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1) Executive Summary
1.1 Problem: coherence without flattening

Readers, pastors, and scholars face a persistent dilemma: how to hold together the Bible’s many
voices, genres, and historical layers without ironing away the differences that make those voices
meaningful. Traditional harmonization can collapse nuance; purely historical-critical approaches
can fragment meaning into disconnected parts. Digital tools add scale but rarely add structure:
bigger concordances and word vectors still lack a principled way to decide when separate
witnesses “agree enough” to speak as one. The core problem is methodological: we need a
framework that (a) honors locality of context, (b) lets partial perspectives coexist, (c) specifies
when and how local readings glue into a coherent whole, and (d) preserves genuine tension
where unity is not yet warranted. In short, we seek coherence without flattening, a map that
explains both agreement and dissent, fulfillment and anticipation, clarity and mystery, without
forcing binary all-or-nothing claims at each step.

1.2 Contribution: a topos of Scripture with practical payoffs

We model Scripture as a topos whose site has passages as objects and intertextual links as
morphisms; a Grothendieck topology encodes what counts as “enough witnesses.” Sheaves
capture readings that remain consistent across overlapping contexts; doctrines become global
sections; tensions appear as exactness conditions rather than contradictions. I[dempotent
modalities formalize Law vs Gospel and already/not-yet time, while the fourfold sense becomes
functorial. This yields concrete, practitioner-friendly payoffs:

e Study & preaching: “witness atlases” that show how pericopes jointly cover a doctrine,
with explicit overlap checks before asserting synthesis.

o Exegesis workflows: functorial pipelines (literal -> typological -> anagogical) that record
when meaning legitimately lifts and when it does not.

e Harmony with texture: Gospel harmonies as sheaf gluing across overlaps, retaining each
Evangelist’s distinct chart rather than merging into a bland composite.

¢ Translation & tradition comparison: geometric morphisms that transfer readings across
versions or confessional lenses, making agreements and divergences auditable.

e Teaching & formation: reusable diagram templates (cones for fulfillment, (co)equalizers
for inclusio, pullbacks for genealogy) that turn abstract claims into inspectable
structures.



The result is a rigorous yet pastoral framework: it operationalizes coherence, preserves
difference, and provides checkable criteria for when local insight rightly becomes shared
doctrine.

2) The Site: Objects, Morphisms, and Covers

2.1 Passages as objects; link types as arrows

Objects (Ob Bibl): granular textual units chosen at a consistent scale. Practical choices:
e \Verse, pericope, chapter, book (pick one primary grain; allow views at others).

¢ Non-overlapping segmentation within a grain; higher/lower scales obtained by functors
(aggregation/refinement).

Morphisms (Ar Bibl): directed, meaning-bearing links. Core types:

Quotation/Allusion: x -> y when y reuses or echoes x.

e Typology/Antitype: x ~>y when x prefigures y (use a distinct arrow label).
e Prophecy -> Fulfillment: x => y with staged evaluation (already/not-yet).

e Theme/Parallel: x —t-> y when both instantiate theme t.

e Cross-reference/Editorial: canonical or scholarly apparatus.

Composition & identity: link chains compose if types are compatible (e.g., prophecyotypology
allowed, but define rules). Identity id_x marks self-reference (e.g., intra-pericope cohesion).

Formally (copy-safe):
e Category Bibl with Ob(Bibl) = passages, Hom(x,y) = union of typed link sets.
e Composition: (f:y->z)o(g:x->y) defined when type(f,g) in allowed_compositions.
e id_xin Hom(x,x).

Rationale: Arrows externalize intertextuality; composition builds multi-witness paths; typed
arrows preserve interpretive discipline.



2.2 “Enough witnesses” as a Grothendieck topology
We encode “when local testimonies suffice” via a topology J on Bibl.
Sieves and covering:
e Asieve Sonyisa set of arrows {u_i ->y} closed under precomposition.
e Scoversy (SinlJ(y)) iff its members jointly warrant reading y in the intended sense.
Interpreting “enough”:
o Multiplicity: at least k independent witnesses.

o Diversity: witnesses span sources (Law/Prophets/Writings; Gospels/Paul/Catholic
Epistles).

¢ Depth: inclusion of stronger link types (e.g., explicit quotation > thematic parallel).

e Agreement on overlaps: restrictions agree on u_i x_y u_j (shared context).
Axioms (copy-safe):

1. Maximal sieve covers: for all y, Hom(-,y) in J(y).

2. Stability: if Sin J(y) and f:x->y, then fA*S in J(x).

3. Transitivity: if Sin J(y) and for each u->y in' S, T_u in J(u), then (union over u of T_u)
coversy.

Designing J:

e Start with a scoring function w(u->y) by link type and source family; define Cover if sum
S w >=tau and overlap coherence holds.

e Alternative: tiered thresholds by genre (law, narrative, poetry) and doctrinal sensitivity
(lower tau for low-stakes, higher for creed-level claims).

Payoff: “Covering” becomes auditable: one can show the exact sieve that justifies globalizing a
local reading.

2.3 Choosing cover bases: pericopes, themes, genres

To make J usable, choose bases—canonical families of covering sieves that generate the full
topology.



Pericope-based base:

e Units: narrative scenes/discourse blocks recognized by form criticism and editorial
markers.

e Base sieves: all inbound links from pericopes that the tradition treats as parallel or
explanatory (e.g., Synoptic parallels; law—>case-law; psalm superscriptions).

e Strengths: tight narrative coherence; good for Gospel harmonies and legal reasoning.
Theme-based base:
e Units: motifs (exodus, temple, shepherd, table, exile/return, covenant, wisdom).

e Base sieves: inbound arrows labeled with the theme t across canon strata (Torah,
Prophets, Writings, Gospels, Epistles).

e Strengths: shows long arcs; ideal for prophecy/fulfillment and typology; emphasizes
diversity of witnesses.

Genre-aware base:

¢ Units: genre partitions (law, narrative, poetry, wisdom, prophecy, gospel, epistle,

apocalyptic).

e Base sieves: require cross-genre triangulation (e.g., for doctrine y, demand at least one
legal, one narrative, one poetic/prophetic witness).

o Strengths: guards against single-genre overreach; stabilizes doctrinal claims.
Hybrid practice (recommended):

e Use pericope base for local exegesis; augment with theme base for canonical arcs;
enforce genre-aware thresholds for doctrinal elevation.

e Parameterize thresholds tau_pericope, tau_theme, tau_genre and minimal diversity
counts (e.g., >=2 OT strata + >=1 NT witness for creedal elevation).

Formal sketch (copy-safe):
e Fix base familiesB_y ={S_b € Hom(-,y)}.
o Define J(y) as all sieves S that contain some S_b in B_y and satisfy overlap coherence.

e Calibrate B_y by task: preaching (pericope-heavy), catechesis (genre-balanced),
academic theology (theme-diverse with higher tau).



Outcome: Covers become standardized, tunable, and transparent. A reader can reproduce why
a claim glued: which base the sieve came from, which witnesses it used, and how overlaps were
checked.

3) Sheaves of Meaning
3.1 Presheaves vs. sheaves; locality and gluing

Presheaf (copy-safe): A functor F: Bibl*{op} -> Sets assigning to each passage x a set F(x) of
possible readings and to each arrow f:u->x a restriction map F(f): F(x)->F(u).

Intuition: A presheaf tracks how a proposed reading of x specializes when one “looks through”
an inbound witness u. It guarantees functoriality (identity and composition laws) but not yet
“agreement implies unification.”

Sheaf (copy-safe): A presheaf F is a sheaf for J if for every covering sieve S on x and every family
{s_uin F(u)} indexed by u->x in S that (i) agrees on overlaps (see 3.2), there exists a unique s in
F(x) such that F(u->x)(s)=s_u for all u->x in S.

Locality vs. gluing: Locality allows meaning to be examined piecemeal along recognized
witnesses; gluing demands that locally coherent pieces assemble into a single reading of x.
Why it matters: Exegesis frequently builds from partial views (parallel passages, typologies,
guotations). The sheaf condition encodes the threshold at which these partial views justify a
single, responsibly globalized interpretation.

Practical example: Let x be “Sermon on the Mount (Matthew 5-7)” at pericope grain. Inbound
witnesses include Deuteronomy (law), Psalms/Wisdom (ethical ideals), prophetic promises, and
Synoptic parallels. A sheaf F may assign to each u a reading “kingdom-ethic claim.” If these
readings agree on their overlaps (shared motifs, common command structures), F glues them to
a unified reading of x without erasing each witness’s texture.

3.2 Descent data, overlaps, and uniqueness

Descent data (copy-safe): For a covering family {u_i->x}, a matching family is a tuple (s_i in
F(u_i)) such that for all i,j and all w->u_i, w->u_j with a common refinement over x, the
restrictions agree: F(w->u_i)(s_i) = F(w->u_j)(s_j).

This “agree on overlaps” clause enforces that the same motif/doctrine, when viewed through
two different witnesses, looks the same after further restriction.



Overlaps operationally:

o Pullback passages: Construct u_i x_x u_j as the maximal common sub-witness (e.g., a
shared quotation, a shared theme with identical role).

o Restriction check: Projects_iands_jto F(u_i x_x u_j) and test equality.

e Weighting/tolerance (optional): In practice, one can permit near-agreement when
genres differ (poetry vs narrative). This can be encoded by letting F take values in a
category of valued sets with an equality threshold.

Uniqueness clause: If a matching family admits more than one s in F(x) that restricts to all s_i, F
fails the separation part of the sheaf axiom.

¢ Separated presheaf: Matching families have at most one amalgam.
¢ Sheaf: Matching families have exactly one amalgam.
Interpretive payoff:

e Separatedness guards against equivocation: you cannot claim two incompatible
“globals” that both fit the same locals.

¢ Sheafness forbids underdetermination at the chosen notion of “enough witnesses.” If
underdetermination occurs, either the topology J was too weak (not enough/strong
enough witnesses), or F was too coarse (its codomain failed to distinguish senses), or the
text invites a legitimately modal treatment (see 4.x), in which case we glue inside a
modal subtopos (e.g., Box_L, Diamond_G).

Worked sketch (copy-safe):
Given S = {u_i->x}in J(x) and s_i in F(u_i):

1. Foralli,j compute v_{ij} = u_i xx u_j and verify F(proj{i})(s_i) = F(proj_{j})(s_j) in F(v_{ij}).
2. If equalities hold, produce s in F(x) and certify F(u_i->x)(s) = s_i for all i.

3. Prove uniqueness: if s’ also restricts to {s_i}, then s=s’ by separatedness.

3.3 Doctrines as global sections

Global section (copy-safe): A doctrine D is a choice of s_y in F(y) for every passage y such that
for every arrow f:u->y, F(f)(s_y) = s_u. Equivalently, a natural transformation 1 -> F, where 1 is
the terminal presheaf.

Interpretation: A doctrine is a reading that is coherent everywhere, respecting every



recognized witness link. It is not a single slogan; it is a system of locally appropriate readings
that commute with all restrictions.

