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This paper presents Category Theory and Homotopy Type Theory (HoTT) not as
abstract formal systems, but as a continuous journey through a world both
familiar and fantastic. Guided by a single Oracle, the reader follows a traveler
across two great realms — the Cities of Rooms, where objects and morphisms
shape the landscape, and the Shape-Lands, where types, paths, and higher
equalities form the terrain. Along the way, each landmark reveals a precise
mathematical concept, explained in the Oracle’s words and paired with its formal
definition. From identity morphisms to the Yoneda Lemma, from products and
coproducts to univalence and eo-groupoids, the path connects foundational ideas
to their higher-level unification under the Curry-Howard—Lambek
correspondence. By the end, the reader will see that Category Theory, HoTT, logic,
and computation are not separate domains, but facets of the same structural
truth. The Oracle’s Map is both a narrative and a reference, guiding the
mathematically curious from first principles to the edges of modern structural
thought.
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Scene 1 —The First Door

(Identity morphism and composition)

Narrative

The traveler enters Arrovia, a city built on tiers, each level a maze of rooms connected by doors.
Some doors are carved wood, others steel, some shimmer like glass under moonlight.

But one door in every room looks plain — a wooden frame with no handle.

Traveler: “This door... it leads back here?”

Oracle: “Yes. Every room has one. You may walk through it, but you remain where you are. It is
the stay-door — the identity morphism.

Without it, the city would lose its sense of self.

And when you can go from Room A to Room B, and then from Room B to Room C, there is
always a way to go directly from A to C. This is composition — the ability to chain journeys
without breaking them.

These two laws — identity and composition — hold the city together. Remove either, and its
structure collapses.”

Formal Sidebar
® Objects: Rooms in Arrovia.
* Morphisms (arrows): Doors between rooms.

¢ Identity morphism: For every object A, an arrow idy : A — A suchthatforall f: A — B, fo
idg = fandidgo f = f.
* Composition:For f : A — Bandg: B — C, thereexists go f : A — (' satisfying associativity:

ho(gof)=(hog)of
Example:
o Rooms = train stations.
o Morphisms = direct train routes.
o Identity morphism = staying at the same station.

o Composition = taking two consecutive trains as one journey.



Scene 2 — The River’s Edge

(Definition of a Category)

Narrative

A slow, silver river winds through the heart of Arrovia.

The traveler pauses on a stone bridge where the Oracle stands, gazing at the water’s constant

flow.

Traveler: “You spoke of identity and composition as the city’s laws. Are these laws all there is?”

Oracle: “They are the foundation. When we speak of a category, we speak of a world that obeys

exactly these rules:

1.

2.

Objects — the rooms, the stations, the places.

Morphisms — the arrows, the journeys between them.

Identity — every object has a journey to itself.

Composition — journeys can be chained, and the result is still a journey in the world.

Associativity — how you group chained journeys never matters; only where you start
and end.

A category is nothing more and nothing less than this. No magic, no hidden rule — just these

axioms.”

The Oracle leans on the bridge’s rail.

“Yet from this simplicity, all manner of strange worlds can be built.”



Formal Sidebar

o Definition (Category): A category C\mathcal{C}C consists of:
* Aclass of objects Ob(C).

* For every pair A, B of objects, a set of morphisms Hom¢ (A, B).
* For each A, an identity morphism id4 € Hom¢(A, A).

* A composition operation:

Hom(B,C) x Hom(A, B) —+ Hom(A,C), (g,f)—gof
e Satisfying:
e iddgof=f foidy= fforal f: A— B.
 Associativity: ho (go f) = (hog) o f.
Example:
o Set: objects = sets, morphisms = functions.

o @Grp: objects = groups, morphisms = group homomorphisms.

o Top: objects = topological spaces, morphisms = continuous maps

Scene 3 — The Mirror City

(Functors)

Narrative

Beyond the bridge, the traveler follows the river until its banks widen into a misty expanse.
Through the fog emerges another city — Reflectra — eerily similar to Arrovia.

Its rooms and streets seem to echo the traveler’s steps.

Traveler: “Everywhere | go here, | feel as though I've been before.”
Oracle: “You have. Reflectra is bound to Arrovia by a great mapping called a functor.

A functor assigns to each room in Arrovia a room in Reflectra.

To each door in Arrovia, it assigns a door in Reflectra.

It keeps the city’s laws intact — identities remain identities, and compositions remain
compositions.



Think of it as a mirror, but one that reflects structure, not just form.

If you take two doors in Arrovia, their combined journey is mirrored as the combined journey of
their images in Reflectra.

The world changes, but the rules remain unchanged.”

Formal Sidebar
e Definition (Functor):
A functor F' : C — D between categories C and D consists of:
* For each object A in C, an object F'(A) in D.
* For each morphism f : A — B inC, a morphism F(f) : F(A) — F(B) inD.
* Preservation of identities: F'(id,) = idp(a)-
e Preservation of composition: F'(go f) = F(g) o F(f).

