equivalences, fixed structures, and invariant sets. In this framework, the Riemann Hypothesis
becomes a model problem: an invariant zero set is conjectured to lie on the fixed locus of a
fundamental duality.

The final conclusion is cautious but strong. The fixed-locus reformulation does not solve the
Riemann Hypothesis. It does, however, sharpen the question. It identifies the critical line as a
self-dual locus, the nontrivial zeros as the invariant set of interest, and the missing proof as a
confinement principle.

The paper’s central thesis can be stated in one sentence:

The Riemann Hypothesis is equivalent to the claim that the nontrivial zeros of the completed
zeta function are not merely symmetric under reflection-conjugation, but individually fixed by it.

That sentence does not close the problem. It makes the problem structurally explicit. The next
step is to discover the principle that turns symmetry into confinement.
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