Elevation from local to global:

o Start with a candidate reading on a subcover S of a “doctrinal locus” y (e.g.,
righteousness by faith; the divinity of Christ).

e Verify matching on overlaps (3.2).
e Use gluing to obtain s_y in F(y).

e Propagation: Use functoriality to transport along all arrows into y and out of y (via
factorization through y when appropriate) to extend s_y to neighboring passages. Iterate
until a natural family over all objects is obtained.

¢ Failure modes: If propagation breaks, either (a) the topology J demands more diverse
witnesses, (b) the candidate requires modal qualification (already/not-yet), or (c) the
claim should remain a local section (tradition-bounded theology rather than catholic
doctrine).

Grading strength:
¢ Local section over U € Ob(Bibl): tradition-specific theology.
e Section over every object in a stratum (e.g., NT): inter-book consensus.
¢ Global section: catholic doctrine (in the categorical sense).

Auditable certification:
For a proposed doctrine D, one can exhibit:

1. The generating covers used (which S in J(y)).
2. The matching family witnesses (passage IDs, link types).
3. The overlap equalities (pullback checks).

4. The propagation graph (arrows along which D commutes).
This turns doctrinal claims into reproducible constructions rather than opaque
assertions.

Concrete illustration:

e Prophecy->Fulfillment: F classifies “Messiah-identity claims.” Locals from law, prophets,
psalms, and Gospels are assembled via a theme-diverse cover; overlaps agree on role
predicates (king, servant, priest). Gluing yields s_{Gospels}; propagation along apostolic
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teaching arrows extends s to epistles; uniqueness ensures the same global role
assighnment wherever the cover condition holds.

e Grace and Law: Use modalities Box_L and Diamond_G. Within Box_L-reflective
subtopos, a doctrine of command coherence forms a global section; within Diamond_G,
a doctrine of gift coherence does likewise. A comparison functor relates the two,
showing precisely where and how they align or diverge.

Bottom line: Modeling doctrines as global sections makes “shared belief” a categorical fixed
point of local, testable agreements. It respects locality, exposes the gluing seams, and clarifies
whether disagreement reflects missing witnesses, modal distinctions, or genuinely different
topologies of reading.

4) Internal Logic and Modalities
4.1 Intuitionistic core: beyond binary truth

Internal logic. Every topos carries a higher—order, intuitionistic (Heyting) logic. Negation is not
involutive in general (~ ~A does not force A), and excluded middle (A v ~A) is not globally valid.
This is a feature: it fits promises, types, and mysteries that are witnessed locally but not globally
settled.

Subobject classifier. Let Omega be the object of truth values with true: 1 -> Omega. A subobject
m: U -> X corresponds to a classifier chi_m: X -> Omega. Logical connectives are morphisms in
Omega:

e meets (A /\ B) via pullback,
e joins (A / B) via image of coproduct,
e implication (A => B) as right adjoint to meet with A (Heyting implication),
e negation ~A defined as A => False.
Interpretive reading.

e Promise-level truths: locally forced on a cover but not forced globally yet (no need to
collapse to binary).

e Tension: A and ~A can both fail to be provable, avoiding brittle contradiction narratives.

e Evidence accrues monotonically: adding witnesses refines sieves and can turn local truth
into global truth by gluing.
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Payoff. Intuitionistic logic encodes “already partial, not yet tota

|II

knowledge without calling it

contradiction. It lets us track awaited fulfillment and unresolved harmonizations as logical shape

rather than as error.

4.2 Law (Box_L) and Gospel (Diamond_G) as idempotent modalities

We model Law and Gospel as modalities on the topos, implemented either as

(a) Lawvere-Tierney topologies j L: Omega -> Omega and j_G: Omega -> Omega, or

(b) idempotent (co)monads on the identity functor.

As Lawvere-Tierney topologies.

A map j: Omega -> Omega is a topology if it is inflationary, idempotent, and meet—preserving:

1.

2.

A <=j(A) (every truth can be “closed” under the modality),
i(j(A)) = j(A) (idempotence),
i(A/\ B) =j(A) /\ j(B) (finite meets preserved).

Box_L (Law-closure): j_L closes a proposition under covenantal obligation. Intuition: a
claim counts as “Law-true” only if it is stable when restricted along all Law-typed arrows
(command, statute, judgment). Subobjects stable under j_L form the L-reflective
subtopos of “obligation-stable truths.”

Diamond_G (Gospel-openness): Dually, we use a nucleus or a comonadic reflector that
captures gift/fulfillment availability. Intuition: a claim is “Gospel-possible” when it is
witnessed under fulfillment-type morphisms (promise realized, reconciliation, adoption).
The G-coreflective subtopos collects grace-stable truths.

As idempotent (co)monads.

Box_L: E -> E with unit eta_L: Id => Box_L and multiplication mu_L: Box_L"2 => Box_L,
idempotent so that algebras are exactly L-stable objects.

Diamond_G: E -> E with counit eps_G: Diamond_G => Id and comultiplication delta_G:
Diamond_G => Diamond_G”2, idempotent so that coalgebras are exactly G-stable
objects.

Interaction laws (design choices, copy-safe):

Monotonicity: A <= B implies Box_L A <= Box_L B and Diamond_G A <= Diamond_G B.

Frobenius-style (optional): Box_L(A /\ Diamond_G B) = Box_L A /\ Diamond_G B when
Law does not annihilate gift.
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o Stability knobs: some readings require Box_L Diamond_G A = Diamond_G Box_L A (Law
and Gospel commute on that family); others intentionally do not, marking real
theological asymmetries.

Operational meaning.

¢ InL-mode, we ask: does the claim persist under all obligation-preserving restrictions
(command contexts, covenant stipulations)?

¢ In G-mode, we ask: is the claim licensed by fulfillment-preserving expansions (promise
realized, eschatological surplus)?

Practical outputs.

¢ Sermon planning: compute Box_L of an ethical thesis to see what truly binds; compute
Diamond_G to surface where grace enlarges or lifts the thesis.

e Commentary alignment: “This tension is modal” becomes precise: the two statements
live as theorems in different reflective subtopoi, with an explicit comparison functor
between them.

4.3 Kairos / Already—Not-Yet as temporal modality

Biblical time often behaves like staged availability rather than linear completion. We model this
with a temporal modality inspired by the “later” (Nakano) operator in guarded type theory.

Two equivalent constructions.
(A) Indexed toposes over time.

e Index category T of stages (e.g., 0 ->1->2 ->...), where O = promise given, 1 = partial
fulfillment, omega = consummation.

e A Biblical timeline is a functor E: T -> Topos, with transition functors U_{n,n+1}: E_{n+1} -
> E_n (forgetting later data) and sometimes left adjoints F_{n,n+1} (anticipation).

e Truth at stage n is judged in E_n. Fulfillment is preservation along U: a prophecy proven
at n+1 may only be locally promised at n.

(B) Internal “later” modality.
e Add an endofunctor Next: E -> E with natural transformation next: Id => Next.

e Laws (copy-safe):
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1. Monotone: A => B implies Next A => Next B.

2. Guarded induction: to prove forall x. A(x), it suffices to prove forall x. Next A(x)
under suitable guardedness (no circular, unguarded self-reference).

3. Interaction with L/G: usually Box_L Next A <= Next Box_L A (obligation carries
forward), and Diamond_G A <= Next Diamond_G A may hold when grace unfolds
over time.

Semantics.

“Already”: A provable at stage n.
“Not yet”: only Next k A is provable for some k>0.

“Eschatological fixpoint”: a claim A such that A <=> Next A; it is stable across stages (e.g.,
God'’s faithfulness).

Worked mini-rules (sequent style, copy-safe):

From promise to fulfillment: if Next A and there exists a fulfillment arrow f: n -> n+1 such
that A holds in E_{n+1}, then A is locally forced on covers that include f; globalizing may
require additional witnesses.

Temporal sheaf condition: matching families at stage n that remain matching under all
U_{n+k,n} glue to a unique section stable through k steps; this captures “durable
coherence,” not just one-shot agreement.

Use in exegesis.

Prophecy -> fulfillment: represent the prophecy as Next*k A at its utterance locus; show
the Gospels provide witnesses turning Next k A into A at later stages; push forward
along apostolic arrows to stabilize A as doctrine or keep it modal if partial.

Sanctification/ethics: Box_L A may hold at stage n, while Diamond_G reveals expansions
at n+1 that soften or transform the boundary. The explicit Next separates timing
guestions from logical ones.

Why this matters.
The Kairos modality prevents premature collapse of time-staged statements into present-tense
binaries. It encodes “already/not-yet” as structure, supports guarded reasoning about promises,

and clarifies how some tensions are temporal (stage-shift) rather than doctrinal (logic-shift) or

modal (Law vs Gospel).
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Bottom line for Section 4.

¢ Intuitionistic logic gives a safe baseline for partial, witness-driven truth.
e L/G modalities provide disciplined lenses that are idempotent and auditable.

o Kairos supplies stage-awareness so that fulfillment can mature without forcing

contradiction.

Together, these yield a resilient calculus where Scripture’s coherence is earned by gluing,

not demanded by flattening.

5) Reading Disciplines as Functors

5.1 Literal -> Typological -> Allegorical -> Anagogical as natural transformations

Setup. Fix the topos E = Sh(Bibl, J). Let C be the underlying category of passages. A reading
discipline is an endofunctor on E (or on a suitable subcategory of presheaves) that reindexes

meaning according to a rule.
e L:E->E(Literal)
e T:E->E (Typological)
e A:E->E(Allegorical)
e N:E->E(Anagogical)
Think “lift operators” that push a reading up the fourfold ladder.

Natural transformations (copy-safe).
We posit a ladder of structure-preserving lifts:

o eta LT:L=>T

e eta TA:T=>A

e eta AN:A=>N
Coherence we want (copy-safe):

o (eta_ TAoeta LT):L=>A

e (eta_ ANoeta TA):T=>N

e (eta_ ANoeta TAoeta LT):L=>N

15



Discipline laws (designable invariants).

1. Monotonicity: If F <= G (pointwise inclusion), then X <= Y implies D(X) <= D(Y) for D in
{L,T,AN}

2. Stability on arrows: For any f:u->x in Bibl, restrictions commute with D: D(res_f) =
res_fAD.

3. ldempotence-by-level (optional knobs):
o L"2~=L (normalize literal surface).
o T"2~=Ton recognized type systems (no infinite “type-of-type” escalation).

o A”2 and N”2 can be either idempotent or filtered-idempotent after a bounded
number of lifts to avoid drift.

Compatibility with modalities (sketch).

e Law: Box_L D(X) <= D(Box_L X). Literal claims that bind under Law remain binding after
lifting; typology does not erase obligation.

e Gospel: D(Diamond_G X) <= Diamond_G D(X). Fulfillment can increase available
readings; lifting should not lose granted surplus.

e Time: Next D(X) ~= D(Next X) when the discipline is time-stable; otherwise record a
comparison map Next D => D Next.