Example:

o Forgetful functor: from Grp to Set, sends each group to its underlying set, each
homomorphism to its underlying function.

o Free functor: from Set to Grp, sends each set to the free group generated by it.

Scene 4 — Two Cartographers

(Natural Transformations)

Narrative
In Reflectra’s central square, two master cartographers work at long tables.
Each has drawn a complete map from Arrovia to Reflectra — but the maps are not identical.

Traveler: “These two maps both claim to be correct. How can that be?”
Oracle: “Both are functors. They agree on the laws, but they make different choices for certain
paths.

To compare them, we need a natural transformation — a family of guides, one for each room in
Arrovia, who can take you from the image of that room under the first functor to the image
under the second.



These guides are not random wanderers — they respect the structure.

If you walk from Room A to Room B in Arrovia, and then use the guides at A and B, the route in
Reflectra will fit perfectly.

This fitting-together is called naturality.

Natural transformations are the bridges that connect different functors while keeping the world
coherent.”

Formal Sidebar
¢ Definition (Natural Transformation):
Let F', G : C — D be functors.
A natural transformation 7) : F' = G assigns to each object A in C a morphism 4 : F(A) — G(A)
in D, such that for every f : A — B in C, the naturality square commutes:

G(f)omna=nso F(f)

* Example:

e Let F' = double a number, G = triple a number, both from INat (natural numbers as a category) to
itself.

* A natural transformation from F' to G could be "multiply by 3 /2" (in a rational extension), applied

uniformly to all numbers.

Scene 5 — The Tower and the Hall

(Limits and Colimits)

Narrative

Leaving Reflectra, the traveler climbs a spiral road that winds upward until it ends in a tower of
glass and stone.

From its balcony, one can see every road leading into the city below.

Traveler: “This place feels like it gathers the whole land into its sight.”

Oracle: “It does. This is a limit — a single place that all other places in a diagram connect to, in
the most efficient and universal way.

It is the control point where all paths converge without redundancy.

But there is another place: descend into the valley and you will find the Great Hall.
Here, many roads meet not to be overseen, but to be joined — merging their stories into one.



This is a colimit — a universal merging point where all the contributions of a diagram combine
into a single outcome.

Limits and colimits are opposites, yet both reveal the same truth:
there is always a most natural way to gather and a most natural way to unite.”

Formal Sidebar

e Limit: Given a diagram D : J — C, a limit is an object L in C with morphisms 7y : L — D(X) for
each X € .J, such that for any other cone (C, ¢x : C' — D(X)), there exists a unique morphism
u : C' — L making all triangles commute.

¢ Colimit: Dual notion — replace cones with co-cones, morphisms reversed, and uniqueness going the
other way: from L to C.

e Examples:

* Limit: Product of sets A x B is the limit of the diagram A <~ A x B — B.

* Colimit: Disjoint union A LI B is the colimit of the same diagram in Set.

Scene 6 — The Seed and the Void

(Initial and Terminal Objects)

Narrative

The road from the Great Hall leads to a quiet garden where a single seed rests in the center of a
marble table.

Beyond the garden is a deep cavern, utterly empty, with no light except what the traveler
carries.

Traveler: “Why guard a single seed and an empty cave?”
Oracle: “Because they are the anchors of all worlds.

The seed is the terminal object: from anywhere you stand, there is exactly one path to it.
It is the final resting place of all journeys — you can always reach it, and only one way exists to
do so.

The void is the initial object: from it, there is exactly one path to anywhere else.
Yet you cannot stand inside it — it has no inhabitants.

Terminal and initial objects are the simplest forms of universality:
one receives everything uniquely, the other gives everything uniquely.”



Formal Sidebar
» Terminal object: An object 7" in category C such that for every object A, there exists a unique
morphism A — T
* Initial object: An object I in category C such that for every object A, there exists a unique morphism
I— A
¢ Examples:
® |nSet:
* Terminal object = any singleton set {x*}.
e |nitial object = the empty set &J.
¢ InGrp:
¢ Terminal object = trivial group (one element).

¢ |nitial object = also the trivial group (here initial and terminal coincide — a zero object).

Scene 7 — The Product Garden

(Products)

Narrative

The traveler follows a narrow cobblestone path to a walled garden where two distinct groves
grow side by side — one of citrus trees, the other of roses.

In the center stands a pavilion with two archways, each opening into one of the groves.

Traveler: “It feels like this place belongs to both groves at once.”
Oracle: “Indeed. This garden is the product of the two groves.

It is a single place that contains both, yet it knows how to send you back to either grove by the
shortest, most direct path.

Every other place that wishes to visit both groves in a coordinated way must first come here —
the pavilion is the universal mediator.

The product is not mere coexistence; it is the most efficient joint presence of two objects, with
projection paths back to each.”



Formal Sidebar

* Product: Given objects A, B in a category C, a product is an object P with morphisms 7y : P — A
and 72 : P — B such that for any object X with morphisms f : X —+ Aand g : X — B, there
exists a unique . : X — P satisfyingm ou = fandmou = g.