Operational pipeline.
e Start with s in L(F)(x) (surface-sense of F at passage x).
e Lift via eta_LT to T(F)(x); check overlap agreements; if stable, continue to A and N.

e Abort conditions: if at any stage overlap fails, either (a) insufficient witnesses
(strengthen J), or (b) category mismatch (e.g., forcing a typology where the site does not
license it), or (c) modal misfit (move to Box_L or Diamond_G subtopos).

Worked micro-example.
e Passage: the bronze serpent (Num 21).
o L:healing sign in wilderness.
o T:type of the Son “lifted up” (Jn 3). (eta_LT applies along an explicit NT arrow).

o A:sin’s poison healed through faith in the lifted one (church-wide moral).
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o N:ultimate healing in consummation (Rev motifs).

e The ladder is tracked as one composable chain of natural transformations, with each
step audited by its admissible arrows in Bibl.

5.2 Reader / State / Maybe monads for context, tradition, aporia

Certain interpretive effects behave like algebraic effects. Three lightweight monads capture the
big ones.

Reader monad: audience/context

Fix a context object Ctx (language, audience, liturgical season, historical layer).

R(X) = Ctx -> X

Unit: eta_R(x) = (c |-> x)

Bind: (m >>=f) = (¢ |-> f(m(c))(c))

Meaning. A reading is a function of context. Restriction maps act pointwise in c.

Use. Compare translations, denominational settings, or “reading in Lent” vs “ordinary time” by
substituting different c in Ctx.

Topos-friendly view. R lifts E to the slice over Ctx; geometric morphisms induced by changing
Ctx model translation/tradition shifts.

State monad: tradition accumulation

e S(X) =Trad -> (X, Trad) with Trad a (partially ordered) record of decisions, citations, and
precedents.

e Unit: eta_S(x) = (t |-> (x, t))
e Bind: (m>>=f) = (t0 |-> let (x,t1)=m(t0) in f(x)(t1))

Meaning. Interpretation updates a tradition ledger: once a church or community records a
reading, later steps see it.

Use. Sermon planning or commentary writing that must record sources, chosen senses, and
gluing certificates so later chapters inherit them.

Modal design. Under Box_L, S can enforce nondecreasing obligations; under Diamond_G, S can
add pardons/expansions.
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Maybe monad: aporia/partiality
e M(X)=X+1(sum with a distinguished None).
e Unit: eta_M(x) = Some x
e Bind: None >>=f = None; Some x >>=f = f(x)

Meaning. Some lifts are undefined (no licensed typology; allegory not warranted; data
insufficient).

Use. Keep the pipeline total by propagating “not proven” rather than forcing a claim. Distinguish
“not yet” (temporal) from “none” (absolute failure) by pairing with Next: Next(M X) vs M(Next
X).

Putting them together (copy-safe patterns)
Effect stacking. Use standard transformers (schematically):
e R(S(M(X))) -- context-aware, tradition-tracking, partial readings

e Bind order matters; prefer R outside so context is threaded everywhere; S in the middle
to log choices; M inside to short-circuit when a step is ill-posed.

Discipline-with-effects functors.
For D in {L,T,A,N}, define a lifted functor D** acting on R(S(M(X))) by distributive laws:
e D commutes with R when D is context-stable: D(RX) ~= R(DX).

o D distributes over S by logging the transformation: S(DX) with appended “applied D at p
with witnesses W”.

e D over M uses a totalized rule: D(None) = None; D(Some x) = Some(D x).
Coherence with modalities (designable equalities).
e Box_LR™~=RBox_L (obligations are context-stable)

e Diamond_G S <=S Diamond_G (grace enlarges ledger, never shrinks history; we record
the enlargement)

e Next M ~= M Next (temporal staging preserves “unknown/undefined” mark)
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Audit trail. Each monadic bind step can attach:

which sieve S in J(y) justified the lift,
which overlaps were checked,

whether Box_L or Diamond_G was active,
whether a Next-shift was used,

and whether the result was Some or None.

This yields reproducible exegesis: same inputs, same witnesses, same context produce the same

outcome.

A compact worked flow

1.

2.

5.

Start with a literal reading rO in L(F)(x): value in R(S(M(Set)))-valued sheaf.
Apply eta_LT with Box_L active (ethical pericope):
o If witnesses suffice, r1 = Some(T(F)(x)); log in State; keep Reader param c.
o Else rl = None (aporia); optionally store “needs theme-diverse witnesses.”
Switch to Diamond_G and apply eta_TA:
o If grace-witnesses (fulfillment arrows) cover, r2 = Some(A(F)(x)).
o Else r2 remains None; but mark Next r2 to revisit at stage n+1 (Kairos).

For eschatological passages, attempt eta_AN only under Next”k; if stabilized, r3 =
Some(N(F)(x)).

If r3 is Some, attempt to glue across the doctrinal locus and propagate as in Sec. 3.3.

Outcome. The fourfold ladder is no longer a vague exhortation but a typed, auditable pipeline:

functors for discipline, natural transformations for lifts, modalities for lenses, and monads for

real-world effects (context, memory, partiality).
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6) Canonical Diagrams in Scripture
6.1 Prophecy cones and fulfillment factors

Idea. Prophetic witnesses that converge on a later locus (e.g., a Gospel pericope) behave like a
cone; specific fulfillments factor those arrows through the event in ways that are checkable.

Setup (copy-safe).
e Objects: p_i (prophetic passages), e (event locus), g _j (Gospel witnesses).

e Arrows:a_i: p_i->e (witness-to-event), h_j: e ->g_j (reporting/teaching), and direct
cross-links b_{ij} : p_i -> g_j (quotation/allusion).

A prophecy cone over e is the family (a_i : p_i -> e). We say it is covering if {a_i} generates a
sieve Sin J(e).

Fulfillment factoring property.
For admissible b_{ij} : p_i-> g_j we demand commuting triangles via e:

pi--a_i-->e --h_j--> g_j
\ n
\---- b_{ij} ---------- /

Formally: h_j o a_i = b_{ij} whenever b_{ij} is of type {explicit quotation, authorized allusion}.
Failures either (i) mark b_{ij} as merely thematic (downgrade weight), or (ii) indicate e should be
refined (choose a tighter event object), or (iii) require Kairos shift (already/not-yet).

Minimal universal property.
e is prophecy-universal for {p_i} if for any other cospan mediating to all g_j,

p_i--a'_i->e'--h'"_j->g_j

there exists a unique u:e'->e witha_i=uoa'_iand h'_j=h_j o u. Intuition: among candidates, e
is the most economical mediator of the witnessed fulfillments.

Practical use.
e Build prophecy cones for a doctrinal locus y (e.g., messiahship, new covenant).

o Verify factoring against NT arrows; record which triangles commute strictly and which
only up to theme.

¢ Use the density of commuting triangles as an objective witness score for the locus.
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6.2 Chiasm functor and inclusio (co)equalizers

Chiasm as a functor.
Define Chi: Seg -> Dia that sends a linear segment of text

X1, X2, ..., Xk, ..., X2', X1'

to a palindromic diagram with pairings (X1 <-> X1'), (X2 <-> X2'), ... and a hinge H = Xk when
length is odd. Arrows are similarity links s_i : X_i->X_i'and s_i' : X_i' -> X_i (usually not inverses
but witnesses of mirroring).

Fixed points.
Objects mapped to themselves by Chi (hinges) are structural centers. In practice: the center
verse/pericope in a chiasm is detected as a limit of parallel constraints from both sides.

Sheaf test with chiasm.
Let F be a meaning-sheaf. A proposed chiasm is valid when for each paired (X_i, X_i'), the
restrictions agree on their overlap core W _i:

F(X_i) --res--> F(W_i) <--res-- F(X_i')

and the hinge H glues the two halves. If any pair fails the overlap test, either the chiasm is
spurious or the topology J needs strengthening.

Inclusio via (co)equalizers.
An inclusio frames a unit by opening/closing motifs O and C with embeddings:

O-u->Y<--v--C

e Equalizer view (opening enforces reading). Compute Eq(u,v) -> Y: sections of Y that
cannot distinguish O from C (they read the whole through the frame).

e Coequalizer view (frame compresses). Y -> Coeq(u,v): quotient that identifies the
opening and closing motifs, extracting the framed “spine.”

Operational recipe.

e To test an inclusio: check whether the equalizer is nontrivial and the coequalizer
preserves intended central material (not everything collapses).

e To use an inclusio: take the equalizer to restrict readings to frame-consistent ones before
gluing across the unit.
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Example sketch.

Psalms with repeated refrains: O = opening refrain, C = closing refrain. The equalizer picks
readings invariant under the refrain identification; commentary constrained by Eq(u,v) avoids
overfitting stray lines.

6.3 Covenants as idempotents; sacrifices as debt-cancelling morphisms

Covenants as idempotent endomorphisms.
Model a covenant on an object X (a people, an era, a relation) as an idempotente_X: X ->X
with e_X o e_X =e_X. Think “projector” onto the covenantal structure on X.

e Inclusions and completions. Splitting e_X yields X ~= Im(e_X) + Ker(e_X) (categorically
via a retract). Im(e_X) is the “covenant-stable” subobject.

e Change of covenant. A covenantal upgrade/downgrade is a morphism of idempotents:

e X->e' Xsuchthate' Xoe X=e' X(new dominates)ore Xoe' X=e X(old
persists).

Law/Gospel interaction.
e Under Box_L, require stability: Box_L(e_X) = e_X (obligations respect the projector).

¢ Under Diamond_G, some kernels may be remitted: Diamond_G can map from the
retract back to X, introducing restored access (gift).

Sacrifices as debt-cancelling morphisms.
Let D be a “debt object” (guilt, impurity) and R a “reconciliation object.” A sacrifice is a span
with cancellation:

X --offer--> S --result--> X'

with a commutative square over a ledger L tracking debt:

X

v
L

i.e., the image in the ledger is carried to 0. More algebraically, define a monoidal category (C, +,

0) of obligations with a morphism cancel_S : D -> 0 witnessing discharge.
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Factorization through covenant.
For covenant e_X, a valid sacrifice must respect the projector:

X --e_X--> X

v A

X' -e_X'-> X'

and either (i) perform cancellation inside Im(e_X) (inner-covenant rites) or (ii) mediate a

transition Im(e_X) -> Im(e'_X) (new-covenant passage). Failures indicate illicit sacrifice (does not

act in the covenant-stable subobiject).

Exactness picture for atonement.
Use a short exact sequence of obligations:

0 -> Clean -> Before --q--> Debt -> 0
A legitimate sacrifice S provides a section s of g after applying Diamond_G (gift mode):
Diamond_G(Before) --s--> Debt

so that Debt is split and becomes 0 in the grace-reflective subtopos. The pushforward along
Kairos (Next) encodes once-for-all vs repeated rites.

Worked micro-illustrations (schematic).
e Passover -> Cross (typological lift).

o Covenant idempotent: e_lsrael on the Exodus people; e_New on the people in
Christ.

o Sacrifice span respects e_Israel, factors via Next into e_New; cancellation
witnessed by Diamond_G in the later stage.

o Prophecy-cone (6.1) triangles commute with explicit NT arrows; uniqueness
certifies minimal mediator e.

¢ Levitical impurity cycles.

o Repeated sacrifices model as endomorphisms that cancel Debt but do not split
the exact sequence globally (Box_L holds, Diamond_G not yet applied).

o Under Kairos shift, a single morphism cancels Debt as a split epi, stabilizing the
zero object across stages (already/not-yet resolved).
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Why these diagram shapes matter.
e Cones let us count and compare fulfillment density.
e Chiasm/inclusio turn literary shape into categorical tests for valid framing and center.

+ Idempotents and cancellations give a precise algebra for covenantal identity and
atonement.

Together they convert familiar exegetical moves into auditable constructions with failure modes
that are legible: wrong mediator (cone fails), spurious symmetry (chiasm fails overlap), illicit rite
(idempotent mismatch), or premature collapse (Kairos ignored).

7) The Gospels as an Atlas
7.1 Multi-chart coverage of one Christ event

Atlas metaphor. Treat the Christ event E (life, death, resurrection, teachings) as a single
manifold-like locus that cannot be exhaustively charted by one account. Matthew (Mt), Mark
(Mk), Luke (Lk), and John (Jn) serve as charts with overlapping domains:

e Mt: covenantal fulfillment, new Moses framing, kingdom ethics.
e Mk: urgency, apocalyptic edge, suffering Messiah.
e Lk: universality, temple-to-table arc, Spirit-driven mission.
e In:signs, glory, identity in layered discourse.
Formal sketch (copy-safe).
e Letcharts be C_i->E foriin {Mt, Mk, Lk, Jn}.

e Overlaps C_i x_E C_j model pericopes/themes shared across Gospels (e.g., feeding,
passion scenes).

e Transition maps tau_{ij}: C_i|{overlap} -> C_j[{overlap} are induced by recognized link
types (quotation, parallel, theme).

Practice. Build pericope-level correspondences (Synoptic sets; Johannine bridges) and tag each
transition map with strength (explicit parallel > thematic affinity). The atlas asserts: no single
chart is total; together they cover E with controlled redundancy that enables cross-checks.
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7.2 Harmonization as sheaf gluing across overlaps

Naive harmonization flattens voices into a composite narrative, often erasing authorial texture.
Sheaf harmonization instead requires only that sections agree on overlaps, preserving chart-
specific surplus off-overlap.

Sheaf condition (copy-safe).
Let F be a meaning-sheaf on the site of passages. For a covering family {C_i -> E}, a matching
family {s_i in F(C_i)} must satisfy:

e Foreveryoverlap O {ij}=C_ix_EC_j,
res_{i->ij}(s_i) = res_{j->ij}s_j) in F(O_{ij}).
If so, there exists a unique s in F(E) with res_{i->E}(s) = s_i.

Interpretive payoff.
e Agreement is required only where witnesses genuinely overlap.

e Off-overlap distinctives (e.g., Mt’s fulfillment formulae; Jn’s long discourses) remain as
chart-local surplus, not contradictions.

¢ Doctrines emerge as global sections when overlap checks succeed across the atlas (see
3.3).

Workflow.
1. Choose a cover basis (pericopes for local, themes for canonical arcs).
2. Create overlap graphs and compute restriction maps (shared motifs, sayings, events).
3. Attempt gluing; log success/fail with explicit witness sets.

4. Promote only glued claims to doctrinal scope; keep unglued claims as local sections.

7.3 Failure modes and repairs via modalities
When overlap checks fail, the atlas tells us why and how to repair without flattening.
(A) Genre-misaligned restriction (literal vs discourse).
¢ Symptom: narrative-detail mismatches (ordering, wording) block equality on overlaps.

e Repair: apply discipline functors (Sec. 5) to compare at the right level. Example: lift both
readings to Typological (T) or Allegorical (A) before comparing. If agreement appears
post-lift, glue there and keep literal differences local.
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(B) Law vs Gospel lens conflict.
¢ Symptom: ethical imperatives in one chart vs gift-fulfillment emphasis in another.

¢ Repair: evaluate inside Box_L and Diamond_G subtopoi (Sec. 4.2). Claims may be
theorems in different reflective subuniverses. Provide a comparison map; do not force
commutation if Frobenius-style law fails.

(C) Already/not-yet timing clashes.
e Symptom: an identity or promise asserted strongly in Jn, narrated gradually in Synoptics.

e Repair: use the Next modality (Sec. 4.3). Compare In’s section to Synoptic sections after
a Next-shift; many tensions dissolve when judged at the same stage.

(D) Underpowered covers (insufficient witnesses).

e Symptom: overlap disagreement persists; witness diversity is low (e.g., only one
parallel).

e Repair: strengthen the Grothendieck topology J: raise thresholds, add theme-diverse
witnesses (Prophets, Psalms), or include patristic reception as auxiliary sieves when
appropriate.

(E) Spurious parallels (false overlaps).

e Symptom: agreement appears only under highly abstract themes; concrete pullbacks are
empty.

¢ Repair: downgrade link type weight; reclassify as non-overlap. Abort gluing and keep
claims local.

(F) Non-commuting ladders (fourfold sense drift).
e Symptom: L->T->A->N ladders disagree across charts.

e Repair: enforce bounded idempotence (e.g., TA2 ~=T), or require naturality squares to
commute up to documented slack; otherwise restrict to the last level where
commutation holds.

Audit template (copy-safe).
For any harmonization attempt, record:

e Cover set {C_i->E}and thresholds used.

e Overlap list O_{ij} with link-type weights.
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e Discipline level of comparison (L/T/A/N).
¢ Modal context (Box_L, Diamond_G, Next” k).
e Result: Glued (yes/no), with unigueness proof or counterexample.

Outcome.

Harmonization becomes an auditable construction rather than an aesthetic judgment. The atlas
retains voice and texture while enabling doctrine to arise precisely where the overlaps warrant
a unique global section.

8) Translations and Traditions as Geometric Morphisms
8.1 Inverse/direct image on meanings

Setting. Let E = Sh(Bibl, J) be the “base” topos (your canonical segmentation and cover rules). A
translation or a tradition (e.g., KJV, NRSV; Reformed, Catholic, Orthodox) determines a new site
(Bibl', J') and topos E' = Sh(Bibl', J'). A geometric morphism

f:E'->E

encodes “how that world reads this one.”

Geometric morphism (copy-safe).

A geometric morphism is a pair (f*, f_) with fA* : E -> E' left exact (preserves finite limits) and
left adjointtof_*: E'->E:

fAx 4 f *,

o fA* (inverse image): transports meanings from E to E' by reindexing along the
translation/tradition map; it is the reading functor “how E looks when spoken in E”

e f _* (directimage): aggregates E'-meanings back to E; it is the comparison/report functor.

Optional when present: a further left adjoint f_! (exceptional direct image) capturing
“induction/coarsening” steps (e.g., when a tradition deliberately collapses distinctions).

Operational intuition.

o Translation. fA* applies lexicon, syntax, and segmentation changes; it is left exact so
logical structure (and overlap equalities) survive transport.

e Tradition. fA* threads doctrinal guardrails (e.g., creeds, councils) as additional sieves;
some locals that glued in E may fail to glue in E' (or vice versa) because J' differs.
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What to move.

Sheaves of readings, discipline functors (L,T,A,N), and modalities (Box_L, Diamond_G,
Next) can be transported along fA*. Left exactness ensures diagrams used for cones,
equalizers, pullbacks (Secs. 6—7) are preserved when pulled into E'.

f_* summarizes back to E: “when read under KJV/Reformed, here is the section family
you get,” supporting side-by-side audit.

8.2 Units, counits, and comparison theorems

Adjunction data (copy-safe).
ForFinEand GinE":

Unit:eta_F:F->f_*fA*F

Counit: eps G:fA*f *G->G
Naturality gives commutative squares for every arrow; triangle identities hold:
fA(eta_F); eps_{f*F} =id_{f*F} and eta_{f_G}; f_(eps_G) = id_{f_G}.

Interpretation.

eta_F says: start with an E-reading, translate it, then report it back; you recover at least
the original (possibly refined), giving a soundness guarantee for transporting meanings
outward and home again.

eps_G says: start with an E'-reading, report it to E, then re-translate; you get back what
you had (no spurious loss), a coherence guarantee for importing foreign readings.

Key comparison theorems (design/verification targets).

1. Modality compatibility.

We want canonical isomorphisms (or controlled slack):
fA* Box_L = Box_L' fA*, fA* Diamond_G = Diamond_G' fA*, fA* Next = Next' fA* .

Failures pinpoint where obligation, grace, or staging is tradition- or translation-sensitive.

Discipline naturality.

eta_LT, eta_TA, eta_AN commute with fA;

fAreta LT =eta' LT fA*, etc.

This ensures the fourfold ladder behaves the same after transport; if not, document the
exact squares that do not commute (where typology is licensed in one world but not the
other).
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3. Beck—Chevalley / Frobenius (copy-safe statements).

For pullback squares of sites and sliced reading tasks, require Beck—Chevalley: base-
change squares commute up to iso for fA, f_, so restriction-then-translate = translate-
then-restrict.

For subobject interaction, a Frobenius law: fA(A /\ f_B) -> fA*A /\ B is iso under standard
hypotheses. Practically: filtering by a frame (inclusio) before/after translation yields the
same result.

Sheaf gluing preservation.

Because fA* preserves finite limits, equalizers and pullbacks used in the sheaf axiom
survive transport. Thus: a matching family that glued in E will glue in E' provided the
transported cover is still covering in J'. Where it ceases to be covering, you have a
topology disagreement, not a logic error; record it.

Audit artifacts.
For each section transported and glued, archive:

the unit/counit instances used (eta_F, eps_G),
a list of Beck—Chevalley squares verified,
modality/discipline commutation proofs or counterexamples,

any places where J vs J' diverged (with the witness thresholds).

8.3 Ecumenical subtopoi and reflection

Lawvere-Tierney topologies as “cores.”

An ecumenical core is a Lawvere—Tierney topology j_ecu : Omega -> Omega selecting
propositions stable across a family of morphisms {f_k : E_k -> E}. The j_ecu-reflective subtopos
EA{j_ecu}is the largest common fragment all traditions agree to regard as “closed.”

Construction patterns.

Intersection of modalities. If each tradition E_k has Box_L*k and Diamond_G"k, define
pointwise bounds across k to obtain Box_L*{ecu} and Diamond_G”{ecu} that are
maximal commuting fragments; reflect E into the subtopos where those fragments hold.

Cover meet. Given topologies J_k, define J_ecu as the coarsest topology finer than each
transported J_k; its sheaves are the objects that glue under every tradition’s “enough
witnesses.”
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Geometric picture (copy-safe).

There are inclusion morphisms i_k : EA{j_ecu} -> E_k with left exact inverse images; each factors
f_k through E~{j_ecu}:

E_k--g k-->EM{j_ecu}--h-->E.

The core mediates: translate into the core, compare, then re-embed.

Reflection vs coreflection.

Reflection (left adjoint). r : E -> EA{j_ecu} with r - incl selects only ecumenically stable
content (think: “strip to common ground”).