* Example in Set:

e AxB={(a,b)|ac Abec B}
e mi(a,b) = a, m(a,b) =0
* Universal property: any pair of functions X — A, X — B factors uniquely through X — A x B

Scene 8 — The Fountain of Choice

(Coproducts)

Narrative

From the garden, the traveler hears the sound of running water.

Following the sound, they come upon a marble plaza where a great fountain stands.

Two channels flow into it from opposite sides — one carrying clear mountain water, the other
tinted with rose petals.

Traveler: “The streams join here, but each still seems to know where it came from.”
Oracle: “This is the coproduct of the two streams.

In the product, one place projects back to two; in the coproduct, two places converge into one,
each keeping its identity.

From this fountain, you can tell which water came from which stream, yet you can draw from
both at once.

The coproduct is the universal meeting place — the most efficient way for two distinct sources
to merge while preserving their origins.”



Formal Sidebar

¢ Coproduct: Given objects A, B in a category C, a coproduct is an object C' with morphisms ¢1 : A —
C and t2 : B — C such that for any object X with morphisms f : A — X and g : B — X, there
exists a unique u : C' — X satisfyinguot; = fanduox = g.
* Example in Set:
* AL B = disjoint union of sets.
¢ Injections ¢y, Lo label each element by which set it came from.

* Universal property: any pair of functions A — X, B — X factors uniquely through A L1 B — X

Scene 9 — The Market of Maps

(Exponentials)

Narrative

Beyond the fountain lies a bustling market, its stalls arranged in a perfect grid.
At each stall hangs a sign: “Paths from A to B sold here.”

Some stalls have only a few paths, others display infinitely many.

Traveler: “This market sells journeys?”
Oracle: “Yes — here, the goods are not objects, but maps between objects.
An exponential object, written BABAABA, is the land of all possible paths from AAA to BBB.

In this market, there is a universal guarantee:

If you can reach the market from any other place XXX, you can carry away exactly one stall’s
worth of paths from AAA to BBB, tailored to your origin XXX.

It is the most efficient way to store all possible functions from AAA to BBB in one place.”

10



Formal Sidebar

* Exponentials: In a category C with products, the exponential B4isan object equipped with an

evaluation morphism

eval: B*x A — B

such that for any object X and morphism h : X x A — B, there exists a unique morphism h:
X — B* making the diagram commute:

h = evalo (h x idy)
* Example in Set:
o B* = the set of functions from A to B.
o eval(f,a) = f(a).

e Currying: any function h : X x A — B corresponds uniquely to h:X — BA

Scene 10 — The Adjoint Bridge

(Adjoint Functors)

Narrative

The traveler leaves the market and comes to a wide river crossed by two ferries.

One ferry is painted gold and travels from the east bank to the west; the other is painted silver
and goes from west to east.

Each captain seems to know exactly how to answer for the other’s trip.

Traveler: “Why are there two ferries? Couldn’t one boat go both ways?”
Oracle: “These are not mere ferries — they are adjoint functors.

The gold ferry — the left adjoint — takes passengers east to west in such a way that every
arrival can be traced back uniquely to its point of departure.

The silver ferry — the right adjoint — brings passengers back west to east, perfectly matching
the structure of the gold ferry’s trips.

Adjoints are a harmony between two processes:
one expands or constructs, the other reduces or analyzes — yet both carry the same
information, merely in different directions.”

11



Formal Sidebar

* Adjoint Functors: Functors F' : C — D and G : D — C are adjoint (with F’ left adjoint to G3) if there

exists a natural isomorphism:

natural in both A and B.
¢ Example:
o Setlet F(X)=X xS, G(Y)=Y%.
e F' = product with a fixed set S (left adjoint).
e (G = function set from S (right adjoint).
¢ Natural isomorphism: functions X x § — Y correspond to functions X — Y (currying).

Scene 11 — The Forest of Types

(Types and Terms in HoTT)

Narrative

The traveler crosses the Adjoint Bridge and leaves the cities behind.
The paved roads give way to soft forest trails beneath towering trees.
Some groves stretch far and wide, others are small and self-contained.

Traveler: “This is no longer the land of rooms and doors. What am | seeing?”
Oracle: “You have entered the Shape-Lands, where the world is made not of objects and
arrows, but of types and their inhabitants.

A type is a kind of terrain — a forest-type, a lake-type, a mountain-type.
A term is a specific location within that terrain: a particular oak in the forest, a particular island
in the lake.

In the Cities, you thought of journeys between rooms; here, we think of what kinds of places
exist, and which points lie within them.
These are the foundations of Homotopy Type Theory.”

12



Formal Sidebar

¢ Type: A collection of points (terms) together with a notion of equality between them — generalizing the
idea of a set to a structured space.
e Term: An inhabitant of a type. If A is a type, then @ : A means a is a term of type A.
¢ Analogy:
¢ Type & set.
¢ Term < element of a set.
e Butin HoTT, equality between terms can carry structure (paths).
¢ Example:
* Type Nat = the natural numbers.
e Terms=0,1,2,....
¢ Type circle = the abstract circle space.

e Terms = points on the circle (continuous positions, not just discrete).