Coreflection (right adjoint). c : E -> E~{j_ecu} with incl - ¢ keeps only what every
tradition can jointly justify (often stricter). Choose which adjoint matches your use case
(teaching vs doctrinal consensus building).

Use cases.

Catechesis across traditions. Teach inside EA{j_ecu}; every claim is automatically
portable via each f k.

Dialogue diagnostics. A claim failing to live in EA{j_ecu} is labeled with the minimal set
of morphisms it violates (e.g., it commutes with Reformed and Orthodox but not with
Catholic Box_L).

Textual comparison. Build E' for a translation (e.g., LXX vs MT), form the ecumenical core
of {E, E'}, and see which chiasms/inclusios survive; this surfaces places where
segmentation or lexeme choice drives interpretation.

Checklist for an ecumenical proof obligation (copy-safe).

To certify that a doctrine D is “ecumenical”:

1.

2.

For each k, produce s_k in E_k that is a global section of F_k.
Verify f_k~*(D) = s_k via unit/counit triangles.
Show D lies in EA{j_ecu} by exhibiting its closure under j_ecu.

Record any modality mismatches neutralized by the reflection (explicitly: which parts
were removed).

Bottom line for Section 8.
Translations and traditions are not afterthoughts; they are geometric morphisms that precisely

control how meanings move, compare, and stabilize. Units and counits make transport
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auditable; Beck—Chevalley and Frobenius laws keep restriction and comparison in sync; and
ecumenical subtopoi provide a principled “common core” where shared doctrine can live
without flattening difference.

9) Worked Mini-Studies
9.1 Exodus motif across prophets and epistles

Aim. Track the Exodus pattern (slavery = deliverance - covenant - presence = mission) from
Torah into Prophets and then into the Epistles, and show how a doctrine of “liberation-into-
covenant” emerges as a global section when witnesses glue.

Objects and arrows (copy-safe).
e Base locus: EX = {Exod 1-15 (deliverance), 19-24 (Sinai), 25—40 (tabernacle)}.
e Prophetic witnesses: PR = {Isa 40-55; Jer 31; Ezek 36—-37; Hos 11}.

e Epistolary witnesses: EP = {Rom 6—8; 1 Cor 10:1-4; 2 Cor 3; Gal 3-5; 1 Pet 2:9-10; Heb
3-4, 8-10}.

e Arrows:

o typology/antitype: EX -> PR (new exodus), PR -> EP (fulfilled in
Christ/Spirit/church),

o quotation/allusion: EX -> EP, PR -> EP,

o theme links: “bondage/freedom”, “covenant/Spirit”, “presence/temple”.

Cover and sheaf test.

e Choose J with theme-diverse threshold: require >= 2 OT strata (Torah + Prophets) and >=
2 NT epistles.

e F assigns to each object a structured 5-tuple reading:
R(x) = (bondage, deliverance, covenant, presence, mission).

¢ Matching family: instantiate R on EX, align with PR (second Exodus promises), and with
EP (Spirit, baptism, table, ethical mission).

e Overlaps: pullbacks are concrete cross-links (e.g., Isa 43| |Exod 14; 1 Cor 10| | Exod 16—
17). Restrict R along these and check equality component-wise.
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Outcome.

¢ If equalities hold on all overlaps, glue to s_EXODUS in F(E) summarizing: freedom is not
mere exit but entry into covenantal presence and mission.

e Propagation: via EP arrows, s_ EXODUS induces ethical and sacramental entailments
(e.g., baptism as “sea-passage”, Spirit as “pillar/presence”).

o Failure diagnostics:

o If “covenant” component misaligns (law vs promise), re-evaluate inside Box_L vs
Diamond_G; many tensions commute after modal reflection.

o If PR diversity is thin, raise J’s threshold (add Hosea/Jeremiah) before globalizing.

Payoff. An oft-asserted motif becomes an auditable cone: you can list exactly which prophetic
and apostolic arrows commute and where modality/time repair was required.

9.2 Temple - Table diagrams (limit/colimit views)

Aim. Relate Temple (sacred presence mediated by sacrifice) to Table (presence mediated by
meal/Word) as a categorical shape rather than a flat replacement.

Objects (copy-safe).
e TP =temple locus (Exod 25-31; Lev; 1 Kgs 8; Ps 24; Ezek 40—48).
e TB =table locus (Gospel meals; Last Supper; Acts 2; 1 Cor 10-11).
e BR = bridge texts (John 2; Mark 14//Luke 22; Heb 8-10).

Limit view (presence as pullback).

¢ Define two projections of “presence”:
p_sacrifice : Presence -> Obligation
p_meal : Presence -> Fellowship

e Temple section T: T -> Presence with p_sacrifice o T capturing access via offering,
holiness gradients.

¢ Table section B: B -> Presence with p_meal o B capturing access via shared meal in
remembrance/participation.
¢ The common presence over a pericope y can be computed as the pullback:
P_y = Presence x_{Obligation,Fellowship} (T_y, B_y)
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where T_y and B_y are the restrictions to y. When P_y is nonempty and stable over overlaps,
“presence” glues across Temple and Table witnesses.

Colimit view (frame compression).
e Consider the cospan T_y -> Presence <- B_y. The coequalizer
Q_y=Coeq(T_y~B_yviaBR_y)

identifies the Presence that both shapes claim via authorized bridges (e.g., Last Supper
institution, “my body/temple” sayings). Q_y collects what remains when Temple motifs are
funneled through Table’s instituted forms.

Sheaf workflow.

1. Build cover from TP, TB, BR with weights (explicit institution, high; thematic meals,
lower).

2. Compute equalizers/coequalizers locally; check stability on overlaps (Synoptic parallels; 1
Cor 10-11).

3. Glue to a unique section “presence-via-participation” if both limit and colimit
constructions agree up to iso.

Diagnostics.

o If pullbacks disagree (sacrifice component persists where institution forbids), evaluate in
Box_L (obligation) vs Diamond_G (gift) subtopoi.

e If coequalizer collapses too much (everything identified), refine BR (only canonical
bridges) or tighten J.

Result. “Temple fulfilled in Table” becomes: where authorized bridges exist, the Presence
computed as a pullback matches the Presence computed as a coequalizer, and these glue across
Gospel/Pauline overlaps—an elegant, checkable equivalence, not a slogan.

9.3 Psalms as a fiber bundle over life-situations

Aim. Treat the Psalter as sections of prayer over a base space of human conditions (fear,
repentance, praise, lament, trust, kingship), so that selecting a psalm “chooses a section” suited
to the present state—then show how sections glue as seasons change.
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Base and fibers (copy-safe).

e Base B = LifeSituations with objects:
LS = {fear, injustice, illness, repentance, exile, thanksgiving, coronation, pilgrimage,
wisdom, confession}.

e Projection pi: Psalms -> LS classifies each psalm by primary/secondary tags
(superscriptions, content).

e Foreachlin LS, the fiber F_| = pi*{-1}(l) is the set of psalms suited to .
Bundle structure.

e Transition maps tau_{I->I'} : F_I -> F_{I'} for common progressions (e.g., lament -> trust;
confession -> thanksgiving).

¢ Reading sheaf G assigns to each psalm x a tuple:
G(x) = (address, complaint, remembrance, petition, vow, praise)
(classic lament form; absent fields allowed).

Local sections and gluing.

e Aday’s prayer state is an open U € LS (e.g., {fear, injustice}). A local section s_U picks for
each lin U a psalm x_| and its structured reading G(x_I) s.t. along transitions tau the
components agree on overlaps (e.g., the “remembrance” component matches when
moving fear—>trust).

e Asseasons widen (U grows), test whether the family {G(x_I)} matches on overlaps; if yes,
glue to a composite liturgy L_U that threads the day’s journey (e.g., Ps 13 - Ps 27 - Ps
145).

Tradition and modality hooks.

e InBox_L (obligation), require that imprecations be interpreted under covenantal limits;
in Diamond_G, allow penitential expansions that emphasize pardon.

¢ Next modality marks time-staged prayer: s_U at morning may carry Next s_{U’} toward
evening thanksgiving; guarded induction prevents “skipping” confession stages.

Audit artifacts.

e For a pastoral plan: exhibit the covering family of psalms for a given LS itinerary, the
overlap checks (which lines/components match), and any modality reflections used. This
turns the common practice of “picking a psalm that fits” into a reproducible bundle-
section construction.
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Outcome. The Psalter becomes a navigable bundle: readers choose legitimate local sections for
their condition, know when different psalms glue into a coherent liturgy, and see precisely
where differences are local texture rather than contradiction.

10) Harmony, Tension, and Exactness
10.1 Short exact sequences for “hard sayings”

Motif. Many tensions are not contradictions but mediations: a hard saying H feels incompatible
with a commonsense reading C until a mediating construct M is made explicit. Categorical
algebra lets us model this as a short exact sequence that records where the “difficulty” lives and
how it is resolved.

Abstract shape (copy-safe).

e Work in an abelianized shadow of our meaning category (or in a pointed exact category
with kernels/cokernels available for the readings in view).

e A hard-saying resolution at locus y is:
0->A-i->B--p->C->0
with i monic (kernel of p) and p epic (cokernel of i). Readings:
o A =the “sharp” component (what offends, perplexes, or seems to negate C).
o C=the “plain” or commonsense component.

o B =the full saying that contains both; i: A -> B injects the sharpness; p: B->C
projects to the plain sense.

Exactness intuition.

e Localizes sharpness: A = ker(p) isolates precisely what must be carried to keep B faithful
to H.

e Controls plain sense: C = coker(i) ensures no more than C survives after quotienting by
the sharp part.

o Doctrinal stability: Any section s:B that glues globally must respect i and p, preventing
selective erasure of either side.
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Worked sketches.

e Ethic with escalation (Law/Gospel). Let B be a teaching that both heightens Law and
promises enablement. Under Box_L, p: B -> C retains the binding norm; under
Diamond_G, i: A -> B shows how gift absorbs what would otherwise condemn. The same
diagram exhibits different faces in the two reflective subtopoi without contradiction.

e Already/not-yet identity. B asserts a present identity that appears to exceed empirical C.
Then A captures the “not-yet” remainder. The Kairos operator Next marks A as staged: i
factors through Next(A), preventing p from flattening time.

Audit recipe (copy-safe).
1. Choose B (the full pericope/saying), propose C (plain entailment), compute p: B -> C.
2. Compute A := ker(p). Test whether i: A -> B is supported by covering witnesses (Sec. 2.2).

3. Verify exactness on overlaps; if kernels/cokernels vary by chart, compare inside Box_L or
Diamond_G and/or after Next.

Result: “Hard sayings” are encoded as exactness, not hand-waved paradox.

10.2 When naive sheaves fail; strengthening the topology
Failure modes of the sheaf axiom (copy-safe).

e Non-separatedness: Same matching family admits two distinct amalgams s,s' in F(x).
Symptom: interpretive drift when moving between charts.

e No amalgam: Locals agree pairwise on overlaps, yet no global s exists. Symptom: “it all
seems consistent, but we cannot responsibly globalize.”

Strengthening levers.
1. Tighten the cover basis (B_y).
o Raise thresholds: require k>=k_min independent witnesses.

o Enforce cross-genre or cross-strata diversity (e.g., Law+Prophets+Writings; at
least one Synoptic + one Pauline).

o Promote link-type weights: explicit quotation > strong allusion > theme.
2. Refine the grain.

o Splity into finer pericopes if cone factoring fails (Sec. 6.1).
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o Merge only where inclusio/equalizer tests succeed (Sec. 6.2).
3. Compare inside modal subtopoi.

o Many failures are modal, not structural. Test gluing in Box_L and Diamond_G
separately; then relate with comparison maps.

4. Stage by time (Next).

o Require that overlaps commute after applying Next”k to earlier witnesses.
Prevents premature present-tense gluing of promissory locals.

5. Discipline alignment (Sec. 5).

o Lift locals to T/A/N before comparing if the locus is typological or anagogical by
design. Literal-level mismatch may be legitimate.

Decision tree (copy-safe).

e If non-separatedness: lower witness weights that caused ambiguity; or constrain
discipline (e.g., forbid A-level lifts where T suffices).

e If noamalgam:
o insufficient diversity -> strengthen J,
o time skew -> apply Next,
o lensclash -> compare in Box_L vs Diamond_G,
o spurious overlap -> downgrade link type and remove from S.

Minimal principle. Strengthen only enough to restore separatedness+existence; do not over-
tighten J such that legitimate locals cease to cover.

10.3 Measuring coherence: witness density and overlap quality
We want reproducible, tunable scores that justify “this glued” or “this stays local.”
Ingredients (copy-safe).

e LetS={u_i->vy}be acandidate covering sieve.

e Each arrow has a weight w_i in [0,1], derived from link type and independence.

e Each overlap O_{ij} =u_ix_y u_j has an agreement score a_{ij} in [0,1] computed from
restriction equality tests at the chosen discipline level and modality.
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Scores.

Compo

Witness density (WD).

WD(y;S) = sum_iw_i.

Interpretation: total mass of independent, high-type witnesses aimed at y. Threshold
tau_WD controls minimal sufficiency.

Overlap quality (0Q).

0Q(y;S) = avg_{i<j} a_{ij}, or a weighted average with weights proportional tow_iw_j.

Interpretation: how well locals cohere where they should meet. Threshold tau_0Q
controls gluing reliability.

Diversity index (DIV).
Count of distinct strata/genres in S, normalized to [0,1].
Enforce DIV >=tau_DIV for doctrines; lower for local synthesis.

Commuting-triangle rate (CTR) for cones (Sec. 6.1).
CTR = (# of verified h_joa_i =b_{ij}) / (# of admissible b_{ij}).
Use CTR >=tau_CTR when claiming “fulfillment density.”

Modal stability (MS).
Compare scores inside Box_L and Diamond_G (and with Next*k applied).
MS = min{OQ_L, OQ_G} or a documented pair (0Q_L, OQ_G).

A doctrine may require MS >= tau_MS in both lenses, or else be labeled modal-specific.

site coherence (CC).

Define CC(y;S) as a monotone aggregation, e.g.:

CC = alphanorm(WD) + betaOQ + gammabDIV + deltaCTR

with alpha+beta+gamma+delta=1 and tunable per task (preaching, catechesis, academic).

Gluing policy (example):
if CC >=theta and OQ >=tau_0Q and DIV >= tau_DIV then attempt glue; else retain
locals.

Computation outline (copy-safe pseudocode).

def attempt_glue(F, v, S, level, modality):

WD = sum(w_i for (u_i->y,w_i) in S)

pairs

= [(i,j) for i<j]

0Q = mean( agree(F, O_ij, level, modality) for (i,j) in pairs)
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DIV = diversity(S)
CTR = cone_commutation_rate(S) # if a cone task; else None

CC =combine(WD, 0Q, DIV, CTR)

if 0Q >= tau_0Q and DIV >=tau_DIV and CC >= theta:
s = glue(F vy, S, level, modality) # returns uniqgue amalgam if exists
return ("glued", s, metrics={WD,0Q,DIV,CTR,CC})
else:
return ("local_only", None, metrics={WD,0Q,DIV,CTR,CC})
Reporting standard.

o Always output the metric tuple {WD,0Q,DIV,CTR,MS,CC}, the discipline level used
(L/T/A/N), the modality (Box_L/Diamond_G) and any Next”k stage applied.

o Archive the list of overlaps with their a_{ij} and which failed; this pinpoints the seam that
blocked gluing.

Interpretive payoffs.
e Transparency: Others can replicate thresholds and see why a claim was (not) globalized.

e Comparability: Two studies on the same locus can be contrasted numerically, not only
narratively.

e Graceful failure: Low OQ with high WD signals true tension worth teaching, not an error
to hide; point to Sec. 10.1 exactness instead of forcing glue.

Bottom line.

Exactness diagrams encode how sharpness and plain sense coexist; topology tuning restores
principled gluing when naive attempts fail; and coherence metrics make all this auditable.
Harmony is earned by sufficient, high-quality overlaps—never by flattening.
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11) Practical Payoffs
11.1 Study tools: witness graphs, diagram schemata

Witness graph (workbench).
Data model (copy-safe JSON sketch):

{
"passages": [{"id":"Mt5-7","grain":"pericope"}, {"id":"Isa40-55"}, ...],
"links": [
{"src":"Isa40-3","dst":"M1t3-3","type":"quotation","w":0.95},
{"src":"Ex14","dst":"1Cor10-1to4","type":"typology","w":0.85},
{"src":"Ps110-1","dst":"Mk12-36","type":"allusion","w":0.80}

]I

n.n n,n n,n

"genres": {"Isa":"prophecy","Mt":"gospel","1Cor":"epistle"},
"strata": {"Torah":1,"Prophets":2,"Writings":3,"Gospels":4,"Epistles":5}
}
Tooling:
e Compute per-locus cover candidates S_y by link weights and diversity constraints.

e Render cones, pullbacks, equalizers as overlays on the graph; show commuting triangles
count (CTR) beside each event node.

e One-click “attempt_glue(y)” returns status, metrics {WD,0Q,DIV,CTR,MS,CC}, and the
unique amalgam if it exists.

Diagram schemata library.
Reusable blueprints with parameter slots:

e Prophecy cone: Cone(p_list -> e; g_list) with factor checks h_j o a_i = b_{ij}.
e Inclusio: Eq/CoEq(O --u-->Y <--v-- C).

o Chiasm: Chi(X1,...,Xk,... X1').

e Covenant projector: idempotent e_X with split/retract.

e Sacrifice span: X -> S -> X' with debt cancellation to 0.
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Schema serialization (copy-safe):

{"schema":"prophecy_cone",

"params":{"prophets":["Isa40-55","Ps22"],"event":"Passion","gospels":["Mt26-28","Mk14-
16","Lk22-24","1n18-21"]}}

The tool instantiates the shape, pulls links from the witness graph, runs factorization tests, and
stores an audit bundle.

11.2 Sermon/exegesis workflows as functorial pipelines

Pipeline idea. Treat a study as a typed pipeline with discipline functors, modalities, and effects
(Reader/State/Maybe). Each step preserves auditability.

Minimal pipeline spec (copy-safe YAML):

task: "Mt5 enemy-love"

grain: "pericope"

cover_basis: ["pericope"”,"theme"]

discipline: "L->T->A"

modality_sequence: ["Box_L","Diamond_G"]

time_stage: "Next"0"

effects: ["Reader(ctx)","State(trad)","Maybe"]

thresholds: {tau_WD:1.8, tau_0Q:0.75, tau_DIV:0.6, theta_CC:0.8}
outputs: ["glued_section","metrics","ledger","teaching_outline"]
Execution semantics.

e Step 1 (Literal, Box_L): derive binding claims; log obligations to State(trad).

e Step 2 (Typological lift): check overlaps with Torah/Prophets; if Maybe=None, return
“local only.”

e Step 3 (Allegorical with Diamond_G): surface grace-expansions; compare with Step 1 via
Frobenius law; record commutations or mismatches.

o Step 4 (Attempt glue): if metrics pass thresholds, produce a doctrinal section; else keep
chart-local readings with reasons.
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Auto-generated sermon notes (outline skeleton).

1.

2.

Text & context (pericope, inclusio, hinge).

Witness atlas (who overlaps and where).

Law lens (what truly binds; Box_L outcomes).

Gospel lens (what gift enlarges or transforms; Diamond_G outcomes).
Hard-saying exactness (i: sharpness, p: plain sense).

Practice: Psalms bundle section for today’s life-situation; prayer path.
Each bullet links to the audit bundle (covers used, overlaps, metrics).

Versioning. The State monad keeps a ledger:

decisions (accepted lifts, rejected parallels),
citations (passage ids, link types),
thresholds used,

diffs between drafts (Sunday A vs Sunday B).

11.3 Pedagogy: reusable categorical patterns

Pattern cards (printable + on-screen).

Card face shows the categorical shape; back lists a 3-step classroom exercise and a
canonical biblical example.

Examples:
o Cone Card: “Prophecy - Event - Gospel” with a triangle-check mini-lab.
o Equalizer/Coequalizer Card: “Inclusio” with frame-invariant reading drill.
o Pullback Card: “Common presence (Temple<>Table).”
o ldempotent Card: “Covenant projector” with split/retract puzzle.

o Later (Next) Card: “Already/Not-Yet timelines.”

Copy-safe classroom scripts.

Chiasm lab:

Input: ordered segment [X1,...,Xk,...,X1']
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Task: pair (Xi,Xi') and propose W_i (overlap cores).
Check: res(Xi->W _i) == res(Xi'->W _i) for all i.
If yes, H=Xk is hinge; explain its role in 2 sentences.
e Cone lab:
Given prophets P, event E, gospels G, and links b_{ij}: P_i->G_j
Find a_i:P_i->E and h_j:E->G_j that maximize CTR.
If CTR >=tau_CTR, summarize "what E centrally mediates."
e Psalms bundle lab:
Choose LS itinerary: lament -> trust -> praise.
Pick psalms x,y,z and fill G(x),G(y),G(z) components.
Show which components match on transitions; propose glued liturgy L.
Instructor dashboard.
o Sliders for thresholds (tau_WD, tau_0Q, tau_DIV, tau_CTR).
e Toggles for modality (Box_L, Diamond_G) and time stage (Next”"k).
e One-click “export audit” for student submissions (CSV/JSON of covers, overlaps, metrics).
Assessment rubric.
e Structure (diagram correctness, 0-3).
e Evidence (witness density/diversity cited, 0-3).
e Gluing (overlap quality argued, 0-3).
e Reflection (modal/time considerations named, 0-3).
e Reproducibility (audit artifacts attached, 0-3).

Why this helps.

Patterns externalize tacit exegetical moves; students learn to argue with shapes and thresholds
rather than with vague appeals. Sermons and studies become explainable systems: you can
show precisely where meaning glued, why it deserved to, and what remains local texture—
coherence without flattening.
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12) Limitations and Future Work
12.1 Topology choice and bias

Problem. The Grothendieck topology J encodes what counts as “enough witnesses.” That choice
is never neutral: segmentation granularity, link typing, thresholding, and genre balance can tilt
outcomes.