Scene 12 — The Path Between Oaks

(Equality as a Path)

Narrative

In the forest, the traveler comes upon two great oak trees standing apart yet facing each other,
their branches almost touching.

A worn trail winds between them, lined with moss-covered stones.

Traveler: “Why does this path feel so important?”
Oracle: “Because in the Shape-Lands, to say two points are equal means there is a path
between them.

Here, equality is not an invisible symbol on parchment; it is something you can walk.
The path itself is the evidence — the proof — that one tree can be reached from the other
without leaving this terrain.

In the Cities, you judged sameness by naming; here, you prove it by traveling.”

13



Formal Sidebar

¢ Equality as a Path (HoTT): For a type A and terms a, b : A, an equality p : @ =4 b is interpreted as a
path from a to b in the space represented by A.
* Path induction: Reasoning about equalities by considering the trivial path re fl, : @ = a and extending
to all equalities via homotopy.
* Analogy:
* |n sets: equality is a binary relation with reflexivity, symmetry, and transitivity.
® In HoTT: equality is geometric — a continuous path.
* Example:
* Type Circle.
® Points x, ¥y on the circumference.

* Equality p : € = y = a specific arc from x to y.

Scene 13 — The Shifting Trail

(Homotopy)

Narrative

The traveler walks the path between the two oaks again, but this time notices a second trail — a
winding route that passes by a small spring before arriving at the same destination.

As the traveler watches, the ground seems to shift gently, and the second trail reshapes itself
until it matches the first.

Traveler: “Are these two trails the same?”

Oracle: “Not in form, but in essence. You can reshape one into the other without breaking it or
leaving the forest.

This is homotopy — the idea that two paths are equal if you can continuously deform one into
the other.

In this land, equalities themselves can be compared, and those comparisons are also equalities.
You've taken your first step toward understanding the infinite hierarchy of sameness.”

14



Formal Sidebar

¢ Homotopy: In HoTT, given p,q:a=bp, q : a = bp,q:a=b (two equalities), a homotopy
e Homotopy: In HoTT, given p, q : @ = b (two equalities), a homotopy H : p =~ q is a continuous
deformation from path p to path gq.
¢ Higher equalities: Homotopies are themselves paths in a path space, and can be compared further —
forming an co-groupoid structure.
¢ Analogy:
* In topology: two continuous maps f,g : X — Y are homotopic if there exists H : X X
0,1] — Y with H(2,0) = f(z), H(z,1) = g(z).
e In HoTT: replace points with terms, paths with proofs of equality.
e Example:
* Type cCircle.
* Two arcs from & to ¢y — one along the north side, one along the south.

* |f you can slide one into the other without lifting it off the circle, they are homotopic.

Scene 14 — The Valley of Higher Paths

(Higher Equalities)

Narrative

The trail leads the traveler down into a wide valley, crisscrossed by countless glowing bridges.
Some bridges connect points on the valley floor; others float in midair, linking one bridge to
another.

Above them, even finer bridges connect those midair bridges, reaching into the mist.

Traveler: “These aren’t just paths between places — some connect paths to other paths.”
Oracle: “Yes. Here, equalities themselves have equalities.

A path between points is a first-level equality.
A bridge between paths is a second-level equality — a proof that two proofs are the same.
Bridges between those are third-level equalities, and so on.

This hierarchy continues without end.
In the Shape-Lands, we live in an eo-groupoid — a structure with paths, paths between paths,
paths between those, forever.”

15



Formal Sidebar

¢ Higher equalities:
e Level 0: points (terms) of a type A.
¢ Level 1: paths (equalities) between points.
¢ level 2: homotopies between paths.
* Level 3: higher homotopies between homotopies, etc.
* oco-groupoid: An abstract structure where every equality is invertible, and equalities exist at all finite
levels.
¢ Analogy:
¢ |n topology: a space has points, paths, surfaces filling homotopies, and higher-dimensional
analogues.
¢ In HoTT: every type behaves like an co-groupoid.
e Example:
* Type sphere.
¢ Points = positions on the sphere’s surface.
® Paths = curves on the surface.
¢ Higher equalities = continuous deformations of curves, and deformations of those deformations,

etc.

Scene 15 — The Twin Valleys

(Univalence)

Narrative

The traveler crests a ridge and sees two valleys below.

From above, they appear identical — same rivers, same forests, same winding paths.
Yet locals insist they are “different places.”

Traveler: “If these valleys are exactly alike, how can they be different?”

Oracle: “In the Shape-Lands, if two terrains are equivalent in all their structure, we treat them
as the same.

This is the univalence principle.

It says that an equivalence between types is itself an equality.
Once you know the valleys match in every meaningful way, you may walk between them as if
there were no boundary at all.

16



Univalence is the law that collapses sameness of structure into sameness of identity.”