Where bias enters.
1. Grain selection: verse vs pericope vs chapter changes overlap geometry.
2. Link taxonomy: overweighting quotations vs themes penalizes poetry and wisdom.

3. Diversity rules: insisting on Law+Prophets+Writings may undercount uniquely NT loci
(e.g., Johannine theology).

4. Tradition overlays: importing confessional priors into J’ risks circular proof.
Mitigations.

e Sensitivity sweeps: vary tau_WD, tau_0Q, tau_DIV over grids and report stability
regions; publish “robustness bands.”

e Cross-topology replication: run the same locus under 3-5 alternative J's (pericope-heavy,
theme-heavy, genre-balanced, NT-focused, patristic-:augmented) and compare glue/no-
glue deltas.

e Pre-registration: declare J, thresholds, and link weights before analysis; audit deviations.

e Adversarial tests: construct “swap-out” covers that preserve counts but alter strata to
detect hidden dependence on a single witness family.

Residual limitation. Even with audits, J remains a humanly curated object. Interpretive humility
is a feature, not a bug.

12.2 Quantifying witness sufficiency

Goal. Replace hand-wavy “there are many witnesses” with calibrated evidence measures that
respect our categorical pipeline.

A. Evidence model (copy-safe).
Let S = {u_i -> y} with weights w_i in [0,1] and overlap agreements a_ij in [0,1]. Define a log-
odds style coherence score:
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e WD=sum_iw_i
e 0Q=mean_{isj}a_ij)
e DIV = normalized diversity in [0,1]

Composite:
logit(CC) = alphanorm(WD) + betaOQ + gammaDI/V + deltaCTR
CC = 1/(1+exp(-logit(CC)))

Choose alpha+beta+gamma+delta = 1; tune per task (preaching vs academic). Report CCin [0,1]
with thresholds (e.g., glue if CC>=0.8 and 0Q>=0.75).

B. Independence adjustment.
Witnesses are not iid. Downweight clustered sources by effective sample size:

e Build a witness similarity graph; compute spectral or clustering-based eff k for cluster k.
e Replace WD =sum_i w_i with WD_eff =sum_k eff_k * mean_i_in_k(w_i).

C. Power and calibration.

e Bootstrap covers by resampling links within strata; compute glue frequency to estimate
variance of CC.

e Calibrate a_ij using rubric-coded overlap tests (literal, T, A, N) to avoid inflating
agreement.

D. Bayesian framing (optional).
e Prior p0 over “globalizable at y”.

e Likelihood from overlaps: L(S|global) proportional to exp( lambdalWD_eff + lambda20Q
+lambda3*DIV ).

e Posterior p = sigmoid( logit(p0) + lambdalWD_eff + lambda20Q + lambda3*DIV ).
This makes prior assumptions explicit and auditable.

Limits. Any numeric scheme risks faux-precision. Publish parameters, priors, and error bars with
every claim.
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12.3 Toward computable categorical concordances

Vision. A next-gen concordance that is not just a word index but an executable atlas: passages

as nodes, typed links as edges, diagram schemata as first-class objects, and a sheaf checker that

attempts gluing with transparent metrics.
A. Data structures.
o Passage graph: adjacency lists keyed by link type; store weights, strata, genres.
o Diagram registry: JSON schemas for cones, equalizers, pullbacks, chiasm pairings.
e Cover caches: precomputed candidate sieves per locus y under multiple J variants.
e Audit ledger: immutable log (append-only) of thresholds, overlaps, outcomes.
B. Core algorithms (copy-safe sketches).
1. BuildCover(y,J): select S by maximizing WD_eff under DIV constraints.
2. OverlapMatrix(S): compute a_ij by discipline level and modality.
3. GlueAttempt(F,y,S): run equalizer/pullback checks; return (glued?, s, metrics).
4. ConeFactorCheck(P->E->G): compute CTR = hits/eligible.
5. RobustnessScan(y): sweep thresholds, record stability of glued status.
C. Complexity notes.

e Overlap checks scale roughly O(|S|”2) per locus; with caching and sparse overlaps,

practical on modern hardware.

e Robustness scans multiply cost; use stratified sampling of thresholds for large corpora.

D. Interop and reproducibility.

e Export/import as JSONL with deterministic hashing of (y,S,J,params) to produce stable
IDs for results.

e Provide a minimal, copy-safe CLI:
concord --locus Mt5-7 --topo genre_balanced.json \
--discipline LTA --modality Box_L \

--report out/Mt5-7_LTA_BoxL.json
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E. Benchmarks and gold sets.

e Curate small, cross-tradition loci with widely agreed outcomes (e.g., core passion
parallels, explicit prophecy fulfillments) as positive controls.

e Include tricky “hard-saying” sets where exactness (Sec. 10.1) is the right answer, not
gluing.

F. Open problems.
e Learned link-typing without collapsing genres; human-in-the-loop verification.
e Formalizing weighted anaphora and metaphor so T/A-lifts can be scored consistently.

e Category-of-values beyond Sets (e.g., posets or Lawvere metric spaces) to encode
graded agreement natively.

e Ecumenical subtopoi at scale: computing j_ecu reflectors over many traditions without
losing too much signal.

o Temporal indices: efficient handling of Next"k so prophecy timelines remain tractable.

Ethics note. A computable concordance can look authoritative. Every report should display
thresholds, alternatives (other J’s), and failure seams to keep humility and plurality visible.

Bottom line. The topos gives structure; the numbers give discipline; the software gives
repeatability. Future work should keep all three in balance so that “coherence without
flattening” stays a method, not a slogan.

Epilogue: Why Kairos?

Because Scripture does not simply say—it unfolds. Promise ripens into presence; identity is
declared, then demonstrated, then consummated. If our framework stopped at spatial structure
(objects, arrows, covers) and moral optics (Law/Gospel), we would still miss the one dimension
that keeps biblical claims from becoming brittle: time that is not merely chronological but
charged—Kairos.

The Kairos modality (“Next”) lets the topos admit staged availability without forcing false
alternatives. It licenses statements like “this is true—not yet here, but already binding in hope.”
It explains why some pairs that look like contradictions (“you are... / you shall be...”) are really a
guard-railed induction: today’s section is coherent with tomorrow’s section under a lawful
advance. In practice, this prevents two common failures: (1) premature harmonization that
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collapses promise into present, and (2) cynical fragmentation that denies any stable
throughline. Kairos threads the middle: coherence with patience.

This matters pastorally. Communities live between Exodus and arrival, repentance and joy, cross
and resurrection. With Kairos, counsel can say: “Hold this command as Law now; receive this
gift as Gospel now; expect this surplus soon—and here is how the steps commute.” It matters
academically. Arguments about authorship or redaction often smuggle in time assumptions; by
making stage-shifts explicit, we can show which tensions are temporal (solved by “Next”), which
are modal (solved by Box_L or Diamond_G), and which are genuine disagreements requiring
either stronger witnesses or humbler claims.

Kairos also guards freedom. Many readings are true, but only at the right stage: typologies that
edify at T may distort at L; anagogies that console at N may short-circuit formation if imposed
today. Our calculus can mark those shifts formally, so teaching schedules and liturgies can align
with growth curves rather than demand instant perfection.

Finally, Kairos is a truth-telling device. It lets us state plainly where we cannot yet glue without
calling faithful expectation a defect. We can publish covers and metrics as of this stage, then
revisit them—same topology, same rules—when later witnesses arrive (or when the community
has learned to compare at the correct discipline level). In that sense, Kairos makes our whole
program repeatable without being static. The atlas is living; the diagrams are stable; the audits
are honest.

Why Kairos? Because the gospel is not only a set of propositions but a history that keeps its
promises. A topos of Scripture worthy of its subject must therefore carry a modality that honors
time as a first-class structure. With it, coherence is earned as seasons mature; without it, we
oscillate between flattening and fracture. Kairos is the bridge—between already and not-yet,
between text and life, between method and hope.

48



Appendix A: Formal Sketch (copy-safe definitions)
A.1 Site and topology
Category Bibl:
Ob(Bibl) := {passages at a fixed grain (e.g., pericope)}.
Hom(x,y) := disjoint union of typed links:

{quote, allusion, typology, prophecy, parallel, editorial, theme_t, ...}.
Composition: (f:y->z) o (g:x->y) defined iff (type(g), type(f)) in Allowed.
Identity: id_x in Hom(x,x).

Grothendieck topology J on Bibl:

Foryin Ob, a sieve Sony is a set of arrows {u_i -> y} closed under precomposition.
Axioms:

(1) Maximal sieve covers: Hom(-,y) in J(y).

(2) Stability: if S in J(y) and f:x->y then fA*S in J(x).

(3) Transitivity: if S in J(y) and for each (u->y) in S we have T_u in J(u),

then the composite sieve Union_u T_u coversyy.

Base of covers:

For each y choose a family B_y of sieves; J(y) ={S | exists S_b in B_y with S_b subset Sand S
passes overlap checks}.

A.2 Presheaves, separated presheaves, sheaves

Presheaf F: Bibl*op -> Sets with:
F(id_x) = id_{F(x)}, F(f o g) = F(g) o F(f).

Separated presheaf:
For any covering family {u_i->y} and matching sections {s_i in F(u_i)} that agree on all overlaps,
there is at most one s in F(y) with F(u_i->y)(s)=s_i.

Sheaf (for J):

For any covering family {u_i->y} and matching sections {s_i},
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there exists a unique s in F(y) with F(u_i->y)(s)=s_i.
A.3 Overlaps (pullbacks) and matching
Given u_i->y and u_j->y, define overlap O_ij := u_i x_y u_j with projections p_i,p_j.
Matching family condition:
F(p_i)(s_i) = F(p_j)(s_j) in F(O_ij) for all i,;j.
A.4 Global sections and doctrines
Terminal presheaf 1: 1(x) = {*} with unique restrictions.
Global section of F:

A natural transformation D: 1 =>F (i.e., for each y pick D_y in F(y) s.t. F(f)(D_y) = D_u for all f:u-
>y).

Interpretation: a doctrine is a coherent family of local readings.
A.5 Internal logic
Subobiject classifier Omega with true: 1 -> Omega.
Heyting operations:
A/\B via pullback,
A\/B viaimage of coproduct,
A=>B right adjointto (A /\-),
~A shorthand for (A => False).
Intuitionistic: not forced that A \/ ~A holds globally; ~~A need not imply A.
A.6 Modalities (Law, Gospel, Kairos)
Lawvere—Tierney topology j: Omega -> Omega
inflationary, idempotent, finite-meet-preserving.
Define Box_L using j_L; Box_L-stable subobjects are those closed underj L.

Define Diamond_G dually (as a nucleus/comonad), or via an idempotent comonad on E.

Idempotent (co)monads:
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Box_L: E->E with unit eta_L: Id => Box_L and mult mu_L: Box_L"2 => Box_L, idempotent.