Formal Sidebar

Univalence Axiom (Voevodsky): For types A, B,
(A~ B)~(A=B)

where A ~ B denotes equivalence of types, and A = B denotes equality of types in the universe.

* Meaning: An equivalence between types can be turned into a path (equality) between them, and vice

versa.
* Analogy:

* In set theory, isomorphism is not the same as equality.

* In HoTT, univalence makes isomorphism (equivalence) and equality coincide at the type level.
e Example:

¢ Type Nat = natural numbers.

e Type EvenPairs = pairs of naturals (n, b) where b € {0, 1}.

e They are equivalent via a bijection — univalence lets us treat them as equal types.

Scene 16 — The c=-Groupoid Peak

(Infinite Tower of Paths)

Narrative

The traveler ascends a steep mountain trail until reaching a windswept summit.

From here, the land unfolds in strange geometry — threads of light weave between points,
between paths, between paths-of-paths, extending upward and outward without limit.

It feels less like a landscape and more like a living web.

Traveler: “This is no ordinary mountain. | can see connections upon connections, going higher
than my eyes can follow.”

Oracle: “You are standing on the eo-Groupoid Peak.

Every type in the Shape-Lands has this structure — points, paths between points, paths
between those paths, ad infinitum.

17



It is not just that the tower could be infinite — it must be infinite.
The rules here demand it: for every equality, there can be an equality between equalities, and
so on forever.”

Formal Sidebar

¢ oo-Groupoid:
e A structure with:
® Objects (0-cells),
* Morphisms (1-cells),
¢ 2-morphisms (2-cells),
e .. continuing infinitely.
e All morphisms at every level are invertible.
® In HoTT: Every type behaves like an co-groupoid by interpreting equality as paths and higher equalities
as higher paths.
¢ Homotopy Hypothesis: ©o-groupoids correspond precisely to homotopy types of topological spaces.
e Example:
* Type Sphere:
¢ 0-cells: points on the sphere.
e 1-cells: curves between points.
e 2-cells: homotopies between curves.

* Higher cells: higher homotopies, continuing without bound.

Scene 17 — The Equivalence Gate

(Equivalences and Isomorphisms)

Narrative

Descending from the e=-Groupoid Peak, the traveler comes upon a massive stone gate, its two
sides carved in perfect symmetry.

One arch bears the symbol of an open lock, the other of a matching key.

The gatekeepers, one on each side, nod knowingly to each other whenever a traveler passes
through.

18



Traveler: “The two sides of this gate seem to answer each other.”
Oracle: “They do. This is the Equivalence Gate.
To pass from one side to the other is to find a path that can always be reversed.

In the Cities, we called this an isomorphism.
Here in the Shape-Lands, we speak of equivalences — maps that not only connect two types
but also carry with them a perfect inverse up to homotopy.

If you can go there and back again without loss, you’ve found an equivalence.”

Formal Sidebar

* Equivalence of Types: For types A and B, an equivalence is a function f : A — B together with:
e Afunctiong: B — A, and
¢ Homotopies g o f ~ id4 and f o0 g ~ idp.
e Isomorphism in a Category: Morphism f : A — B withinverse f 1 : B — Asuchthat f 1o f =
idgand fo f ! =idg.
* Analogy:
* |somorphism is the category-theoretic version; equivalence in HoTT allows for “inverse up to path,”
not strict equality.
e Example:
* nNat (natural numbers) and Evenpairs (pairs (n,b) with b € {0, 1}) are equivalent via a bijection

mapping (n, b) to 2n + b, with an obvious inverse.

Scene 18 — The Proof Bridge

(Proofs as Paths)

Narrative

The traveler follows a narrow trail until it ends at a graceful arching bridge of pale stone.

The bridge spans a chasm, but beneath its surface, threads of light pulse and shift, as though
carrying hidden messages.

Traveler: “This bridge doesn’t just connect two points — it feels like it’s saying something.”
Oracle: “That is because in the Shape-Lands, a proof is not an abstract statement but a path you
can walk.

19



To prove that two points are equal, you must build or find a path between them.
Walking the bridge is not separate from proving it exists — the walk is the proof.

And like any path, a proof can be followed, reversed, or composed with others.
Logic here is geometry.”

Formal Sidebar

* Proofs-as-Paths Principle (HoTT):
* Fora,b: A aproof ofa =4 b corresponds to a path between a and b in the space A represents.
* This identification is part of the Curry-Howard-Lambek correspondence generalized to homotopy.
* Operations on proofs/paths:
e Reflexivity: refl, : a = a.
® Symmetry: path reversal.
* Transitivity: path composition.
* Example:
® In circle, a proof that two points are the same is a specific arc between them.

e Different arcs correspond to different proofs, unless they are homotopic.

Scene 19 — The Tunnel of Contradictions

(Empty Type)

Narrative

The traveler comes upon the mouth of a tunnel carved into black rock.

Inside, there is no sound, no air, no sign of life.