Diamond_G: E->E with counit eps_G: Diamond_G => Id and comult delta_G: Diamond_G =>

Diamond_G”2, idempotent.

Kairos "Next":

Endofunctor Next: E->E with natural next: Id => Next.

Laws: monotone; guarded induction schemas; interactions like Box_L Next <= Next Box_L.

A.7 Reading disciplines as functors
Endofunctors L,T,A,N: E->E (Literal, Typological, Allegorical, Anagogical).
Natural transformations:
eta LT:L=>T, eta TA:T=>A, eta_ AN: A=>N.
Coherence: compositions give L=>A, T=>N, L=>N.
Optional idempotences: LA2 ~= L, TA2 ~=T, etc.
A.8 Cones, equalizers, pullbacks (canonical shapes)
Prophecy cone to event e:
Family {a_i: p_i -> e}. With gospels {h_j: e -> g_j} and cross-links {b_ij: p_i->g_j},
factor condition: h_j o a_i = b_ij (for admissible b_ij).
Chiasm functor Chi:
Sends linear segment [X1,...,Xk,...,X1'] to palindromic diagram with pairings (Xi <-> Xi').
Inclusio:
u: O->Y, v: C->Y. Equalizer Eq(u,v) -> Y; Coequalizer Y -> Coeq(u,v).
Pullback:
Given f:X->Z, g:Y->Z, define X x_Z Y with projections and universal property.

A.9 Geometric morphisms (translations/traditions)

Geometric morphism f: E' -> E is (fA*, f_*) with fA*: E -> E' left exact and left adjointto f_*: E'->

E.

Units/counits:
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eta F:F->f *fA*F eps_G: fA*f * G -> G with triangle identities.

Desired compatibilities:

fA* Box_L ~=Box_L' fA*, fA* Diamond_G ~= Diamond_G' fA*, fA* Next ~= Next' fA*,

Beck—Chevalley for base-change squares; Frobenius law for fA* and meets.
A.10 Coherence metrics (definitions)

Weights: w_iin [0,1] for u_i->y by link type and independence.
Agreement: a_ij in [0,1] for overlaps O _ij under chosen discipline/modality.
WD(y;S) :=sum_iw_i

0Q(y;S) := mean_{i<j}a_ij (or weighted by w_iw_j)

DIV(y;S) := normalized diversity across strata/genres in [0,1]

CTR(y;S) := (# commuting triangles) / (# admissible triangles) for cones
Composite CC := alpha*norm(WD) + beta*OQ + gamma*DIV + delta*CTR

Glue policy: attempt glue iff OQ >=tau_0OQ and DIV >=tau_DIV and CC >= theta.
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Appendix B: Diagram Templates (chiasm, inclusio, cones)
B.1 Chiasm template
Input segment: [X1, X2, ..., Xk, ..., X2', X1'] (k is optional hinge)
Pairings: Pairs = {(X1,X1'), (X2,X2'), ...}
Overlap cores: choose W_i with maps w_i_left: W_i -> X_i, w_i_right: W_i -> X_i'
Validation (with sheaf F):
For each i

res(w_i_left): F(X_i) ->F(W_i)

res(w_i_right): F(X_i') -> F(W_i)

Require res(w_i_left)(s_i) = res(w_i_right)(s_i') for proposed sections s_i, s_i'.

Hinge: if length odd, H = X_k; require H mediates pairwise constraints (e.g., limits from both
sides).

Outputs:

- pass/fail per pair,

- hinge role summary,

- gluable? yes/no,

- audit: {(X_i, X_i', W_i)}.
B.2 Inclusio template
Frame maps: u: 0 ->Y,v: C->Y (opening, closing)
Equalizer:

eq: Eq(u,v) -> Y with u 0 eq = v 0 eq (maximal subobject invariant under both).
Coequalizer:

coq: Y -> Coeq(u,v) with coq o u = coq o v (quotient identifying frame).
Validation with F:

- Equalizer test: restrict section s in F(Y) to Eq(u,v); check invariance.

- Coequalizer test: push s to Coeq(u,v); ensure intended spine survives (not collapsed).
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Outcome:

- frame-consistent reading domain (Eq),

- framed spine (Coeq),

- gluing status across framed units.
B.3 Prophecy cone and fulfillment template
Inputs:

Prophets: P = {p_i}

Event: e

Gospels: G={g_j}

Links: b_ij: p_i->g_j (admissible types only)

Construct:
ConeA={a_i:p_i->e}

Spokes H={h_j:e->g_j}

Factor tests:

For all admissible (i,j): check h_jo a_i==b_ij.
Metrics:

CTR = hits / eligible

WD = sum weights of a_i by independence and type

0Q = overlap agreement among {p_i} and among {g_j}

Decision:
If CTR >=tau_CTR and OQ,WD exceed thresholds, accept e as prophecy-universal for P wrt G.

Audit:



list of commuting triangles, failures with types, suggested refinements (split e, downgrade b_ij,

add stages via Next).
B.4 Covenant projector and sacrifice span (optional templates)
Covenant idempotent on X: e X: X->X withe Xoe X=e_X.
Split/retract: i: Im(e_X)->X, r:X->Im(e_X) withroi=idandior=e_X.
Sacrifice span: offer: X->S, result: S->X' such that Debt maps to 0 in ledger L.
Law/Gospel checks:

Box_L(e_X) =e_X; Diamond_G may split a short exact sequence Debt->0.
B.5 Temple->Table presence template
Objects: T_y (temple slice), B_y (table slice), Presence.
Maps: p_sacrifice: Presence->Obligation, p_meal: Presence->Fellowship.
Sections: t: T_y -> Presence, b: B_y -> Presence.
Pullback: P_y =T_y x_{Presence}B_y (common presence)

Coequalizer over bridges BR_y: Q_y = Coeq(T_y ~ B_yvia BR_y)

Validation: require P_y nonempty and P_y ~= Q_y up to iso on overlaps; then glue.
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Appendix C: Toy Algorithms for Cover Selection and Sheaf Checks

Pseudocode is copy-safe and intentionally minimal; swap in your data store for graph queries.

C.1 BuildCover: greedy selection with diversity and weight
Input:
y # target locus
Candidates # list of (u_i->y, weight w_i, strata tag s_i, genre tag g_i)

params: tau_DIV_min, k_max, strata_min, genres_min

Output:

S # sieve subset of Candidates

Procedure:
S := empty
used_strata := {}
used_genres := {}
while |S| < k_max and Candidates not empty:
pick ¢ in Candidates with maximal marginal gain:
gain(c) = w_c + lambda_div * div_boost(c, used_strata, used_genres)
addctoS
update used_strata, used_genres
remove near-duplicates of ¢ by independence rule (e.g., same source chain)
if |used_strata| < strata_min or |used_genres| < genres_min:
try to swap low-weight items in S for missing strata/genres
if diversity(S) < tau_DIV_min:
mark "low diversity" flag

return S
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div_boost(c, S_strata, S_genres):
b:=0
if strata(c) not in S_strata: b += alpha_s
if genre(c) notinS_genres: b +=alpha_g

return b

C.2 OverlapAgreement: compute a_ij at chosen discipline/modality

Input:
F # sheaf-like structure (or evaluator)
S ={u_i->y} # cover
level # one of {L,T,A,N}
modality  # one of {Box_L, Diamond_G}
Output:

A ={(i,j)->a_ijin [0,1]}

Procedure:
A := empty
for all i<j:

O_ij := Pullback(u_i, u_j overy) # graph-defined overlap locus

if O_ij is empty:
a_ij:=0.0
else:

s_i:=Section(F, u_i, level, modality)
s_j := Section(F, u_j, level, modality)
r_i := Restrict(F, s_i, O_ij)
r_j := Restrict(F, s_j, O_ij)

a_ij := AgreeScore(r_i, r_j) # 1.0 if equal; else graded

57



Al(i,j)] == a_ij

return A
AgreeScore(r_i, r_j):

ifr i==r_j:return 1.0

else:

return graded_compare(r_i, r_j) # e.g., token overlap, role-label match, cosine on features

C.3 AttemptGlue: sheaf existence/uniqueness test with metrics
Input:

F vy, S, level, modality, thresholds {tau_WD, tau_0Q, tau_DIV, theta_CC}
Output:

result in {"glued","local_only"}, amalgam s or None, metrics dict

Procedure:
WD := sum(w_i for (u_i->y,w_i,...) in S)
A :=OverlapAgreement(F, S, level, modality)
0Q := mean(A.values())
DIV := diversity(S)
CTR := cone_rate_if_applicable(S) # else None or 0
CC :=combine(WD, 0Q, DIV, CTR) # normalized weighted sum
if 0Q >=tau_0Q and DIV >=tau_DIV and CC >= theta_CC:
s := Amalgamate(F, vy, S, level, modality) # construct the unique s if exists
if s exists:
return ("glued", s, {WD,0Q,DIV,CTR,CC})
else:
return ("local_only", None, {WD,0Q,DIV,CTR,CC,"reason":"no amalgam"})

else:
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return ("local_only", None, {WD,0Q,DIV,CTR,CC,"reason":"thresholds not met"})
C.4 Amalgamate: constructive gluing (toy)
Input: F, y, S, level, modality

Output: sin F(y) or None

Procedure:
# Build candidate s by solving equalizer constraints over overlaps.
constraints := []
for each i<j:
O_ij := Pullback(u_i,u_j overy)
add constraint: Restrict_y_to(O_ij) agrees with both Restrict(u_i->0 _ij), Restrict(u_j->O_ij)
s := SolveConstraints(F(y), constraints)
if s unique: return s
if s none: return None
else: return None # fail separatedness if multiple solutions; tighten J or refine level
C.5 ConeFactorCheck and event refinement
Input:
P={p_i}, e, G={g_j}, admissible links {b_ij}
Output:

CTR, commuting list, failures list, refine suggestions

Procedure:
hits := 0; eligible := 0; commuting := []; failures := ]
for each (i,j) with b_ij admissible:
eligible +=1

if exists a_i: p_i->eand h_j: e->g jwithh_joa_i==b_ij:
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hits += 1; append (i,j) to commuting
else:
append (i,j) to failures
CTR := hits / max(1,eligible)
if CTR < tau_CTR:
suggest: split e into el,e2 by pericope; or downgrade weak b_ij; or add Next k
return CTR, commuting, failures, suggestions
C.6 RobustnessScan over topology/thresholds
Input:
lociY={y_1,...,y_m}, topology_set {J_k}, threshold grid T
Output:

table of glued/local_only per (y,J_k,params), stability scores

Procedure:
results :=[]
foryiny:
for J in topology_set:
S := BuildCover(y,J)
for paramsin T:
r := AttemptGlue(Fy,S,level,modality,params)
record (y,J,params,r.metrics,r.result)
For each y, compute stability := fraction of (J,params) with result=="glued".

Return results, stability

Usage note. These appendices are intentionally minimal and copy-safe. Swap in your real graph,
scoring, and constraint solvers; keep every run auditable by exporting (y, S, J, params, metrics,
decision) as immutable artifacts.
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