The Oracle lights a torch and steps forward, but the flame does not illuminate — the darkness
swallows it whole.

Traveler: “What could possibly lie inside this void?”
Oracle: “Nothing. Not a single inhabitant dwells here.
This tunnel represents the empty type — a terrain with no points at all.

From this place, you can imagine a path to anywhere, but such a path could never be walked.
In logic, this is falsehood: from a contradiction, anything follows.
But the tunnel itself remains uninhabited, forever silent.”

20



Formal Sidebar

* Empty Type:
® InHoTT, Empty (often written Q) is the type with no terms.
* Logical interpretation: False.
e Ifa: 0, then from a you can construct a term of any type B (ex falso quodlibet), but such an a can
never actually exist.
* Category Theory Analogy:
® In Set, the initial object = empty set &.
* There is exactly one function @ — X for any set X, but no function X — & unless X is also
empty.
* Example:
* Empty corresponds to the impossible proposition “0 = 1" in arithmetic — if it were true, any

statement could be proven.

Scene 20 — The Well of Witnesses

(Sigma and Pi Types)

Narrative

In a sunlit clearing, the traveler finds an ancient stone well.

Beside it stands a scribe, carefully recording every bucket drawn from the depths.

Some buckets contain clear water with a scroll tied to the handle; others contain nothing but a
sealed letter.

Traveler: “Why are some scrolls pulled up with the water, and others given without drawing
from the well?”
Oracle: “Because there are two ways of speaking about what lives here.

A Sigma type is like drawing water with its witness — you produce both an example and its
evidence together.

It says: ‘There exists an xxx with property P(x)P(x)P(x), and you hand over both xxx and the
proof of P(x)P(x)P(x).

A Pi type is like promising that for every bucket you could draw, you can also produce a proof.
It says: ‘For all xxx, P(x)P(x)P(x) holds,” and your word covers every case in the well.

Sigma is existence-with-proof; Pi is universality-with-proof.”
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Formal Sidebar

* Sigma Type (X,.4B(x)):
* A dependent pair: an elementa : A andaterm b : B(a).
e Logical interpretation: existential quantifier 3z : A, P(z).
* PiType (Il,.4 B(x)):
* A dependent function: given any a : A, produce b : B(a).
* Logical interpretation: universal quantifier Vz : A, P(x).
e Example:
e Let A = natural numbers, B(m) ="r is even.”
* Sigma: a pair (n, proof that n is even).
¢ Pi: a function that, given any n, produces a proof that n is even (only possible if all numbers

are even — clearly false here).

Scene 21 — The Weavers’ Hall

(Curry—Howard Correspondence)

Narrative

The traveler enters a vast hall where dozens of artisans sit at massive looms, weaving tapestries
of intricate patterns.

On one side of the hall, scholars read these same patterns aloud as if they were sacred texts; on
the other side, mathematicians annotate them with numbers and symbols.

Traveler: “Are these cloths, stories, or formulas?”
Oracle: “All of them. In this hall, a single pattern can be read as a proof, a program, or a path.

This is the Curry—Howard correspondence — the recognition that propositions correspond to
types, and proofs correspond to programs (or paths, here in the Shape-Lands).
A well-woven tapestry is both a valid argument and an executable method.

It is the loom that ties together logic, computation, and geometry.”
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Formal Sidebar

® Curry-Howard Correspondence:
¢ Propositions < Types
* Proofs « Terms (programs)
* Proof normalization < Program execution
* In HoTT, this extends to Curry-Howard-Lambek:
* Logic < Type Theory < Category Theory
* Morphisms < Proofs < Programs < Paths
* Example:
* Logical: P A\ Q ~ Type product P x Q.
* Proof of P A\ Q < Pair (p,q) wherep : P,q: Q.

® Running the program < Extracting each component from the pair.

Scene 22 — The Architect’s Diagram

(Commutative Diagrams)

Narrative

The traveler comes to a courtyard where an architect is chalking patterns onto massive stone
slabs.

Each slab shows a network of points connected by arrows, some straight, others curved.
Workers walk the arrows in different orders — yet always arrive at the same destination.

Traveler: “Why do their paths never disagree, even when they take different routes?”
Oracle: “Because this is a commutative diagram.

In such a diagram, no matter which valid route you follow from a starting point to an endpoint,
the result is the same.

This is a promise of coherence — the structure itself guarantees consistency, even in a web of
many possible journeys.”
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Formal Sidebar

¢ Commutative Diagram: A diagram of objects and morphisms in a category is commutative if, for any
two sequences of composable morphisms with the same start and end objects, their compositions are

equal.

go f=hok whenever both sides are defined and paths match endpoints.
* Example:
e InSetiff:A— B,g: B— C,h:A— C, then the triangle commutes if h = g o f.
® Purpose: Commutative diagrams express constraints, proofs, and equivalences graphically, replacing

long chains of equalities with spatial reasoning.

Scene 23 — The Shape of All Shapes

(Functor Categories)

Narrative

The traveler enters a circular plaza lined with towers.

Each tower’s walls are carved with maps — not of lands, but of entire worlds translated into
other worlds.

The air hums with the sense that every possible transformation between worlds is recorded
here.

Traveler: “These maps seem to connect entire categories to other categories. Are they all kept
here?”
Oracle: “Yes. This is the City of Functor Categories.

Here, the residents are themselves functors — each one a complete structural translation from
one category to another.
And the roads between these residents are natural transformations.

Just as the Cities of Rooms have buildings and doors, so this city has functors as objects and
transformations as arrows.
It is a higher-level city — a category whose objects are categories’ own reflections.”
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Formal Sidebar

* Functor Category [C, D|:
¢ Objects: functors F : C — D.
e Morphisms: natural transformations between such functors.
¢ Composition and identities inherited from natural transformation composition.
¢ Example:
e IfC = discrete category on two objects, then [C, D] = D x D (functor assigns an object in D to
each discrete point).
* Purpose: Organizes mappings between categories themselves into a structured whole, enabling

“category theory about category theory.”

Scene 24 - The Hall of Mirrors

(Yoneda Lemma — Introduction)

Narrative

The traveler steps into a vast marble hall lined entirely with mirrors.

But these mirrors do not simply reflect the traveler — instead, they show every possible journey
to and from each place the traveler has visited.

One mirror shows the traveler standing in Arrovia, surrounded by countless arrows leading
outward; another shows all the arrows converging toward them.

Traveler: “These reflections are not of places, but of how places connect to others.”
Oracle: “Exactly. To know a place fully, you do not pry into its interior — you learn every way it
can be reached and every way it can send you elsewhere.

The Yoneda Lemma begins here: an object is determined entirely by the morphisms that touch
it.
The mirrors are the maps of relationships, and the object is nothing without them.”
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Formal Sidebar

* Yoneda Lemma (informal):

For any object A in a category C and any functor F' : C — Set,
Nat(Hom¢(A, —),F) = F(A)

naturally in F" and A.
® Interpretation:

* Homg¢(A, —) encodes all morphisms from A.

e Knowing how A maps into everything else tells you everything about A (up to isomorphism).

* Example:

e |n Set, to know a set A, it suffices to know all functions from A into every other set.

Scene 25 — The Double Lens

(Contravariance and Covariance)

Narrative

The traveler comes to a workshop filled with strange telescopes.

One set of lenses magnifies the world exactly as it is seen from here; another flips and inverts
the image, as though the world were being viewed from the opposite direction.

Traveler: “These two lenses look at the same world but see in different ways.”

Oracle: “One is covariant — it carries journeys forward in the same direction you walk them.
The other is contravariant — it reverses the journeys, showing where you could have come
from instead of where you can go.

Both are faithful to the structure, but they flow in opposite senses.
The choice of lens changes the whole perspective of the map you make.”
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Formal Sidebar

¢ Covariant Functor F': C — D:
e Sends f: A— Bto F(f): F(A) — F(B).
* Contravariant Functor F' : C?? — D:
e Sends f: A— Bto F(f): F(B) — F(A) (direction reversed).
* Example:
* Covariant: "Power set” functor P in Set, mapping functions f : X — Y to P(f) : P(X) —
P(Y) via direct image.

e Contravariant: “Preimage” mapping for subsets, reversing the arrow direction.

* Yoneda and Lenses: The Hom-functor Hom(—, A) is contravariant in the first argument; Hom(A, —)

is covariant in the second.

Scene 26 — The Infinite Bazaar

(Presheaves)

Narrative
The traveler arrives at a sprawling bazaar unlike any other.

Every stall offers goods, but what is displayed depends entirely on where the visitor came from.

Approach from one gate and you see bolts of silk; approach from another and you see baskets
of fruit — yet it’s the same stall.

Traveler: “How can the same merchant offer different things depending on my route?”
Oracle: “Because this is the Bazaar of Presheaves.

A presheaf assigns to each place in a category a collection of goods — a set — and to each
journey, it assigns a way of transporting goods along that path, but always in reverse.

Here, each stall is a contravariant functor from the City of Rooms into Set.
The stalls do not merely stock items — they stock perspectives on every place in the land.”
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Formal Sidebar

¢ Presheaf: A presheaf on a category C is a functor:
F:C? — Set

Assigns:

* To each object A inC, aset F'(A) (sections over A).
* To each morphism f : A — B inC, a function F(f) : F(B) — F(A) (restriction).
¢ Example:
* Ingeometry: F(U) = set of functions defined on open set U in a topological space; restriction
maps shrink the domain.

* Special Case: Representable presheaves are those isomorphic to Hom(—, A) for some A.

Scene 27 — The Lawkeepers

(Natural Isomorphisms)

Narrative

At the far end of the bazaar, the traveler finds a quiet square where two groups of messengers
work in perfect synchrony.

Each group runs routes between the same towns but in different styles — yet for every
messenger in the first group, there is a partner in the second who can reverse their journey
exactly.

Traveler: “It’s as if these two messenger networks are different but still interchangeable.”
Oracle: “That is because they are linked by a natural isomorphism.

Between two functors, this means there is a family of isomorphisms, one for each object, that
fits perfectly with the routes in both worlds.

The lawkeepers ensure that no matter how you travel, the correspondence remains exact in
both directions.”
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Formal Sidebar

e Natural Isomorphism:
A natural transformation 77 : F' = G between functors F', G : C — D is a natural isomorphism if
each component 74 : F(A) — G(A) is an isomorphism in D.
* Equivalent Functors: Functors linked by a natural isomorphism are essentially “the same” in categorical
terms.
e Example:
* In Set, consider functors F(X) = X x {0,1} and G(X) = {0,1} x X.

* The natural isomorphism is given by swapping coordinates: (z, b) — (b, x).

Scene 28 — The Final Portal

(Yoneda Lemma — Full Revelation)

Narrative

The traveler follows the Lawkeepers’ square to a narrow canyon, where a massive, shimmering
gateway hums with quiet power.

Its surface is covered in countless arrows pointing inward and outward, shifting to form new
patterns as the traveler approaches.

Traveler: “This portal... it feels like the Hall of Mirrors, but alive.”
Oracle: “It is the Yoneda Portal, the heart of all the land.

It reveals the full truth: to know an object is to know the entire network of journeys to and from
it, and how those journeys transform under every possible mapping of the world.

Through this portal, each place becomes its own reflection in the category of presheaves, and in
that reflection, nothing is lost.

This is the Yoneda Lemma in its most powerful form — the identity of a place is precisely the
pattern of its relationships.”
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Formal Sidebar
* Yoneda Lemma (full form): For A € C and a presheaf F' : C°? — Set:
Nat(Home(—, A), F) = F(A)

naturally in 4 and F.
* Interpretation:
* Representable presheaves Hom(—, A) act as perfect “identity profiles” for objects.
* The category C embeds fully and faithfully into the presheaf category [C?, Set]|.
* Example:
* InSet, Hom(—,{0,1}) assigns to each set X the set of functions X — {0, 1}, i.e., characteristic

functions, which correspond to subsets of X.

Scene 29 — The Great Map Unfolded

(Equivalence of Worlds)

Narrative

Beyond the Yoneda Portal, the traveler emerges onto a high plateau.

Before them, an immense map stretches across the stone — not of mountains and rivers, but of
categories themselves, connected by vast bridges of functors.

Some regions are marked with symbols of the Shape-Lands, others with the Cities of Rooms, yet
the borders between them blur and fade.

Traveler: “It looks like the Cities and the Shape-Lands are... the same territory, drawn in
different colors.”
Oracle: “They are. The Curry—Howard—Lambek correspondence ties them together:

e Logic,
e Type Theory,
e Category Theory — three views of the same structure.

The City of Rooms speaks in objects and arrows.

The Shape-Lands speak in types and paths.

When the maps are aligned, each path in one is a proof in the other, each proof is a morphism,
and each morphism is a journey.

They are not two worlds, but one world seen through different lenses.”
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Formal Sidebar

* Equivalence of Worlds:
* Logic < Type Theory (Curry-Howard): propositions < types, proofs < terms.
* Type Theory < Category Theory (Lambek):
e Cartesian closed categories < simply typed A-calculus.
* More generally, certain categories < type theories with dependent types.
* Example:
® Product in category < conjunction in logic < pair type in type theory.

* Exponential in category < implication in logic < function type in type theory.

Scene 30 — The Oracle’s Farewell

(The Unifying Vision)

Narrative

The traveler stands with the Oracle at the plateau’s edge.

Below them, the Cities of Rooms gleam in the afternoon sun, while the forests and bridges of
the Shape-Lands ripple gently in the wind.

The rivers of morphisms and the light-paths of proofs wind together until they are
indistinguishable.

Traveler: “I see it now — the rooms and doors, the types and paths... they were never
separate.”

Oracle: “No. You began by learning how doors compose, then you learned that paths are proofs,
and finally, you saw that the identity of a thing is its relationships.

Category Theory and Homotopy Type Theory are not different worlds but one woven fabric.
Every room is a type, every type is an object, every equality is a path, every path is a morphism.

Remember this: the patterns you walked here are the same that govern mathematics, logic, and
computation in all their forms.
Carry them well — for they are the portals through which all understanding travels.”

The Oracle turns away, walking into the mist.
The traveler looks once more at the unified landscape — and steps forward into it.
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Formal Sidebar
¢ Final Synthesis:
o Category Theory: Objects, morphisms, composition, universality.
o HoOTT: Types as spaces, terms as points, equalities as paths, higher equalities.

o Unification: Curry—-Howard—-Lambek — logic, type theory, and category theory as
equivalent views of the same structural truths.

o Takeaway:
o Mathematical structures are best understood through their relationships.

o Proofs, programs, and paths are all instances of the same compositional fabric.
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